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Preface 


The  International  Symposium  on  Dynamical  Systems,  of  which  this 
volume  is  the  proceedings,  was  held  at  Brown  University,  August  12-16, 
1974  and  was  the  formal  occasion  for  dedicating  the  Lefschetz  Center  for 
Dynamical  Systems  to  the  memory  of  Solomon  Lefschetz.  The  central 
theme  of  the  symposium  was  the  manner  in  which  the  theory  of  dynamical 
systems  continues  to  permeate  current  research  in  ordinary  and  functional 
differential  equations,  and  how  this  approach  and  the  techniques  of  ordinary 
differential  equations  have  begun  to  influence  in  a significant  way  research 
on  certain  types  of  partial  differential  equations  and  evolutionary  equations 
in  general.  This  volume  provides  an  exposition  of  recent  advances,  present 
status,  and  prospects  for  future  research  and  applications. 
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thank  the  Air  Force  Office  of  Scientific  Research,  the  Army  Research 
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Chapter  1 : QUALITATIVE  THEORY 


Some  Qualitative  Aspects  of  the  Three-Body  Flow* 

ROBERT  W.  EASTON 

Department  of  Mathematics 

University  of  Colorado,  Boulder,  Colorado 


The  purpose  of  this  paper  is  to  outline  a way  in  which  the  recent 
theory  of  isolating  blocks  may  be  applied  to  the  Newtonian  planar  three- 
body  problem.  My  motivation  in  part  is  to  test  the  strength  of  the  theory. 
Of  course,  a full  understanding  of  the  three-body  problem  also  requires 
application  of  the  theory  of  quasi-periodic  motion  and  perhaps  a number 
of  other  as  yet  undiscovered  ideas. 


1.  The  Model 

F-or  j=  1,  2,  3 let  q}  and  pt  specify  the  position  and  momentum  of 
a particle  with  mass  rrij  > 0 in  the  plane.  Let  Q = (qt,  q2 , q3)e  ( R 2)3  and 
P = (Pi,  P2 • Pi)e  (P2)3-  Define 

A = \Q  e Rh  : q, , = q}  for  some  i / j), 

U(Q)  = mlm2\qi  -q2\~l  + m2mJ\q2  -q3\~l  + m3ml\q3 -qi\~\ 
T(P)  = |[mr 1 |p,  I2  + m2'\  p2 12  + ml 1 \p3 12], 

H(Q,  P)  = T(P)  - U(Q). 

Newton’s  model  for  the  motion  of  three  bodies  in  the  plane  under  the 
influence  of  their  mutual  gravitational  attraction  consists  of  the  manifold 
(/C  — A)  x R6  of  “states”  of  the  system  together  with  the  equations  of 
motion 

0-1)  (ik  = "ik'pk,  pk  = Y.mjmk\qj  - qk\~3(qj  ~ </*)• 

i*k 


* Partially  supported  by  NSF  grant  CiP-38585. 
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The  equations  of  motion  form  a Hamiltonian  system  of  differential 
equations  with  Hamiltonian  function  H{Q,  P)  defined  above. 

It  is  well  known  that  Newton’s  equations  of  motion  conserve  energy, 
momentum,  and  angular  momentum.  Without  loss  of  generality  we  suppose 
that  with  respect  to  our  coordinates  ( Q , P)  the  center  of  mass  of  the 
system  is  at  the  origin  (£*=1  rnkqk  = 0)  and  the  total  momentum  is  zero 
d*  = i Pk  = 0)- 


(1.2)  Definitions.  For  h,  oj  real  numbers,  define 

J(oj)=\(Q,P):Q*  0,  £mkqk  = 0,  £ Pk  = 0, 

M(h,  o j)  = {( Q , P)  e J (oj)  : H(Q,  P)  = h). 

The  conservation  laws  referred  to  above  imply  that  solutions  of  (1.1)  that 
start  on  a surface  M(h,  oj)  remain  on  this  surface  for  as  long  as  they  are 
defined.  Solutions  of  (1.1)  may,  in  fact,  cease  to  exist  after  a finite  time  due 
to  collisions  of  the  bodies. 

The  problem  of  whether  solutions  can  be  analytically  continued  beyond 
collision  was  studied  by  Levi-Civita,  Sundman,  Siegel,  and  others.  Recently 
a geometric  definition  of  regularization  was  given  [5]  using  isolating 
blocks.  This  definition  was  used  in  studying  binary  collisions  of  the 
planar  three-body  problem  in  [7]  and  in  studying  triple  collisions  in  [11]. 
Space  prevents  a further  discussion  of  these  results. 

A first  step  in  the  qualitative  study  of  the  three-body  problem  might 
be  to  describe  the  topology  of  the  manifolds  M(h , oj).  This  has  been  done 
for  the  planar  problem  [6,  17],  and  for  the  nonplanar  problem  [3,  9],  We 
want  to  concentrate  now  on  describing  the  flow  generated  by  solutions 
of  (1.1)  on  the  invariant  manifolds  M(h,  oj). 

The  moment  of  inertia  l(Q)  = ]T*=I  mk\qk\2  of  the  system  satisfies  the 
well-known  Lagrange  Jacobi  identity  I(Q)  = U(Q)  -t-  2/?.  Thus  for  h > 0 all 
solutions  that  do  not  end  in  collision  are  unbounded.  For  this  reason 
we  restrict  our  attention  to  the  flow  on  the  manifolds  M(lu  oj)  where 
h < 0.  For  each  choice  of  h <0,  oj,  and  the  three  masses  mu  m2,  m3, 
we  have  the  problem  of  describing  the  flow  on  M(h , oj).  We  will  also 
require  oj  / 0 in  order  to  avoid  triple  collisions  of  the  bodies. 
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2.  Isolating  Blocks  for  the  Three-Body  Flow 

A general  approach  to  the  study  of  a flow  suggested  by  Charles  Conley 
is  as  follows:  First,  locate  certain  isolated  invariant  sets  of  the  (low; 
next,  describe  the  phase  portrait  locally  near  these  sets;  next,  establish  how 
the  invariant  sets  are  tied  together  by  heteroclinic  and  homoclinic  orbits; 
and  finally,  describe  the  phase  portrait  near  the  union  of  the  invariant  sets 
and  the  heteroclinic  and  homoclinic  orbits.  This  union  may  again  be  an 
isolated  invariant  set,  in  which  case  the  process  may  be  repeated.  This  is 
the  approach  we  will  apply  to  the  three-body  flow. 


(2.1)  Definitions.  A (closed)  invariant  set  K for  a flow  <p  on  a 

metric  space  X is  isolated  if  there  exists  a neighborhood  U of  K in  X 

such  that  K is  the  maximal  invariant  subset  of  U.  An  orbit  is  heteroclinic 
from  an  invariant  /C,  to  an  invariant  set  K2  if  its  alpha  limit  set  is 

contained  in  K]  and  its  omega  limit  set  is  contained  in  K2.  A cycle  of 

heteroclinic  orbits  is  a collection  of  invariant  sets  K0, ... , K,  with  K()  = K{. 
together  with  a collection  of  orbits  heteroclinic  from  Kj  to  Kj+l  for 
j = 0,  /-  1.  An  isolating  block  for  the  flow  <p  is  roughly  a closed 

subset  B c X such  that  the  functions 

a’  ( x)  = sup'f  > 0:  tp(s,  x)  e B for  s e [0,  r]}, 
a ( x ) = inf{/  < 0:  q>(s,  x)e  B for  s e [/,  ()]}, 

are  continuous  from  B to  [0,  oc]  and  to  [ — x,  0],  respectively.  For  a 
further  discussion  of  isolating  blocks  and  their  uses  see  [4], 


(2.2)  Definition.  B0  = {( Q . P)e  M(h.  o>) : l(Q)  < <5}.  Choose  t)  suf- 
ficiently small  so  that  HQ)  < 6 implies  that  U(Q)  + 2 h > 0.  Thus  by  the 
Lagrange  Jacobi  identity  we  have  if  > 0 on  B0  and  it  follows  that  30  is  an 
isolating  block  for  the  three-body  flow  on  M(/i,  oj).  For  d small,  B0  has 
three  components  each  difTeomorphic  to  (0,  f)]  x .S’1  x S'  x R3. 


(2.3)  Definition. 

= {(£?•  M(h,o):  \q3 1 > c.  | </,  - ?a|  ^ ki  “ 

kt  - </2|  ^ k2  - di  I } • 
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B ,[ 3)  requires  configurations  Q of  the  bodies,  where  the  third  body  is  far 
from  the  first  two.  Similarly  define  sets  B,(  1 ) and  fix(2). 

For  C sufficiently  large  one  can  compute  that  (>  <0  on  Bx(3),  where 
p(Q,  F)  = |q3 1 . It  follows  that  Bx(3)  is  an  isolating  block  for  the  flow  on 
M(fi,  oj).  Similarly,  Bx(l)  and  flx( 2)  are  isolating  blocks  for  the  flow  and 
one  can  show  that  each  of  these  blocks  is  diffeomorphic  to  [c,  x) 
x S'  x S'  x R3.  The  flow  on  5X(3)  can  be  analyzed  using  the  two-body 
problem  as  a model.  The  first  two  bodies  move  in  approximately  elliptic 
orbits  perturbed  by  the  third  body,  which  is  far  away.  The  third  body  is 
influenced  by  a force  that  is  approximately  the  force  of  a fictitious  body 
of  mass  (m,  + m2)  located  at  (m^ j + >n2q2)/(ml  + mi)-  Hence  the  total 
motion  is  approximately  the  combined  motion  of  two-body  systems.  It  is 
important  to  characterize  the  set  of  orbits  that  enter  Br  ( 3)  and  for  which 
|^3(/)j  tends  (monotonically)  to  infinity  as  f-*x.  I believe  these  orbits 
form  a manifold,  which  I will  call  Ws( 3,  x),  the  “stable  manifold”  of 
infinity  through  Bx( 3).  Similarly  define  W*(j,  x)  for  / = 1,  2 and  Wu(j,  x) 
for  j = 1,  2,  3.  Here  Wu(j , x)  denotes  the  set  of  orbits  for  which 
\qj(t)\  tends  to  infinity  as  t -»  — x through  the  block  Bx(/).  The  Wu{j , x) 
form  the  “unstable  manifold”  of  infinity. 

For  each  co  ^ 0 there  are  five  periodic  orbits  of  the  three-body  flow  on 
the  constant  angular  momentum  surface  J(oj).  These  periodic  orbits  were 
discovered  by  Euler  and  Lagrange.  For  two  of  these  solutions  the  bodies 
form  an  equilateral  triangle  that  rotates  at  a constant  angular  velocity  in 
the  plane.  Let  h0  - h0{o)  denote  the  energy  of  these  solutions,  which 
therefore  are  contained  in  M(h0,  oj).  For  t he  three  other  solutions,  the 
bodies  are  situated  along  a line  that  spins  at  constant  angular  velocity. 
Let  hj  = hj(oj)  denote  the  energy  of  the  collinear  periodic  solution,  where 
the  /'th  mass  is  located  between  the  other  two. 

One  can  show  that  for  r.  > 0 sufficiently  small  there  exists  a block 
B(hj,  s)  for  the  flow  on  M(hj  + e.,  <o)  that  lies  near  the  /th  collinear 
periodic  solution  for  / = 1,  2,  3.  B(hj,  c)  is  diffeomorphic  to  S1  x [0,  1]  x S*. 
The  maximal  invariant  subset  Kj  of  B(hj,  f.)  is  diffeomorphic  to  Sl  x S3 
and  the  stable  and  unstable  manifolds  of  this  invariant  set  are  diffeomorphic 
to  S'  x S3  x R'.  These  results  follow  from  studying  the  linearized  equations 
near  the  j th  collinear  periodic  solution  and  by  applying  a perturbation 
argument. 

It  may  be  possible  to  apply  the  results  of  [10]  here  to  do  a fine 
analysis  of  the  flow  on  these  invariant  sets. 
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3.  Unfinished  Work 

I have  not  as  yet  made  progress  on  analyzing  how  the  stable  and 
unstable  manifolds  of  infinity  intersect  the  stable  and  unstable  manifolds  of 
the  invariant  sets  Kj  near  the  collinear  periodic  solutions.  References  [1]  and 
[16]  are  relevant  here,  and  I conjecture  that  cycles  of  heteroclinic  orbits  do 
exist. 

The  study  of  the  flow  near  a cycle  will  probably  require  some  new 
ideas.  Studies  of  this  sort  have  been  made  in  the  case  where  the  invariant 
sets  involved  were  periodic  orbits  [2.  8,  14.  18]. 

Further  questions  involving  the  bifurcation  of  the  phase  portrait  as  the 
masses  of  the  bodies  change  can  be  asked.  Here  the  theory  concerning 
continuation  of  invariant  sets  [12]  may  apply.  In  particular,  the  phase 
portrait  of  solutions  near  the  equilateral  triangle  solution  probably  changes 
at  the  mass  ratio 

(m,m2  + m2  m3  + m3m1)/(m1  + m2  + m3)2  = 1 27 
(see  Section  18  of  [15]). 
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Separatrix  Structure  for  Regions 
Attracted  to  Solitary  Periodic  Solutions 

RICHARD  H.  ELDERKIN* 

Department  of  Mathematics 
Pomona  College,  Claremont,  California 


This  paper  is  concerned  with  separatrix  structure  near  solitary  periodic 
solutions  in  3-space.  The  spirit  is  similar  to  [1],  Under  strict  hypotheses, 
regions  attracted  to  the  periodic  solution  are  identified  by  boundary  type. 
Of  four  possible  types,  three  have  no  internal  separatrices.  Separatrix 
structure  in  the  remaining  type  is  analyzed.  For  purposes  of  comparison,  a 
weaker  hypothesis  is  considered  and  examples  are  given  to  point  out 
differences  between  the  weaker  and  strict  hypotheses. 

Let  tp(x,  t)  be  the  solution  flow  of  a smooth  vector  field  x =f(x)  on 
R3.  It  will  be  convenient  to  have  / extended  to  the  3-sphere  S3,  which  we 
view  as  R3  u {oo},  with  /(oo)  = 0.  The  a-  and  co-limits,  given  respectively  by 

a(x)  = oo  with  0(x,  -fj-y} 

co(x)  = {y|3f„-+  oo  with  tf)(x,  tn)  -►  y} 

will  be  viewed  as  functions, 

a,  to:  S3  ->  F(S3) 

where  F(S3)  is  the  topological  space  of  closed  nonempty  subsets  of  S3  with 
the  Hausdorff  metric  topology. 

Let 

= {x  e S3|a,  to  are  continuous  at  x and  3 nbhd  N of  x 
satisfying  Ve  > 0 37  > 0 such  that  y e N and  t > T 
=>d(4>(y,  -t),  a(x))  < e and  d(tf>{y,  t),  co(x))  < e} 

(set  of  parallel  flow) 

* This  research  was  partially  supported  by  the  U S.  Army  Research  Office  (Durham)  under 
grants  DA-ARO-D-31-124-71-G12-S2  and  DA-ARO-D-31-124-73-G130  while  the  author  was 
at  Brown  University,  Providence.  Rhode  Island. 
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A separatrix  is  a trajectory  in  the  set  //(0)=c3_  « 

examp  es  where  VYoSi  - S’3  it  ic  ^ -^w).  Because  of 

(0)  - 5 , it  is  convenient  to  partition  //  = //(0); 

where  ' 0 u 1 u ^2 

0 ~ 'xl7  or  OJ 's  discontinuous  at  xf 

y'  " y,W  ’ <*  6 •'  - t,  - X with 

,/,  _ 4x)  or  "m  *(x-  ,j  * »«*» 

Fu"he™ore- a d<- «-*»<  io„  „ ,„e 

.0  the  XT?  W f T “ n°n'r,Via)  Peri°d,C  solutio"  7.  homeomorphic 
here  ex^a  ; furthermore  suppose  .ha,  y is  solitary  (ct  m,  , J* 
mere  exists  a compact  neighborhood  U of  - fnemhhnrh  ^ c , 
satisfying  (i)  0/v  ( - ~r  nhr~/r  1 , ' 'neiShborhood  of  solitude) 

implies  ,!(  v,  = ])  b ’mP"eS  *W  - 7.  W #c.  [0.  *))  = J 


of  x:,3:  a or^ Then  a 

> -He  cltX:  * 5‘  “*  *“  -•  - *»  ><  *•  w*lere  ^ 

- ~ .«rr feM 

‘ " ' ""  8CnenC^ C°n,acl  mth  » » - boundary  of  a manifold).' 

I"  <h,s  case.  V is  called  a generic  neighborhood  of  solitude. 

the  foHo^ing  conditions5 a^esaX^  sutwet^ofdl/ wh0'^^  f "*  if 

with  the  component  of  / normaM^^ ,°f  7 ^ l° 
nonzero  derivative  in  a direction  in  P//  ,r  ° PreC'Sely  on  T)  having 
Furthermore,  the  subset  of  wh  *r  ransverse  to  t,  everywhere  on  r. 

finite  set  of  points,  collectively  denoted  / Meseare°th  ei'her  emP‘y  °r  3 
Each  point  of  / separates  an  on  u re  the  crossing  tangencies). 

region  of  ingress  from  an  P?”  SU  arc  of  r where  / points  toward  a 

of  egress.  Finally,  the  comj^e^  tOWard  3 r^on 

bus  nonzero  derivative  in  the  direction  of  r.  everyXereXTT*  / ^ 
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The  proof  of  the  lemma  is  fairly  straightforward,  except  for  part  (iii), 
which  can  be  derived  from  a theorem  of  Percell  [3,  Theorem  2.5]. 

Let  us  fix  a neighborhood  of  solitude  U satisfying  the  lemma’s  conclusion. 
Then  we  may  partition  U as  follows: 


U ± ={xe  U\(p(x,  ± t)U  for  all  t > 0} 


£ = U + r U _ — y 
A+  = U+-(E\j  y) 
A.  = U.  - (£u  y) 

H = U - (l/+  u t/_) 


(elliptic  set) 

(positively  attracted  set) 
(negatively  attracted  set) 
(hyperbolic  set) 


On  the  local  analysis  we  are  developing,  we  should  like  the  boundaries  of 
£,  H.  A±  to  be  composed  of  separatrices.  However,  due  to  the  global 
nature  of  the  definition  of  separatrix,  this  is  usually  not  so,  since  £,  //,  A± 
are  relative  to  our  choice  of  U.  Hence,  a modification  of  definition  is 
necessary  for  the  local  situation.  Our  naive  viewpoint  is  that  dU  should 
be  like  a point  at  infinity,  and  any  trajectory  that  leaves  U is  lost  from  our 
view.  Therefore,  let  g be  a smooth  nonnegative-valued  function  on  R3  with 
g~  '(0)  = R3  — Int(U)  (Int  = topological  interior),  and  let  ip  be  the  solution 
flow  to  the  vector  field  g f Use  o to  denote  generically  a maximum 
trajectory  segment  of  (p  [$(.x,  /),  where  / is  the  maximum  closed,  not 
necessarily  bounded  interval  such  that  cp(x,  /)  c U],  and  note  that  each  a is  a 
union  of  i/Mrajectories.  Say  a is  a separatrix  of  (p  relative  to  U if  it  contains 
a i^-separatrix.  Our  notation  is 

■/'(<p.  U)  = {x  6 a\a  n .c/'(i p)  ^ (p) 

// o(0,  U)  = {x  6 a\o  n .y0(i/')  ^ <P\ 

V i((p.  U)  = {.x  e a\a  <£  (/'o(<P,  U)  and  o n f/ x{y p)  # <p } 

.9  2(<p.  U)  = y(<p,  U)  - (.y0(<p,  U)u  STM,  u)) 

.'/(<P,  U)=  U - //(0,  U) 


Henceforth  in  this  chapter,  we  will  be  concerned  only  with  separatrices  of  (p 
relative  to  U.  Therefore,  we  write  .9,  .9'0,  .9 .9 2,  and  ./  to  denote  the 
respective  sets  above. 

A point  x e PU  is  an  internal  tangency  for  the  trajectory  segment  in  U 
through  it  if  </>(.x,  (0,  d))  and  0(.x,  (-S,  0))  are  contained  in  Int(U)  for 
some  d > 0. 


Lemma.  Any  trajectory  segment  in  U±  with  an  internal  tangency  is 
contained  in  '/0. 
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The  proof  follows  easily  from  generic  contact  of  / with  cU. 

Lemma.  Let  xe  b(A  + ) (h  = topological  boundary  in  U).  Then  either 
(a)  xe  E or  (b)  xeb(H).  Let  L = sup{f|0(x,  [0,  f])  c b(A  + )}.  In  case  (a), 
L is  infinite.  In  case  (b),  L may  be  finite  or  infinite.  In  the  finite  case, 
<j)(x,  L)  is  an  internal  tangency  with  0(x,  [0,  L])  <=  b(H ) and  0(x,  ( L , x)) 
c Int(/1  + ).  In  the  infinite  case,  <p(x,  R + ) c b(A  *)  n b(H)  and  there  is  an 
internal  tangency  of  the  form  0(x,  T)  such  that  0(x,  (T,  x))  contains  no 
internal  tangencies  and  such  that  if  x„  -» 0(x,  t)  with  t > T and  x„  e H 
(all  n),  then  </>(x„,  [0,  tj)  cz  H for  t„  -»  + x. 

For  many  periodic  solutions,  there  are  choices  of  solitude  so  that  b(A  + ) is 
positively  flow-invariant,  as  well  as  choices  so  that  this  is  not  the  case. 
The  latter  situations  are  beyond  our  present  scope,  so  we  now  assume: 

A.  (f>(b(A  + ),  R + )c:b(A  + ). 

We  also  assume  the  following  strict  manifold  hypothesis: 

H.  //q  vj  //,  — y is  an  embedded  submanifold  of  U. 

By  “submanifold  of  U"  we  mean  that  for  each  point  x of  u & i - y 
either  (a)  x € Int(f/)  and  the  usual  condition  holds,  or  (b)  x e cU  and  either 
the  usual  condition  holds  in  U,  or  else  there  is  a submanifold  chart  in 
the  double  of  U for  .c/0  u Sf  j — y at  x.  This  weakened  definition  allows 
//0  or  y i to  be  internally  tangent  to  ?U. 

For  the  main  theorem  we  need  some  notation.  Let  0:1 J = D2  x Sl  -*  Sl 
be  the  projection.  Let  A be  a connected  component  of  A + ; fix  x in  A; 
let  A,  denote  the  component  of  A n Int(D2  x {0(</>(x,  r))})  that  contains 
( p(x , t);  and  finally  let  A,  = Cl(^,)  - y (Cl  = closure). 


Main  theorem.  There  is  a T > 0 such  that  one  of  the  following  holds. 

(a)  There  is  a homeomorphism  F:  A,->  D2  x [0,  x)  such  that 

F(At)  = D2  x {t  - T }.  In  this  case  A,  -*  y as  t -»  x in  the  Hausdorff  metric 
topology,  and  Int(/4)  e //. 

(b)  There  is  a homeomorphism  F\  A -*  (0,  1]  x S'.  Here  F(A, ) c:  (0.  1] 
x {eml  m},  where  m is  a positive  integer  such  that  <p(At.  mn)  <=  A,  for  every 
positive  integer  n.  F extends  to  a homeomorphism  of  A u y onto  a 
quotient  space  [0,  1]  x Sl/R.  where  R is  the  relation  (s„  er>n')R(s2,  e'1”1)  if 
.s,  = s2  = 0 and  t2  = f,  + n/m  for  some  integer  n and  with  m as  before,  y is 
mapped  onto  {0}  x Sl/R.  Finally,  A c ,^0. 
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(c)  There  is  a sequence  (possibly  void  or  finite)  of  nonoverlapping  sub- 
intervals {(a,.,  b,)}  of  (0,  1)  and  continuous  functions  C,:  (a,,  bj)  -» (-oc,  0) 
with  C,(u)  - oo  as  either  u -►  a,  or  u -+  b(  such  that  for  each  t > T , there  is 

a homeomorphism  /,:  /l,  -» {(u,  v)  e R2 10  < u < 1,  v < 0,  and  v > Cf(u) 
whenever  a,  < u < b,}.  Here  J,(dU  /1()  = {(u,  u)|p  = 0,  0 <u<  1}  and  if 
xn  — y in  /4,  and  (u„,  pj  = /,(xj,  then  p„  -♦  -oo.  For  each  i,  0 < i < k,  the 
set  £,  = (U»2o/i  1(graPh(C,)))  vj  y is  a tube,  wrapping  around  y and 
bounding  a component  of  the  elliptic  set.  Precisely  £,  is  the  quotient  space 
S'  x S'/R,  where  R is  the  relation  determined  by  a preferred  point 
w0e  S1  and  a positive  integer  m with  (a,,  /?,)/?( a2,  (i2)  if  ai  = a2  = 
and  fi2  = lilenin  m for  some  positive  integer  n.  The  integer  n also  satisfies 
(f)(At,  mn)  <=  A,  for  positive  integers  n.  However,  A is  not  necessarily 
homeomorphic  to  A,  x S'. 

Corollary,  .9,l  n A / (/>  only  if  A is  of  type  (c). 

Theorem.  If  C is  a component  of  A n .9U  then  C has  the  same  descrip- 
tion as  A in  (b)  for  some  possibly  different  m,  and  {y|3xeC  and 
x„  -»  x,  t„  -»  x such  that  4>(x„,  t„)  -*  y)  = 70  ((j£,-),  where  the  union  of  £, 
is  such  that  if  (a^  bj),  (ak,  bk),  (a,,  b()  are  intervals  of  domain  in  C such  that 
bj  < ak  < a,  and  such  that  (cij,  bj)  and  (at,  b()  are  involved  in  the  above 
union,  then  (ak,  hk ) is  also  involved. 

For  contrast  with  the  above  theorems,  it  is  instructive  to  consider  the 
following  weaker  hypothesis:  Assume  .9'  0 u 9' j — 7 an  immersed  submani- 
fold of  U,  such  that  each  component  of  .9 0 n ( D 2 x {0})  - 7 or 
,9l  n (D2  x { 0 } — 7 is  an  embedded  submanifold.  A relevant  example  is 
constructed  by  suspending  the  composition  of  two  diffeomorphisms,  the 
first  of  which  maps  the  region  X(  onto  X1  + 1 (Fig.  1)  with  no  lateral 
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effect,  and  the  second  of  which  moves  every  point  strictly  to  its  right, 
excepting  y and  the  right  endpoints  of  the  X,,  which  shall  be  fixed, 
and  having  only  enough  vertical  displacement  so  that  the  Xt  are  invariant 
sets.  Then  A+  = C1(U,  X(),  and  the  remainder  is  in  H , save  the  ray 
emanating  from  y to  the  right,  which  is  in  A_ . 
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Let  M denote  a smooth  (Cx)  n-manifold,  let  /:  M x R -> M be  a Cr 
flow  on  M (1  < r < oo),  and  let  R be  a compact  region  in  M that  is  a 
submanifold  with  boundary.  Let  I denote  a closed  invariant  set  of / that  is 
interior  to  R.  We  have  the  following  partition  of  the  orbit  segments  in  R: 

R±  = {x  e R | f(x,  ± t ) e R for  all  t > 0} 

E = (R+  n R~)  — 1 (elliptic  set) 

A ’ = R±  - (E  u /)  [positively  (negatively,  resp.)  attracted  set] 

H = R - (R+  u R~)  (hyperbolic  set) 

Recent  efforts  to  study  this  structure  include  the  study  of  isolated 
invariant  sets  by  Conley  et  al.  [1-4,  6,  10]  in  which  it  is  assumed  that  there 
are  no  elliptic  orbits,  and  a paper  by  Percell  [7]  in  which  it  is  assumed  that 
/ is  empty  and  every  orbit  is  hyperbolic. 

The  authors  are  interested  in  finding  a setting  in  which  elliptic  behavior 
can  be  studied.  Examples  of  studies  of  very  specialized  elliptic  behavior  can 
be  found  in  [5]  and  [9].  So  far  we  have  not  required  that  / contain  all 
of  the  recurrent  behavior  in  R,  and  in  general  we  shall  prefer  that  there 
be  no  recurrence  in  the  elliptic  set.  The  condition  that  we  impose  on 
( R , I)  is  slightly  stronger  and  requires  that  all  limiting  behavior  in  R is 
associated  with  /. 

Definition  1.  R is  a neighborhood  of  solitude  for  / if  every  semiorbit  of 
/ that  remains  in  R has  its  limit  set  contained  in  I.  If  / is  an  invariant 
set  that  has  a neighborhood  of  solitude,  then  / is  called  a solitary  invariant 
set. 

Any  isolated  invariant  set  is  solitary,  and  any  isolating  neighborhood  is  a 
neighborhood  of  solitude.  In  this  case  the  elliptic  set  is  always  empty. 
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Also,  any  rest  point  of  a planar  (low,  which  is  not  a center,  and  which  is 
isolated  as  a rest  point,  is  a solitary  invariant  set,  and  many  of  these 
examples  exhibit  elliptic  behavior. 

In  the  study  of  isolated  invariant  sets,  it  is  desirable  to  limit  one’s  attention 
to  certain  specially  structured  isolating  neighborhoods,  the  isolating  blocks 
[3,  10].  We  do  not  know  what  is  the  simplest  structure  for  a neighborhood  of 
solitude  in  general,  but  we  have  discovered  certain  simplifications,  which  are 
always  possible,  and  these  are  the  focus  of  our  current  attention. 

Since  R is  a submanifold  and  / is  a Cr  flow,  it  is  possible  to  discuss  the 
tangencies  of  orbits  with  PR.  Our  first  simplification  of  the  structure  of  a 
neighborhood  of  solitude  involves  reducing  the  set  along  which  PR  is  tangent 
to  the  flow.  For  this  we  use  the  notion  of  generic  contact,  which  was 
introduced  by  Pugh  in  his  study  of  the  Poincare  index  formula  [8].  Before 
introducing  the  technical  details,  we  pause  to  consider  the  example  of  a Cr 
isolating  block  [10].  Here  the  tangency  set  is  either  empty  or  a sub- 
manifold that  separates  the  ingress  region  from  the  egress  region  in  PR. 
At  each  point  of  the  tangency  set,  the  orbit  is  directed  transverse  to  the 
tangency  set  and  into  the  egress  region.  In  general,  it  is  not  possible  to 
choose  the  isolating  block  so  that  the  tangency  set  is  empty.  For  general 
neighborhoods  of  solitude,  it  is  not  only  necessary  to  have  a nonempty 
tangency  set,  but  it  may  even  be  necessary  that  some  orbits  be  tangent  to 
this  tangency  set.  Generic  contact  means  that  such  tangencies  of  all  orders 
have  been  minimized  locally. 

Definition  2.  PR  has  generic  contact  with  the  flow /if  there  is  a sequence 
of  submanifolds  PR  = Mx  =>  M2  ■=>■■■=>  Mn  such  that  for  each  k = 1, ...,  n, 

1.  = 0 or  codim  Mk  = k; 

2.  Mk  is  a C"~k  submanifold  of  A/; 

3.  Mk  is  the  set  along  which  f is  tangent  to  , and  this  tangency 
is  generic,  i.e., 

TMk  lm(TJ  \TMk)  in  TMk_x\Mk 

where  T denotes  the  tangent  functor  and  ?F  denotes  transversal  intersection. 

In  particular,  if  we  let  A//  and  M,~  denote  the  respective  ingress  and 
egress  regions  of  PR  = M then  M2  is  the  submanifold  of  M,  that 
separates  these  regions.  More  generally,  if  we  let  M **  denote  the  subsets 
of  Mk  along  which  the  orbits  are  directed  into  M£_ ,,  then  Mk+l  is  the 
submanifold  of  Mk  that  separates  these  regions.  Pugh  showed  that  it  is 
always  possible  to  achieve  generic  contact  by  small  perturbations  of  the 
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flow,  which  was  adequate  for  his  studies  of  the  index.  For  general 
qualitative  purposes,  it  is  desirable  to  obtain  generic  contact  by  perturbing 
the  embedding  of  dR  in  M.  The  authors  have  proved  such  a theorem  by 
using  the  transversality  approach  of  Abraham  and  the  representation  of 
mappings  / ->  TJ  on  the  set  of  Cr  embeddings  A0r  of  dR  into  M whose 
images  separate  M and  are  disjoint  from  the  set  of  rest  points  of  f At  the 
completion  of  this  work,  the  authors  became  aware  of  the  fact  that  this 
theorem  had  been  proved  (but  not  stated)  by  Percell  using  the  methods  of 
singularities  of  differentiable  mappings  [7 ; Proof  of  Theorem  2.5].  While  it  is 
not  immediately  clear  that  these  approaches  are  equivalent,  the  authors 
have  been  able  to  establish  this  equivalence,  and  Percell’s  approach  gives 
a much  shorter  proof. 


Theorem  1.  For  r > n,  the  subset  of  A0r  consisting  of  those  embeddings, 
whose  image  has  generic  contact  with  f is  open  and  dense  in  A0r. 

This  theorem  can  be  viewed  as  a general  existence  theorem  for  generalized 
cross  sections  for  flows.  In  our  case,  it  says  that  we  can  assume  that  all 
neighborhoods  of  solitude  have  generic  contact  with  the  flow.  We  note  that 
if  we  had  started  with  an  isolated  invariant  set,  just  requiring  that  dR  have 
generic  contact  with  the  flow  would  not  be  enough  to  ensure  that  we  have 
an  isolating  block,  since  it  would  not  remove  internal  tangencies  in  general. 
Certainly,  the  criteria  for  “simplest”  neighborhood  of  solitude  should  be 
such  that  if  the  invariant  set  happened  to  be  isolated,  then  the  simplest 
neighborhood  of  solitude  would  be  an  isolating  block. 

Before  introducing  the  second  generic  simplification  of  the  choice  of  R, 
we  wish  to  give  an  example  of  a neighborhood  of  solitude  that  is  too 
complicated  and  a procedure  for  simplifying  it.  Consider  the  case  where  / 
is  an  asymptotically  stable  periodic  solution  of  an  autonomous  ordinary 
differential  equation  in  3-space,  and  where  R is  a neighborhood  of  / that 
is  bounded  by  some  level  surface  of  a Lyapunov  function,  i.e.,  A/j  + = R, 
Mx~  = 0 = M2.  We  construct  a new  R by  stretching  OR  so  that  a rather 
tall,  thin  hump  is  formed  in  a direction  normal  to  the  old  boundary.  For 
this  new  R , and  M2  are  no  longer  empty.  In  fact,  M2  will  have  a 
single  component  that  is  a topological  circle  and  reaches  from  the  top  of 
the  hump  to  the  base  of  the  hump,  and  M,*  is  a topological  disk 
that  lies  on  the  hump  and  interior  to  M2 . Since  the  flow  is  directed  from 
M2  into  Af,'  near  the  top  of  the  hump,  and  from  M2  into  M/  near  the 
bottom  of  the  hump,  it  follows  that  M3  ^ 0.  In  the  simplest  form  of  this 
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example,  M2*  and  M 2~  are  topological  arcs  that  are  separated  by  two 
points  that  are  all  of  M3  = M3+.  Thus  we  have  a neighborhood  of  solitude 
for  / that  is  more  complicated  than  is  necessary.  In  this  case  we  can 
constructively  remove  the  extra  complications,  and  the  procedure  we  shall 
use  is  interesting  because  it  has  wider  application  and  because  it  leads  us  to 
the  next  way  that  a neighborhood  of  solitude  can  be  generically  simplified. 

Observe  that  the  orbits  through  the  points  of  M2  * are  internally  tangent 
to  Af|,  and  that  the  orbits  through  the  points  of  M3  are  tangent  to  M, 
and  cross  from  the  exterior  of  R to  the  interior  of  R.  Thus  the  orbits  that 
originate  in  M2+  near  the  endpoints  must  also  escape  from  R in  small 
negative  time.  Thus  we  have  a mapping  defined  from  some  points  in 
M2  + to  M j+  by  associating  each  point  to  the  point  where  its  orbit  first 
intersects  M,  in  negative  time. 

Lemma.  If  the  mapping  described  above  is  defined  on  an  entire  com- 
ponent A of  M2  + , then  there  is  another  neighborhood  of  solitude  for  / 
such  that  M2  = 0. 

Proof.  The  image  of  this  mapping  is  an  arc  A*  in  iW/,  whose  endpoints 
are  also  the  endpoints  of  A.  Thus  A'u  A*  bounds  a disk  D in  M,  that 
contains  M2  in  its  interior.  Let  D*  denote  the  disk  interior  to  R that  is 
the  union  of  the  orbit  segments  from  A to  A*.  Then  D u D*  bounds  a 
3-disk  U in  R,  and  R*  = R - U is  a piecewise  smooth  neighborhood  of 
solitude  for  /.  Since  the  only  lack  of  smoothness  occurs  near  D*,  and 
since  the  orbits  near  D*  all  enter  the  interior  of  /?*,  it  is  possible  to  use 
Lyapunov  function  techniques  to  obtain  a smooth  neighborhood  of  solitude 
for  / that  has  M2  = 0. 

We  note  that  this  construction  can  be  used  to  remove  any  bounding 
component  of  M2  such  that  the  indicated  mapping  is  defined  on  some  full 
component  of  Af2  + . This  kind  of  construction  can  be  used  to  remove  some 
components  of  M3  also.  It  can  be  attempted  whenever  there  is  a com- 
ponent A of  M2  that  is  bounded  by  points  from  M3  + . The  first  point  of 
crossing  map  extends  to  all  of  A unless  one  of  the  following  situations 
occurs: 

(i)  A n R~  # 0; 

(ii)  There  is  a point  of  A whose  orbit  is  again  internally  tangent  to  M,. 
In  the  first  case  it  is  not  likely  that  any  kind  of  cancellation  is  possible. 
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The  second  case  may  or  may  not  be  an  essential  problem,  and  must  be 
checked  carefully. 

The  reason  we  have  introduced  this  example  is  to  illustrate  that  orbits 
internally  tangent  to  M,  at  more  than  one  point  pose  special  problems. 
It  turns  out  that  Percell  has  also  proved  that  we  can  generically  minimize 
this  behavior  [7;  Theorem  6.4],  We  shall  give  a brief  description  of  his 
approach,  before  stating  the  theorem  in  our  context.  Tangencies  to  M, 
occur  at  points  of  M2  ■ Consider  the  partition  Nk  = Mk  — Mt+1  of  M2 . 
If  C is  a component  of  some  Nk,  then  the  flow  gives  an  immersion  of 
C x R into  M . The  multiply  tangent  orbits  of  the  flow  correspond  to  the 
nontrivial  self-intersections  of  the  images  of  this  family  of  immersions.  The 
precise  setting  is  somewhat  technical,  but  Percell  uses  essentially  a trans- 
versality  argument  to  show  that,  for  most  choices  of  R there  will  be  a 
minimal  structure  of  multiply  tangent  orbits.  For  example,  it  follows  from 
dimensional  arguments  that  in  3-space,  theie  may  be  essential  multiply 
tangent  orbits,  but  that  these  will  be  isolated  and  at  worst  doubly 
internally  tangent. 

Definition  3.  A generic  neighborhood  of  solitude  R for  a solitary  in- 
variant set  l is  a neighborhood  of  solitude  such  that  R has  generic  contact 
with  the  flow,  and  such  that  the  structure  of  orbits  that  are  multiply  tangent 
with  R is  generically  minimal. 

Theorem  2.  If /is  a C"+  1 flow  on  an  n-manifold  M,  and  if  / is  a solitary 
invariant  set  for  /,  then  / has  generic  neighborhoods  of  solitude. 
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0.  Introduction 

Bendixson  in  1901  essentially  completed  the  geometric  classification  of 
isolated  singular  points  of  a differential  equation  in  the  plane  by  recognizing 
a way  in  which  an  isolating  disk  neighborhood  of  any  such  singular  point 

could  be  broken  up  into  a finite  number  of  sectors  of  these  types — hyper-  \ 

bolic,  elliptic,  and  parabolic  (see  [2]  for  a cogent  explanation).  Subsequent 

attempts  at  an  analogous  procedure  for  isolated  singular  points  of 

differential  equations  in  higher  dimensions  have  met  with  little  success.  The 

purpose  of  this  paper  is  to  take  a small  step  in  that  direction,  preserving 

the  spirit  of  Bendixson.  To  this  end,  in  view  of  the  fact  that  one  would  no 

doubt  think  of  the  boundaries  of  the  sectors  in  the  two-dimensional 

case  as  separatrices,  we  have  formulated  a definition  of  separatrix.  The 

components  of  the  complement  of  the  set  of  separatrices  are  classified 

according  to  their  topological  behavior  and  this  classification  is  further 

examined  in  relation  to  singular  points.  It  is  further  shown  that  the  set  of 

separatrices  can  be  decomposed  into  a disjoint  union  of  manifolds. 

The  definition  of  separatrix  offered  here  is  done  so  in  recognition  of  the 
fact  that  there  are  other  definitions  recently  formulated,  notably  those  of 
Markus  [3]  and  Bhatia  and  Franklin  [1],  No  definition  has  yet  gained 
currency.  Bhatia  and  Franklin  point  out  some  of  the  shortcomings  of 
Markus’s  definition. 

Throughout  the  paper  n-dimensional  manifolds  Mn  will  be  differentiable 
of  class  Cr  and  flows  a = Mn  x [R  -+  Mn  of  class  Ck , k > r.  Given 

such  a flow  a on  a manifold  M",  the  following  will  be  taken  as  the 
definition  of  transverse  submanifold. 

0.1.  Definition.  An  embedded  submanifold  Mn~  1 <=  Mn  will  be  said  to 


* Complete  proofs  of  the  theorems  in  this  paper  will  appear  elsewhere. 

+ The  author  wishes  to  acknowledge  the  support  of  NRC  Grant  #A  8050. 
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be  transverse  to  x if  and  only  if  there  is  a neighborhood  U of  Mn~  1 in  Mn 
that  is  homeomorphic  to  M"-  1 x (— e,  c)  in  such  a way  as  to  map  Mn~  1 
onto  Mn~  1 x {0}  and  map  [a(m,t) : — e < t < e]  onto  m x (— e,  e)  for  all 
m e Mn~  *. 


0.2.  Definition.  Two  flows  a on  M"  and  /?  on  Nn  will  be  called 
topologically  equivalent  if  and  only  if  there  is  a homeomorphism  (p: 
M"  -*  N"  carrying  each  sensed  (but  not  parametrized)  orbit  of  a onto  a 
sensed  orbit  of  /?. 

The  paper  is  intended  as  a summary  of  results,  hence  the  word  proof 
is  to  be  read  as  indication  of  proof.  Many  of  the  facts  will  be  stated  without 
proof. 


1.  Definition  of  Separatrix 


J 

Given  a flow  a on  a manifold  M". 


1.1.  Definition.  A subset  P of  M"  will  be  called  a maximal  parallel  region 
if  and  only  if 


(i)  There  is  a connected  embedded  submanifold  Mn  1 c=  M"  transverse 
to  a such  that  P is  the  smallest  invariant  subset  of  M"  containing 
M"~  1 ; or 

(i')  P is  a union  of  an  increasing  sequence  of  regions  {Px}  each  topolo- 
gically equivalent  to  some  Af"_1  x Sl,  where  AT,  is  an  embedded  con- 
nected submanifold  of  M";  and 

(ii)  P is  not  properly  contained  in  a region  Px  that  is  topologically 
equivalent  to  A/"-1  x IR  or  Af"_1  x S1  for  some  embedded  connected 
submanifold  M\~  1 of  Mn,  where  the  orbits  of  M\~ 1 x R or  M]~  1 x S 1 
are  taken  to  be  the  usual  straight-line  or  closed  orbits. 

Regions  satisfying  (i)  will  be  called  parallel  regions. 

1.2.  Definition.  A point  x e Af"  will  be  called  separating  if  and  only  if 

(i)  xecl((JF|P),  the  union  being  taken  over  all  maximal  parallel 
regions;  and 

(ii)  x is  not  an  interior  point  relative  to  Mn  in  the  set  of  points  lying 
in  regions  topologically  equivalent  to  A/"-1  x 0?  (or  M"~l  x S1)  for  any 
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embedded  Mn  1 unless  x e P\P  implies  P is  topologically  equivalent  to 
1 x R (or  x S' ) for  some  embedded  M\~  *. 

Since  maximal  parallel  regions  are  invariant  and  hence  so  are  their 
closures,  we  have 

1.3.  Definition.  The  set  of  points  (a(p,r):  t e R}  is  called  a separatrix  if 
and  only  if  p is  separating.  S will  denote  either  the  set  of  separating 
points  or  the  set  of  separatrices. 

1.4.  Lemma.  Every  parallel  region  is  contained  in  a maximal  parallel 
region. 

Proof.  Let  P be  a parallel  region  that  is  not  maximal.  Then  it  is 
contained  in  a region  Pl  topologically  equivalent  to  M\~ 1 x (R  (or 

1 x S1).  Pt  is  a parallel  region.  Suppose  Pt  is  not  maximal;  then  it  is 
contained  in  a region  P2  topologically  equivalent  to  Mn2~l  x (R  (or 

M2~ 1 x S1).  Repeat  the  procedure.  P c Pl  cz  P2  cz  • •• . Let  Px  be  a largest 

region  containing  P that  can  be  covered  in  this  fashion.  Claim,  Px  is 
maximal.  Clearly,  (ii)  of  1.1  is  satisfied;  hence  all  we  must  do  is  show  that 
Px  is  parallel.  If  Px  is  a union  of  regions  each  topologically  equivalent  to 
M"- 1 x S\  then  Px  is  maximal  parallel. 

We  show  Px  is  parallel  in  case  Px  topologically  equivalent  to 
M"_1  x [R.  Then  P2  is  topologically  equivalent  to  M2~x  x [R.  Let 
01(m)  = a(m,  r(m))  for  all  meMJ'1,  where  t(m)  is  the  time  that 

a(m,  r(m))  € Mn2  1 . Let  Wx  be  a connected  open  neighborhood  contained 
inside  (/^(M"-1).  Define  a(m),  by  o(m)  = — f(</>^  l(m)). 

Define  r(m)  = 0 on  the  complement  of  Wx.  Using  partitions  of  unity,  we 
can  construct  a Cr  function  s(m)  satisfying  s(m)  = — r(</>j"  '(m))  for  me  Wx 
and  s(m)  = 0 for  m in  the  complement  of  ^‘(M"-1).  Let  U,  = 

Consider  i {/(m)  = a(m,  s(m)),  m e M2~ l.  ^(M^'1)  is  a differentiable  manifold 
that  coincides  with  APJ-1  on  U x such  that  P2  is  topologically  equivalent  to 
\p(M2~l)  x [R.  Relabel  \J/(Mn2 _1)  by  Mn2~l.  We  now  have  <=  Mn2~l. 

Repeat  the  construction  for  successive  Pj.  We  get  a sequence  U j c=  U 2 
<=•••.  Let  M"~  1 = (J,  Ut.  It  is  not  difficult  to  verify  that  Px  is  the  smallest 
invariant  region  containing  Mn~l  and  that  Mx-1  is  an  embedded  sub- 
manifold of  M"  transverse  to  a.  Hence  Px  is  maximal.  □ 

The  construction  of  this  lemma  is  vital  to  the  proofs  of  many  of  the 
following  theorems. 
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2.  The  Structure  of  Component  of  Af"\S 

2.1.  Lemma.  Each  component  C of  M"\ S is  a parallel  region. 

2.2.  Proposition.  If  a component  C of  M"\ S contains  a closed  orbit  y, 
then  every  orbit  in  C is  a closed  orbit  isotopic  to  y. 

Proof.  Let  A be  the  subset  of  points  of  C that  lie  on  closed  orbits. 
Suppose  A / C.  Let  /?  be  an  orbit  through  a boundary  point  of  A relative 
to  C.  Let  A/"-  1 be  an  embedded  submanifold  of  C transverse  to  the  flow 
and  A/"-1  = Mn~l\A.  Let  P be  the  parallel  region  based  on  A/”-1.  The 
construction  of  Lemma  1.4  will  yield  the  contradictory  fact  that  P is  a 
separatrix.  □ 

A rather  lengthy  argument  also  based  on  the  proof  of  Lemma  1.4  will  give 
the  following  proposition. 

2.3.  Proposition.  Let  C be  a component  of  Af"\S  containing  no  closed 
orbits.  Then  either  (i)  every  submanifold  Mn~ 1 of  C on  which  C is  based  is 
such  that  every  trajectory  through  points  of  AT  - 1 intersects  Af"~  1 an  infinite 
number  of  times  for  both  t > 0 or  t < 0,  or  (ii)  there  is  a submanifold 
A/q~  1 of  C,  on  which  C is  based,  such  that  every  trajectory  in  C intersects 
exactly  once. 

Components  C satisfying  (i)  above  will  be  called  types  R,  (ii)  above  type 
H , and  Proposition  2.2  type  Per.  We  see  that  this  classifies  the  com- 
ponents of  M"\S.  Note  that  a manifold  M"' 1 generating  a region  of  type 
H decomposes  C\Mn~  1 into  two  parts  C+  and  C~  since  C is  then  topologi- 
cally equivalent  to  Mn~ 1 x [R. 


3.  Separatrices  and  Singular  Points 

In  this  section,  we  will  consider  isolated  singular  points  of  a flow  a.  If 
Bn  is  an  isolating  disk  neighborhood  of  p,  the  flow  restricted  to  B"  will  be 
reparametrized  so  as  to  be  a flow  on  Bn. 

3.1.  Definition.  A component  C of  B"\ S will  be  said  to  adhere  to  a 
singular  point  p if  the  singular  point  is  contained  in  C. 
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3.2.  Definition.  Let  C be  a region  of  type  H.  If  there  are  submanifolds 
M\~ 1 and  M2~l  of  C such  that  C is  based  on  M\~x  or  M2~ 1 and 
pe  C i+,  p$Cx~,  p e C2~ , and  p $ C2+,  where  C,1  are  the  subsets  of  C 
referred  to  at  the  end  of  Section  2,  then  C will  be  called  type  HH. 

3.3.  Definition.  Let  C be  a region  of  type  H.  If  for  any  submanifold 
Mn  1 on  which  C is  based,  peC*  and  pe  C~,  then  C will  be  called  type 
HE. 

3.4.  Definition.  Let  C be  a region  of  type  H.  If  for  any  submanifold 
Mn~  1 not  adhering  to  p on  which  C is  based  p s and  p $ C then  C 
will  be  called  type  //P_  . Interchanging  the  roles  of  + and  — gives  the 
definition  of  type  HP+  . 

Summarizing  the  results  of  the  paper  thus  far,  we  have: 

3.5.  Theorem.  If  p is  an  isolated  singular  point  of  a flow  a,  a spherical 
neighborhood  Bn  of  p is  decomposed  by  the  separatrix  set  of  the  repara- 
metrized flow  into  the  separatrix  set  S and  regions  of  type  H,  Per,  R,  HH, 
HE,  HP~,  or  HP+  (where  H here  refers  to  components  of  fl"|S  that  do  not 
adhere  to  the  origin). 


4.  Separatrix  Manifolds 

We  consider  the  following  topology  on  S: 

4.1.  Definition.  Let  be  the  collection  of  open  sets  in  M"  containing 
no  singular  points,  = (connected  components  of  S n N in  M" : N e Jf\ 
and  .T  the  topology  on  S generated  by  M and  the  set  {{p}:  p is  a 
singular  point}. 

4.2.  Definition.  Consider  invariant  subsets  ofXcS  satisfying 

(i)  K is  pathwise  connected  in  S relative  to  ST\ 

(ii)  Each  point  of  K is  contained  in  a .T\K  open  subset  of  K 
homeomorphic  to  an  open  set  of  IR*  for  some  fixed  k; 

(iii)  K contains  no  singular  point  if  k > 0; 

(iv)  No  point  x of  K is  contained  in  the  closure  relative  to  T of  other 
sets  Kl  satisfying  conditions  (i)— (iii)  for  the  same  k\ 
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(v)  K is  not  properly  contained  in  sets  satisfying  (i)-(iv). 

Subsets  K of  S satisfying  (i)— (v)  will  be  called  separatrix  manifolds. 

4.3.  Theorem.  A separatrix  manifold  K is  a topological  manifold  on 
which  a differentiable  structure  can  be  defined  under  which  the  flow  a 
is  of  class  Cr. 
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Consider  a space  in  which  the  points  represent  differential  equations;  a 
subset  consists  of  Hamiltonian  systems,  and  a further  subset,  of  integrable 
Hamiltonian  systems.  Integrable  systems  do  not  form  an  open  set,  either 
among  Hamiltonian  systems  or  in  general,  and  it  is  natural  to  ask  what 
sort  of  systems  lie  near  an  integrable  system.  For  the  Hamiltonian  case  this 
leads  into  the  theories  of  Poincare-Birkhoff  and  Kolmogorov-Arnol’d- 
Moser  [1,  Chapter  4],  We  will  be  concerned  with  the  case  of  non-Hamiltonian 
perturbations  of  an  integrable  Hamiltonian  system.  Details  are  given  in 
[2-4], 

According  to  a general  theorem  of  Arnol’d  [1],  the  phase  space  of  an 
integrable  system  is  divided  up  by  separatrices  into  regions  admitting 
action/angle  variables  r,  0 in  which  the  system  takes  the  form  r = 0, 
0 = Q(r).  Each  torus  r = const  is  invariant  and  foliated  with  minimal 
invariant  tori  of  lower  dimension  depending  on  the  commensurability 
relations  satisfied  by  ft(r).  Our  systems  take  the  form 

r = ef(r,d) 

f)  = Q(r)  -I-  eg(r,  0) 

Here  r e R",  0 e Rm,  and  f g are  periodic  in  the  components  of  0. 

According  to  the  method  of  averaging,  since  r varies  slowly  for  small  e 
an  approximation  to  (1)  may  be  constructed  by  holding  r fixed  and 
averaging/ over  an  orbit  of  the  unperturbed  system.  Defining 

/(r,  0)  = lim  — f /(r,  0 + Q(r)r)  dt 

it  is  easy  to  show  that  / is  the  average  of  / over  the  minimal  invariant 
torus  of  the  unperturbed  system  through  the  point  (r,  0).  This  is  a 
discontinuous  function  of  r because  the  dimension  of  the  minimal  torus 
through  (r,  0)  depends  on  r.  A necessary  condition  for  (1)  with  small  e to 
have  an  invariant  torus  lying  near  a minimal  torus  of  the  unperturbed 
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system  is  for  / to  vanish  on  that  minimal  torus.  A global  study  of  (1) 
therefore  requires  a study  of  the  zeros  of /. 

If  f(r,  0)  = £ av(r)e'(v'e\  v a multi-index,  then  /(r,  0)  consists  of 
the  terms  of  the  series  for  which  (v,  Q(r))  = 0.  The  set  of  such  v forms  a 
subgroup  of  the  additive  group  of  multi-indices.  The  clue  to  the  study  of 
zeros  of  / is  to  consider  “coarser”  averages  that  are  continuous.  Namely, 
if  L is  a subgroup  of  the  multi-indices,  let  f,  be  defined  by  summing  the 
series  for / only  over  veL  Since  L is  fixed,  fL  is  a continuous  function, 
and  for  the  “resonance  manifold”  L of  r such  that  (v,  Q(r))  = 0 for  all 
v e L,  fL  is  “coarser”  than  /,  in  the  sense  that  fL  is  obtained  by  averaging 
over  tori  of  larger  dimension  than  the  minimal  tori. 


Theorem  1.  Zeros  of/  for  r e L can  cluster  only  near  zeros  of  f, ; in  a 
compact  subset  of  L bounded  away  from  the  zeros  of fL,f  can  only  vanish 
on  a finite  number  of  resonance  submanifolds  of  L of  lower  dimension 
defined  by  adjoining  to  a basis  for  L additional  multi-indices  involving  small 
integers. 

The  idea  of  the  proof  is  that  away  from  zeros  of fL  only  Fourier  coefficients 
of  low  order  are  significant.  Theorem  1 provides  an  inductive  procedure  for 
locating  the  zeros  of  / within  small  open  sets,  beginning  with  the  full 
space  of  variables  (r,  0)  and  proceeding  to  submanifolds  of  lower  and 
lower  dimension  in  a finite  number  of  steps. 

The  first  application  is  to  problems  of  spin/orbit  coupling  in  the  solar 
system.  A spinning  planet  subject  to  periodic  torque  due  to  its  orbit  is 
governed  by  0 = ef{t,  0 , f)),  or  r = t/(r,  0 , r),  0 = r.  According  to  astronomers 
Mercury  and  Venus  were  “despun”  by  tidal  friction  until  they  became 
“captured”  at  their  present  spin  rate.  Such  a capture  is  impossible  unless 

1 rT 

f(t,  0,  r ) = lim  — [ f(t,  0 + rt , r)  dt  = 0 
‘ * o 

A coarser  average  is 

/(>■)-  ,‘jf  [/M,  !■)*<» 

In  the  actual  example  f(r)  has  a single  zero,  and  zeros  of/  can  cluster  near 
it,  while  away  from  that  zero,  / can  vanish  only  for  a few  rational  values 
of  r.  The  analysis  confirms  assumptions  made  by  previous  workers,  in 
particular  the  legitimacy  of  truncating  the  Fourier  series  for  / Small  divisor 
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questions  can  only  arise  near  the  zero  of  f.  For  details  see  [2].  Similar 
results  with  quasiperiodic  forcing  are  in  [4,  Section  6]. 

Consider  a sequence  of  pendula  each  coupled  to  the  next  by  a weak 
spring,  slightly  damped,  and  with  the  first  pendulum  in  the  sequence 
subject  to  weak  forcing. 

Theorem  2.  Except  for  solutions  having  amplitudes  near  zero,  the 
steady-state  solutions  are  periodic  with  period  a small  integer  multiple  of 
the  forcing  period  and  with  the  frequencies  of  adjacent  pendula  having  small 
integer  ratios.  (“Frequency”  here  is,  strictly  speaking,  frequency  of  the 
generating  unperturbed  solution.) 

The  integers  here  are  small  for  the  same  reason  as  in  Theorem  1. 
Because  of  the  number  of  degrees  of  freedom  the  inductive  procedure  is 
impractical  and  the  proof  uses  a combination  of  averaging  and  energy 
methods.  If  the  frequency  ratio  for  two  adjacent  pendula  is  not  a small 
integer  ratio,  the  energy  of  the  pendula  on  the  side  away  from  the  forcing 
decreases  until  a resonance  capture  is  formed.  The  author  hopes  to  apply 
these  ideas  to  systems  of  oscillators  with  higher  connectivity,  such  as 
entrainment  of  biorhythms  in  tissues;  however,  the  “sparseness”  of  coupling 
is  crucial  to  the  simple  result  of  Theorem  2.  Details  are  given  in  [4]. 
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1.  Introduction 

The  notions  of  cross  section  of  a vector  field  and  suspension  of  a 
diffeomorphism,  defined  in  [2],  are  a bridge  between  the  study  of  vector  fields 
and  that  of  diffeomorphisms  [3]. 

Let  M be  a compact  smooth  manifold  with  codimension  one,  submanifold 
S.  If  there  is  a smooth  vector  field  y on  M with  S as  a cross  section, 
( M , S)  is  called  a cross-section  pair,  (M,  S;  y)  a cross-section  triple,  y a 
cross-sectional  vector  field,  and  X(M,  S)  denotes  the  C°  open  subset  of 
smooth  vector  fields  that  have  S as  a cross  section. 

Each  yeX(M,  S)  induces  a diffeomorphism  of  S,  denoted  ot(y),  by 
a(*)(x)  = 0t(JC)(x),  where  </>t(x)  is  the  flow  of  y and  t(x)  the  least  positive 
time  such  that  </>tU)(x ) e S.  Thus  the  map  a:  X(M,  S’)  -»  Diff  5,  where  Diff  S 
is  the  smooth  diffeomorphisms  of  S,  represents  each  ye  X(M,  S)  by  a 
diffeomorphism,  and  if  h:  M -*  IR  is  smooth  and  positive,  <x{y)  = ot(h  ■ y). 
Any  ye  X(M,  S)  may  be  smoothly  reparameterized  (nonuniquely)  so  that 
t(x),  as  above,  is  identically  one  for  the  new  flow.  Such  a reparameterized 
vector  field  is  called  normal  and  induces  a smooth  bundle  structure  on  M 
over  the  circle  S'  with  fiber  S by  the  map  p defined  by  p(</>t(S))  = t + 1. 
Up  to  bundle  equivalence  this  structure  depends  only  on  a(x). 

Given  S and  / e Diff  S,  a smooth  manifold  Sus (S,/),  the  suspension  of / 
over  S,  is  defined  to  be  the  quotient  space  of  IR  x S under  the  equivalence 
relation  defined  by  identifying  (t,  x)  with  (t  + l,/-1(x)).  The  constant 
vector  field  (1,0)  on  I x S induces  a vector  field  y on  Sus (S, /)  such  that 
y has  cross  section  S0  = rr(0  x S),  where  n is  the  quotient  map  and  S0 
may  be  identified  with  S,  is  normal,  and  ct(y)  = f The  induced  bundle 
structure  may  be  defined  intrinsically  by  p(n(r,  x))  = r + 1_.  Moreover, 
given  y e X(M , S ),  the  bundle  structure  induced  by  normalizing  y is  bundle 
equivalent  to  the  bundle  structure  on  Sus(S,  ot{x)). 

• These  results  are  contained  in  the  author’s  thesis,  to  be  submitted  to  Dalhousie 
University,  under  the  direction  of  Professor  C.  S.  Hartzman. 
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2.  Equ  ivalence  of  Suspensions 

The  natural  types  of  equivalence  for  cross-section  pairs  and  triples  are 
equivalence  as  bundles  (B-equivalence)  and  equivalence  as  pairs  (equiva- 
lence). By  the  above  remarks,  it  is  enough  to  consider  suspensions. 

Two  diffeomorphisms  f g on  S are  said  to  be  conjugate  (pseudo-) 
isotopic  iff  /is  (pseudo-)  isotopic  to  hgh~  1 for  some  h e Diff  S. 

Theorem  2.1.  Sus (S,f)  is  B-equivalent  to  Sus(S,  g)  if  and  only  if  / is 
conjugate  isotopic  to  g. 

It  follows  that  the  map  / -►  Sus(S,  /)  induces  a one-to-one  correspondence 
oetween  similarity  classes  of  the  group  of  isotopy  components  of  Diff  S, 
and  B-equivalence  classes  of  suspensions  over  S. 

Theorem  2.2.  Sus(S, /)  is  equivalent  to  Sus(S,  g)  if  and  only  if  /is 
conjugate  pseudoisotopic  to  g or  g~ 

As  above,  a classification  result  follows. 

As  an  example,  consider  the  torus  T2  = M2/!2.  The  group  of  (pseudo-) 
isotopy  components  of  Diff  T2  is  isomorphic  to  GL( 2,  Z),  the  2 x 2 integer 
matrices  with  determinant  ± 1,  by  the  map  induced  by  A -*  A,  where  A is  the 
diffeomorphism  of  T2  induced  by  A e GL( 2,  Z)  considered  as  a linear  map 
of  R2.  The  inverse  of  this  isomorphism  may  be  considered  to  be  induced  by  the 
map  taking  / into  the  induced  isomorphism  on  n{T2  l2.  Given  the 
trace  and  determinant,  there  are  a finite  number  of  similarity  classes  in 
GL( 2,  Z)  with  these  invariants  (unless  the  trace  is  ±2  and  the  determinant  is 
one),  representatives  of  which  may  be  enumerated  (with  some  redundancy). 
Other  similarity  class  invariants  may  be  used  to  limit  the  possibilities  further, 
so  that  the  classification  of  suspensions  over  the  torus  is  almost  complete. 


3.  Manifolds  with  Cross  Section 

Given  cross-section  triples  (M,  S;  /)  and  (N,  T ; i J/)  that  have  induced 
maps /and  g,  respectively,  it  is  known  [2]  that  /topologically  (smoothly) 
conjugate  to  g implies  that  y >s  topologically  (smoothly)  equivalent  to 
The  converse,  which  is  not  always  true,  is  known  to  hold  [1]  when  n,S 
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has  no  element  of  infinite  order.  The  following  more  general  result  puts 
the  restriction  on  M. 

Note  that  the  first  homology  group  of  a manifold  with  a cross  section  has 
rank  at  least  one. 

Theorem  3.1.  If  H ,(M,  Z)  has  rank  precisely  one,  then  y is  topologically 
(smoothly)  equivalent  to  1 f/  if  and  only  if  / is  topologically  (smoothly) 
conjugate  to  q. 

Corollary  3.2.  Let  HX(M,  Z)  have  rank  precisely  one.  y,\ j/  e X(M,  S ) 
are  topologically  (smoothly)  equivalent  if  and  only  if  i(y)  is  topologically 
(smoothly)  conjugate  to  a(t/r). 

As  examples  consider  suspensions  over  the  torus.  It  may  be  shown  that 
//,(Sus(T2,  A ),  Z)  has  rank  one  unless  the  trace  of  A is  2(0)  and  the 
determinant  of  A is  one  (minus  one).  Indeed,  for  any  n > 2 and  any 
finite  abelian  group  G with  at  most  n generators,  there  is  an  A e GL(n , Z) 
such  that  //,(Sus(Tn,  ,4),  Z)  is  isomorphic  to  Z © G. 
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A C1  (time  independent)  flow  is  a function  /:  R x Af  -»  M such  that  it 
has  continuous  first  partial  derivatives,  for  each  t e R /':  M -»  M is  a 1 

diffeomorphism.  and  it  satisfies  the  group  property,/'  /’(.x)  = /'*’(.x).  The 
manifold  M is  assumed  to  he  compact  and  without  boundary.  A 
neighborhood  N of/ in  the  set  of  C1  flows  is  those  g such  that  g restricted 

to  [0,  1]  x M is  uniformly  near  / and  all  the  first  partial  derivatives  are  ' 

uniformly  near  those  of  / We  want  to  find  those  flows  whose  orbit 
structure  is  stable  under  perturbations.  We  can  ask  the  same  questions  about 
diffeomorphisms.  This  study  of  diffeomorphisms  is  the  same  as  that  for 
periodic  time-dependent  flows.  Again  a neighborhood  N of  / is  those  g 

that  are  uniformly  near  / pointwise  and  whose  first  partial  derivatives  are  ■ 

uniformly  near  those  of  g. 

We  say  g is  conjugate  to  / if  there  exists  a homeomorphism  taking 
oriented  trajectories  of  / to  oriented  trajectories  of  g : h f7i,  x,(x)  = 
g‘  h(x),  where  a is  a reparameterization  of  / and  h:  M -*  M is  a 

homeomorphism.  If  / and  g are  diffeomorphisms  we  have  the  same  « 

definition  but  do  not  allow  any  reparameterization.  We  say  a flow  / (or  ! 

diffeomorphism)  is  structurally  stable  if  there  is  a neighborhood  N of  / in  j 

C1  flows  (or  C1  diffeomorphisms)  such  that  every  g e N is  conjugate  to/ 

Thus  / is  structurally  stable  if  every  g near  / has  the  same  orbit  structure 

as  / j 

We  want  to  define  conditions  that  imply  structural  stability.  If  we  look 
at  a periodic  point  of  a diffeomorphism,  to  get  stability  we  can  not  have  ] 

a center,  i.e.,  the  eigenvalues  of  Dfp(x ) can  not  be  of  absolute  value  one, 
where fp(x)  = x.  This  is  a hyperbolicity  assumption  on  the  periodic  points. 

In  two  dimensions  a stable  diffeomorphism  can  have  a sink,  source,  or 
saddle  but  not  a rotation  or  saddle  node. 


* Research  for  this  chapter  was  done  at  Northwestern  University,  and  was  partially 
supported  by  NSF  Grant  GP  19815  [AMS  classification  58FIO  ] 
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We  need  hyperbolicity  on  more  than  just  the  periodic  points.  The 
nonwandering  set  Q of  / is  the  set  of  points  x e M such  that  for  all 
neighborhoods  U of  x there  is  a T > 1 such  that  U n f'(U)  # 0.  The 
nonwandering  set  contains  all  the  x and  a>  limit  points  and  has  a general 
type  of  recurrence  property.  We  say  f satisfies  Axiom  A if  (Aa)  / satisfies  a 
hyperbolicity  assumption  on  fi.  and  (Ab)  the  periodic  points  are  dense  in 
Q.  More  precisely,  (Aa)  the  tangent  space  to  M over  Q splits  into  two 
continuous  subbundles  £s  and  £u,  called  the  stable  and  unstable  bundles, 
and  there  are  constants  C > 0 and  0 < X < 1,  such  that  for  t > 0 

\Df‘(x)Vxs  \ < CV\VXS\  for  Fxs  e £xs 

|£>/-'(x)Fxu|<CA'|Fxu|  for  Vx' J e £xu 

For  a flow  there  are  three  subbundles,  £\  £u,  and  a bundle  spanned  by 
(d/dt)r(X). 

An  example  of  a hyperbolic  set  occurs  when  there  is  a homoclinic 
point  for  a saddle  fixed  point.  Let  p be  a saddle  point  of  a difleomorphism 
in  the  plane,  let 

Ws(p)  = {x  e M:  d(ft{x),f,{p))  -»0  as  t -*  oo} 

be  the  stable  manifold,  and  let 

Wu(p)  = {xe  M:  d(fl(x\f'(p))  -»0  as  t -»  — oo} 

be  the  unstable  manifold.  They  are  both  immersed  curves  in  the  plane. 
A homoclinic  point  is  a transversal  intersection  of  these  two  curves 
y e w*(p)  n VFu(p)  with  y / p.  If  we  take  a long  box  B along  the  stable 
manifold,  a high  iterate  of  B by  / crosses  B twice,  f (B)  n B = Bx  u B2 
(Fig.  1).  The  intersection  P)^=-oc  fn,(B)  contains  a cantor  set  with  periodic 


STRUCTURAL  STABILITY  THEOREMS 


35 


points  dense.  The  box  is  stretched  in  the  vertical  direction  and  contracts 
in  the  horizontal  direction,  so  these  are  the  unstable  and  stable  bundles 
(see  [12]). 

If  / satisfies  Axiom  A,  then  the  stable  and  unstable  manifolds  of  all 
orbits  are  immersed  submanifolds.  If  two  of  these  intersect,  there  can  not 
be  a tangency  because  this  is  an  unstable  phenomenon.  We  say  / satisfies 
the  strong  transversality  condition  if  all  stable  manifolds  of  orbits  that  meet 
another  unstable  manifold  of  an  orbit  do  so  transversally.  We  can  now 
state  the  theorem. 

Theorem.  Let  / be  a C1  flow  or  diffeomorphism  that  satisfies  Axiom  A 
and  the  strong  transversality  condition.  Then  /is  structurally  stable. 

Peixoto  proved  that  for  flows  on  compact  two-manifolds,  these  are 
necessary  and  sufficient  conditions  for  structural  stability  [7],  Anosov  and 
Moser  proved  the  theorem  when  M = fi  [1.  5],  When  Q is  a finite  union  of 
orbits,  it  is  proved  by  Palis  and  Smale  [6].  Robbin  proved  the  case  when 
/is  a C2  diffeomorphism  [8],  The  author  adapted  this  proof  for  C2  vector 
fields  and  more  recently  has  proved  it  for  C1  diffeomorphisms  and  flows 

[9-H] 

Some  progress  has  been  made  on  the  converse  by  Franks  and 
Guckenheimer  [2-4],  and  just  recently  there  is  the  following  result. 

Theorem  (Mane).  If  dim  M is  two  and  / a structurally  stable  dif- 
feomorphism. then  it  satisfies  Axiom  A and  the  strong  transversality 
condition. 

Now  we  give  an  idea  of  the  proof  of  structural  stability  contained  in 
[10]  or  [1 1],  We  use  the  stable  manifold  approach  of  Anosov,  the  induction 
process  of  Palis,  and  the  df  metric  introduced  by  Robbin.  First  we  look  at 
stability  near  a saddle  fixed  point  p for  a diffeomorphism  in  the  plane.  This 
is  related  to  the  linearization  result  of  Hartman.  For  g near  f we  construct 
a family  of  disks  {Zu(.x) : x e U },  where  U is  a neighborhood  of  p such  that 
(1)  Zu(x)  is  a disk  near  x in  approximately  the  unstable  direction,  (2)  g 
restricted  to  Zu(x)  is  an  expansion,  and  (3)  g takes  the  disk  near  x to  the 
disk  near  /(x),  g{Zu(x))  =>  Zu(/(x)).  Then  [Zu(x) : xe  U}  is  a disk  bundle 
over  U.  Since  g~l  is  a fiber  contraction,  we  can  construct  a fixed  section 
h(x)  e Zu(x)  such  that  g~  lh(x)  = hf~l(x)  or  gh(x)  = hf(x).  To  prove  that 
h is  one  to  one,  we  show  h is  df  Lipschitz  near  the  identity.  The 
hardest  part  of  the  analysis  goes  into  proving  this.  (For  Q finite  this  can 
be  avoided.) 
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When  C2  is  more  complicated  it  breaks  up  into  a finite  number  of  pieces 
that  are  indecomposable,  Q = Q,  u •••  u C2m.  Then  perhaps  reordering  the 
fl,  , it  is  possible  to  get  a Lyapunov  function  L:  M -»  R such  that  C2,  <3  L~  '(/) 
and  L J'(x)  > L(x)  for  x <£  Q and  t > 0.  [For  a flow  (d/dt)L  f'(x)  > 0 for 
x 4 Ci-]  The  conjugacy  we  construct  must  be  defined  compatibly  near  the 
different  Cl,  . Palis  was  the  first  to  overcome  this  difficulty.  For  g near  f we 
construct  compatible  families  of  unstable  disks  {Z,u(x) : x e Cf(Uj)},  where 
U i is  a neighborhood  of  Cl,  and  Cf(Ui)  is  the  orbit  of  C/,  by  f such  that  (1) 
each  Z,u(x)  is  a disk  near  x of  dimension  equal  to  dim(£u|Cl,);  (2)  for 
xg  t/,,  Z,u(x)  is  approximately  in  the  unstable  direction  and  g restricted 
to  Z,u(x)  is  an  expansion;  (3)  g(Z,u(x))  3 Ziu(/(x));  and  (4)  (compatibility) 
if  x g Cf(Ui ) n ( rf(Uj ) with  i <j.  then  Z,u(x)  3 Z7u(x). 

Once  these  families  are  constructed,  then  again  g~l  is  a contraction  for 
x near  Cl  so  we  can  construct  an  invariant  section.  Again  we  need  to  show 
h is  df  Lipschitz  near  the  identity,  where  df(x,  y)  = sup {</(/"(x ),/"(>’)) : n e Zj. 


REFERENCES 


[1]  D.  Anosov.  Geodesic  flows  on  closed  Riemannian  manifolds.  Proc.  Stekloi • Inst.  90 
(1967)  (Amer.  Math.  Soc.  transl..  1969). 

[2]  J.  Franks.  Differentiably  Q-stable  difleomorphisms.  Topology  1^(1972).  107-113. 

[3]  J.  Franks.  Time  dependent  stable  difleomorphisms.  Invent.  Math.  24  (1974).  163  172. 

[4]  J.  Guckenheimer,  Absolutely  Q-stable  difleomorphisms.  Topology  11  (1972).  195-  197. 
f5l  J.  Moser,  On  a theorem  of  Anosov,  J.  Differential  Equations  5 (1969).  41 1-440. 

[6]  J.  Palis  and  S.  Smale.  Structural  stability  theorems.  Proc.  S\mp.  Pure  Math.  Soc.  14 
(1970),  223-232. 

[7]  M.  Peixoto,  Structural  stability  on  two  dimensional  manifolds.  Topology  I (1962). 
101-120. 

[8]  J.  Robbin,  A structural  stability  theorem.  Ann.  of  Math.  94  (1971).  447  493. 

[9]  R.  C.  Robinson.  Structural  stability  of  vector  fields.  Ann.  of  Math.  99  (1974).  154  175. 

[10]  R.  C.  Robinson,  Structural  stability  of  C1  flows,  Proc.  Con)  Dynam.  Syst.  Unit,  of 
Warwick  1974.  Lecture  Notes  in  Math.  pp.  262-277.  Springer-Verlag.  Berlin  and  New 
York,  1975. 

[11]  R.  C.  Robinson.  Structural  Stability  of  C1  Difleomorphisms.  mimeographed  paper. 
Northwestern  Univ.  (1974). 

[12]  S.  Smale.  Differentiable  dynamical  systems.  Bull.  Amer.  Math.  Soc.  73  (1967).  747-817. 


Numerical  Studies  of  an  Area- Preserving  Mapping* 


MARTIN  BRAUN 

Lefschetz  Center  for  Dynamical  Systems 

Division  of  Applied  Mathematics 

Brown  University,  Providence,  Rhode  Island 


Consider  the  following  mapping  M of  the  plane  onto  itself.  Let  Pl  and 
P2  be  two  points  separated  by  a small  distance  e.  Let  M,  denote  the 
mapping  in  which  each  point  is  rotated  about  P,  in  a counterclockwise 
direction  by  an  angle  equal  to  the  reciprocal  of  its  distance  from  Pj  raised 
to  the  3 power.  Let  Af2  be  the  corresponding  rotation  about  P2 . The 
mapping  M is  defined  to  be  the  composition  of  iW,  with  M2 . Clearly,  M is 
an  area-preserving  mapping  of  the  plane  onto  itself. 

This  mapping  arose  from  the  author’s  study  of  the  Stormer  problem, 
which  is  the  motion  of  a charged  particle  in  the  earth’s  magnetic  field. 
The  motion  of  such  a charged  particle  is  governed  by  the  Hamiltonian 

H = \ (Pp2  + Pz2)  + \ - p)  ’ r2  = p2  + z2,  (1) 


where  z = 0 is  the  equatorial  plane.  It  has  been  shown  [1]  that  the 
equatorial  plane  is  a surface  of  section  for  the  flow  governed  by  the 
Hamiltonian  (1).  In  a typical  orbit  [2]  the  particle  crosses  the  equatorial 
plane  in  the  northerly  direction;  it  penetrates  to  a certain  latitude  and 
then  gets  reflected  back,  penetrating  to  a certain  latitude  below  the  equator. 
If  we  eliminate  p.  on  each  surface  of  constant  energy 


E = ^„2  + P,2)  + 2(‘-^) 


and  numerically  compute  the  section  map  I taking  the  p — pp  plane  into 
itself,  we  observe  the  following:  If  the  particle  does  not  penetrate  to  very 
high  latitudes  on  either  side  of  the  equator,  then  its  orbit  cuts  the  surface 
of  section  in  a sequence  of  points  all  of  which  seem  to  lie  on  closed 
invariant  curves.  It  has  been  shown  [3]  that  these  curves  correspond  to 
the  particles  trapped  in  the  Van  Allen  radiation  belt.  On  the  other  hand,  if 


* This  research  was  supported  in  part  by  the  Air  Force  Office  of  Scientific  Research  under 
AFOSR-71-2078C  and  in  part  by  the  National  Science  Foundation  under  GP-28931X2. 
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the  particle  penetrates  to  very  high  latitudes,  i.e.,  it  comes  near  the  singularity 
r = 0.  then  its  orbit  cuts  the  surface  of  section  in  a very  "fuzzy”  sequence 
of  points.  We  would  like  to  conclude  that  the  invariant  curves  have 
disintegrated  in  this  region,  but  numerical  errors  preclude  any  definitive 
conclusion. 

In  order  to  determine  the  qualitative  nature  of  the  section  map  X for 
those  orbits  that  penetrate  close  to  the  singularity,  we  must  first  determine 
the  nature  of  the  flow  near  the  singularity  r = 0.  It  has  been  shown  [4]  that 
near  the  singularity,  for  z > 0,  the  flow  on  each  constant  energy  surface  is 
topologically  equivalent  to  the  orbits  of  the  system  of  differential  equations 


7 '3 

q = r , 


y = '%•  y)y< 


>’  = >’!+  iy  2 , 

r2  = q2  + \y\\ 


h real. 


(2) 


Exactly  the  same  result  is  true  for  z <0.  Notice  that  each  cylinder 
.V,2  + y2 2 = c is  invariant  under  the  flow.  The  image  of  these  cylinders  in 
the  p,  z,  p p,  pz  phase  space  will  intersect  the  equatorial  place  in  closed 
curves  when  continued  forward  under  the  flow.  Now  the  orbit  y = 0 
corresponds  to  the  unique  orbit  entering  the  singularity  from  the  north 
(q  < 0),  and  leaving  the  singularity  (q  > 0).  If  this  orbit  crosses  the  equatorial 
plane  at  right  angles,  then  it  must  enter  the  singularity  from  the  south, 
since  the  Hamiltonian  (1)  is  a function  of  z2.  Moreover,  the  cylinders 
from  the  north  and  the  cylinders  from  the  south  would  join  up  exactly,  and 
the  Stormer  problem  would  be  integrable.  However,  the  orbit  leaving  the 
singularity  from  the  north  just  misses  crossing  the  equatorial  plane  at  right 
angles,  and  this  error  is  measured  by  e.  The  mapping  Mj  is  a model  for 
the  flow  when  the  particle  starts  in  the  equatorial  plane,  goes  north,  and 
then  comes  back,  while  the  mapping  M2  is  a model  for  the  flow  when 
the  particle  starts  in  the  equatorial  plane,  goes  south,  and  then  returns  to 
the  equatorial  plane.  Hence,  the  mapping  M = M2  ° Mx  is  a model  for  the 
section  map  X. 

It  can  be  rigorously  proven  [5,  6]  that  the  mapping  M possesses  infinitely 
many  invariant  curves  for  r sufficiently  large.  This  is  a simple  consequence 
of  the  Moser  twist  theorem  [7],  In  addition,  there  is  a region  near  the 
points  Pj  and  P2  in  which  the  mapping  is  equivalent  to  a horseshoe 
mapping.  Consequently,  M also  possesses  infinitely  many  homoclinic  points. 
Numerical  studies  of  M show  that  the  flow  is  transitive  in  this  neighborhood. 
In  addition,  numerical  studies  provide  a nice  explanation  of  how  invariant 
curves  disintegrate  and  then  form  anew.  To  wit,  numerical  results  thus  far 
clearly  indicate  that  the  stable  and  unstable  curves,  which  in  the  integrable 
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case  emanate  from  the  hyperbolic  periodic  points  of  a mapping  M and 
surround  the  islands  of  closed  curves  containing  the  elliptic  periodic  points, 
are  replaced  in  the  nonintegrable  case  by  very  narrow  bands  in  which 
the  mapping  is  ergodic.  These  bands  connect  the  numerous  hyperbolic 
periodic  points  to  each  other,  and  provide  a very  natural  description  of 
the  disintegration  and  formation  anew  of  closed  invariant  curves  for  the 
mapping  M. 
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1.  Introduction 

In  Riemannian  geometry  one  studies  “natural  paths”  called  geodesics 
of  a Riemannian  manifold  (M,  g).  The  behavior  of  the  geodesics  is  related 
to  the  Riemannian  curvatures  of  the  manifold. 

In  our  approach  to  classical  mechanics  we  exploit  the  above  relationship 
between  geodesics  and  curvatures.  The  setting  is  a simple  mechanical  system 
(M,  K,  V),  where  M is  a smooth  manifold  that  represents  the  configuration 
space  where  the  motion  takes  place.  The  tangent  bundle  of  M,  TM,  is 
the  phase-space.  The  kinetic  energy  of  the  system  K : TM  -*  R is  derived 
from  a Riemannian  metric  g on  M by 

K(v)  = \g( v,  v)  for  all  tangent  vectors  v. 

Finally,  the  potential  energy  function  V : M ->  R is  simply  a smooth  function 
on  M.  The  “natural  paths”  of  a simple  mechanical  system,  called  physical 
paths,  are  those  paths  y(r ) in  M that  satisfy  Newton’s  law  of  motion : 

{D/dt)y'(t)  = - grad  V, 

where  D/dt  is  the  covariant  derivative  and  grad  V the  gradient  of  V 
relative  to  the  given  metric  g. 

The  physical  paths  may  be  regarded  as  geodesics  as  follows: 

Theorem  (Jacobi).  A path  y in  M is  a physical  path  of  total  energy 
value  hoy  is  a geodesic  relative  to  the  metric  gh  = 2(h  - V)g. 

We  call  gh  an  h-Jacobi  metric.  Note  that  the  total  energy  E = K + V is 
conserved  along  a physical  path. 

Our  task  is  to  investigate  the  Riemannian  curvatures  relative  to  the 
fi-Jacobi  metric  gh.  We  shall  call  these  the  h-mechanical  curvatures  of  the 
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simple  mechanical  system  relative  to  the  total  energy  value  ft.  In  this 
chapter  we  give  a summary  of  some  of  the  results  on  the  study  of  these 
ft-mechanical  curvatures.  A complete  exposition  is  found  in  [4]. 


2.  Statement  of  Results 

We  shall  denote  ft-mechanical  curvature  quantities  by  an  asterisk.  For 
example,  Ric*  shall  denote  the  ft-mechanical  Ricci  curvature,  while  Ric  is 
the  Ricci  curvature  relative  to  the  kinetic  energy  metric  g,  etc.  For  the 
following  results  we  assume  that  the  boundary  dMh  of  the  admissible 
configuration  manifold  Mh  = V~1(—  oo,  ft)  is  nonempty.  In  fact,  dMh  is  a 
submanifold  of  codimension  1 if  ft  is  a regular  value  of  V. 

Theorem  A.  As  x -»  8Mh: 

(i)  For  n < 3,  Ric*(x)(<^,  £)-»oo  for  all  tangent  vectors  £eTxM, 

£#0. 

(ii)  For  n = 4,  Ric*(£,  £)  -*■  oc  for  all  £ e TXM,  £ not  orthogonal  to 
grad  V,  i.e.,  dV(£)  # 0. 

(iii)  For  n > 4,  Ric*(x)(£,  £)  -*•  oc  if  t,  / 0 is  within  the  cone  defined  by 

the  angle  a = cos- ‘(1/^/3)  from  grad  V as  the  axis  of  the  cone;  and 
Ric*(x)(£,  £)  ->  — oo  if  £,  is  outside  the  cone  defined  by  /?  = cos- 1 ( 1/3)  from 
grad  V (Fig.  1). 

Let  K*(x){n)  be  the  ft-mechanical  sectional  curvature,  where  7r  is  a 
two-plane  in  TXM , n = {£,  t]}. 

Theorem  B.  As  x ->  dMh: 

(i)  K*(n)  ->  x if  7i  contains  a vector  ^ interior  to  the  cone  defined  by  the 

angle  cos  - ‘(1/^/3)  from  grad  V as  the  axis. 

(ii)  Supposes  contains  a vector  orthogonal  to  grad  V,  then  K*(n)  -»  -oc 
if  the  plane  n is  strictly  outside  the  cone  as  in  (i). 

Remark.  In  particular,  asx->  8Mh, 

K*(n)  -»  oo  if  n contains  grad  V, 

K*{n)-+  -oo  if  7t  is  orthogonal  to  grad  V. 

These  results  are  obtained  by  computing  and  examining  the  formulas 
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of  the  Ji-mechanical  curvatures.  Note  that  the  h-Jacobi  metric  is  just  a 
conformal  change  of  the  Riemannian  metric  g. 

With  the  following  theorem  we  may  apply  the  above  results  to  the 
three-body  problem. 


Theorem  1.  Except  for  masses  (mt,  m2,  m3)e  R+  x R+  x R+,  in  the 
algebraic  surface  in  R+  xR+  xR+  defined  by  + (m3/m1),/2  = 1 

any  total  energy  value  h is  a regular  value  of  the  Newtonian  potential 
function  V. 

In  the  next  main  result,  we  find  m “curvature  functions”  Qt,  Qm, 
defined  globally  on  Mh.  Here  m = (J),  where  n = dim  M.  These  curvature 
functions  determine  the  sign  of  the  Ji-mechanical  sectional  curvature  as 
follows. 

Theorem  C 

(i)  If  K(x)n  > 0 and  the  curvature  functions  (?,(x)  > 0 for  i = 1, m, 
then  K*(x)n  > 0. 

(ii)  If  K(x)n  < 0 and  Q,(x)  < 0 for  / odd  and  Qj(x)  > 0 for  j even,  then 
K*(x)n  < 0. 
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(iii)  If  K{x)n  = 0,  then 

K*(x)n  > OoQj(x)  > 0 for  all  i=l,...,m, 

K*(x)n  < OoQi(x)  < 0 for  /odd, 
oQj(x)  > 0 for  j even. 

3.  Construction  of  the  Curvature  Functions 

The  /i-mechanical  sectional  curvature  K*(n)  is  given  by 

= 1 \KM  _ <QxyX,  Y) 

K ^ 2 (h  - V)  ^ ^ \\X  a Y\\2 

where  n = {X,  Y },  and 

<QxyX , Y)  — — — [2 C(X,  Y)<X,  Y>  - C(X,  X)\\Y\\2  - C(Y,  Y) \\X\\2]. 
n — 2. 

Note  that  g( X,  Y)  is  often  written  (X,  Y).  Finally,  C is  the  fundamental 
symmetric  two-tensor  defined  in  terms  of  the  potential  function  V by 

CU.  Y)  = ^£-^5  [2(h  - V)  Hess  V(X.  Y) 

+ 3 dV(X) dV(Y)  - Igrad  V\\2(X,  y>], 

where  Hess  V(X,  Y)=  <V x grad  V,  Y). 

For  each  x e Mh,  the  symmetric  two-tensor  C(x)  can  be  identified  with  a 
self-adjoint  linear  operator  £(x):  TxMh~*  TxMh  via  the  metric  <-,  •)  as 
follows: 

C(x)(i>,  w)  = <C(x)u,  w>  for  all  v,weTxMh. 


Let  Cy  and  Cv  be  the  local  representation  of  C in  the  coordinate 
neighborhoods  U and  V,  and  p the  coordinate  transformation.  Then  because 
C(x)  is  a two-tensor  the  following  diagram  commutes: 
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i.e.,  Dp(x)CL{x)  Dp(x) _1  = £v(*)-  So  if  </>  is  an  invariant  polynomial  in  ] 

V/(n)  = Lie  algebra  of  the  n x n matrices,  i.e.,  <p{X)  = (p(AXA~l)  for  all  ] 

A e Gl(n)  and  X e Vk(n),  then  tpfC^x))  is  well  defined. 

For  X e let  pt(X),  i = 1,  ...,  n,  be  the  elementary  invariant  4 

polynomials,  i.e.,  \ 

det(z  — X)  = z"  — Pl(X)zn~ 1 + •••  + (-!  )nPn(X).  1 

We  define  the  elementary  curvature  functions 

P,(x)  = p,(£(x))  for  / = 1 n.  ] 

I 

It  will  be  apparent  below  that  the  following  proposition  is  true.  I 

Proposition.  The  curvature  functions  (?j(x), . . . , Qm{x)  belong  to  the  ring 
generated  by  the  elementary  curvature  functions,  i.e.,  ^ 

• • • , GmM  6 P[P,(X),  . . . , P„(x)].  | 

To  define  these  curvature  functions,  consider  a self-adjoint  linear  operator  j 

A:  £-»  E.  Let  kx,  ...,  kn  be  its  eigenvalues.  Let  pfku  ...,  k„)  be  the  ele- 
mentary symmetric  polynomials,  i.e., 


Observe  that  p^k)  = pt(A),  the  elementary  invariant  polynomial.  Next 
consider  the  polynomial 

QU) = nu  - a + *,» 

«j 

= z"  - 9,u, a,)z*-  ■ + • • • + ( - 1 r«.4„  • ■ . 

where  m = (,).  Note  that  qt(X)  are  all  symmetric  polynomials  and  so 

q((k)e  Ripfk),  ...,p„(k)]. 

Since  p,(A)  = pt(A),  we  may  write  q^k)  = q((A)  and  conclude  that  q((A) 
are  invariant  polynomials.  Thus  <j,(C(x))  are  globally  defined.  Finally,  the 
curvature  functions  are  defined  by 

Qi(x)  = qi(C(x)),  i = 1, ...»  m. 
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1.  Renyi  Theorem 

Assume  that  the  system  under  consideration  is  governed  by  the  equation 

= Tr(xn),  (1) 

where  r is  a transformation  of  the  interval  [0,  1]  into  itself,  given  by  the 
formula 

t,(x)  = rx(mod  1),  r > 1.  (2) 

We  interpret  the  index  n as  time.  Given  a function  tp'eL^O , 1] 
and  an  initial  point  x0,  it  is  possible  to  formulate  the  problem  of  seeking 
the  mean  value  of  the  function  tp  along  the  trajectory 

^(x0)  = lim  ~ £ <p(xk).  (3) 

n n k= , 

From  the  individual  Birkhoff  theorem,  it  follows  that  for  almost  all  x0 

_ f 1 

<p(*  o)  = | <P(x)n(dx ),  (4) 

• o 

where  pi  is  an  invariant  ergodic  measure  on  [0,  1].*  So  the  problem  of 
finding  the  mean  value  (3)  becomes  a problem  of  finding  an  invariant 
measure.  For  transformation  (2),  this  problem  was  not  solved  until  the  year 
1957.  It  was  then  that  Renyi  [8]  showed  that  for  every  r > 1 there  exists 
exactly  one  invariant  measure  with  respect  to  r,  equivalent  to  Lebesgue 
measure.  In  the  sequel  we  will  show  how,  in  some  technical  problems, 

* We  assume  that  all  measures  we  consider  are  nonnegative  and  normalized. 
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there  appear  transformations  somewhat  more  general  than  (2),  and  how  it 
is  possible  to  find  invariant  measures  for  them. 


2.  Kryloff-Bogoliuboff  Theorem 


For  transformations  t:  X ->  X continuous  on  a topological  space  X, 
the  problem  of  the  existence  of  an  invariant  measure  was  solved  in  1937 
by  Kryloff  and  Bogoliuboff.  According  to  their  theorem,  such  a measure 
defined  on  a tr-algebra  of  Borel  sets  exists  when  the  topological  space 
X is  compact.  Let  us  see  what  this  means  in  the  case  we  are  discussing. 
Consider  transformation  (2)  for  r = 2.  This  transformation  is  continuous 
on  the  torus  {x  e IR(mod  1)}  and  according  to  the  Kryloff-Bogoliuboff 
theorem  there  exists  an  invariant  measure.  Such  a measure  may  be,  for 
instance, 


H(A)  = 


I1’ 

|0, 


0 e A, 
0 i A. 


(5) 


Nevertheless,  the  ergodic  theorem  applied  to  this  measure  says  nothing 
about  the  behavior  of  value  <p(x0)  on  the  set  of  /^-measure  zero,  i.e.,  for 
all  x0  e (0,  1).  A set  of  full  measure  consists  of  only  one  point  x0  = 0,  and 
for  the  trajectory  starting  from  this  point  there  is,  of  course,  x0  = xt  = 
x2  = ••  and,  consequently, 

_ 1 

</>(*<>)  = - L <P(xk)  = <P(xo)- 

" k = 0 

This  is  a rather  banal  result.  Generally,  we  can  say  that  the  Kryloff- 
Bogoliuboff  theorem  becomes  banal  if  transformation  r has  a fixed  point. 
The  measure  can  be  concentrated  only  on  this  point.  So  there  arises  a 
natural  problem  of  seeking  some  more  interesting  measures.  For  the 
interval  [0,  1]  it  is  advantageous  to  find  a measure  absolutely  continuous 
with  respect  to  the  Lebesgue  measure.  The  support  of  such  a measure  has, 
of  course,  a positive  Lebesgue  measure,  and  consequently  the  ergodic 
theorem  describes  the  behavior  of  </>(x0)  on  a more  interesting  set.  Besides, 
an  absolutely  continuous  measure  also  has  the  additional  advantage  that 
every  bounded  measurable  function  is  integrable  with  respect  to  this  measure, 
so  it  is  possible  to  apply  the  ergodic  theorem  to  a rather  broad  class  of 
functions. 
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3.  U lam’s  Conjecture 


It  is  easy  to  see  that  for  the  transformation  t:  [0,  1]-+  [0,  1]  there  does 
not  exist  an  absolutely  continuous  invariant  measure  if  the  graph  of  r is  too 
flat  (Jt'|  is  too  small).  For  transformation  (2)  such  measure  does  not  exist 
if  | r | < 1. 

Ulam  [9]  posed  the  problem  of  the  existence  of  an  absolutely  continuous 
invariant  measure  for  the  transformation  defined  by  a sufficiently  simple 
function  (e.g.,  a broken  line  function  or  a polynomial)  the  graph  of  which 
does  not  cross  the  line  y = x with  a slope  of  absolute  value  less  than  1. 
The  literal  answer  for  this  question  is,  in  fact,  negative,  namely,  we  can 
show  that  an  absolutely  continuous  measure  invariant  under  transformation 
i given  by  the  formula 


jl-2x,  0 < x < 5/12 

l(2/7)(l  — x),  5/12  <x<l,  U 

does  not  exist.  Transformation  (6)  gives  us  a continuous  broken  line  and 
crosses  the  line  y = x at  the  point  x = 3 with  slope  t'(l/3)  = — 2. 

However,  if  we  simply  admit  a slightly  stronger  assumption  that 


inf 


d 

dx 


t"(x) 


> 1, 


(7) 


the  answer  for  U lam’s  problem  for  the  function  piecewise  of  class  C2  is 
positive.  Let  us  remember  that  a transformation  t:  [0,  1]-+/?  is  called 
piecewise  C2,  if  there  exists  a partition  0 = a0  < at  < < ap  = 1 of  the 

unit  interval  such  that  for  each  integer  i (i  = 1,  ...,  p)  the  restriction  r,  of 
r to  the  open  interval  («,_!,  a,)  is  a C2  function  that  can  be  extended 
to  the  closed  interval  [a,_  ,,  a,]  as  a C2  function,  r need  not  be  continuous 
at  the  points  a,  . Then  we  have  the  following  [5,  11] 


Theorem  1.  Let  r:  [0,  1]  -*  [0,  1]  be  a piecewise  C2  function  satisfying 
condition  (7)  for  a positive  integer  N.  Then  there  exists  an  absolutely 
continuous  measure  invariant  under  r. 

Measure  p in  Theorem  1 does  not  need  to  be  unique.  A simple  criterion 
of  uniqueness  follows  from  the  interesting  result  of  Li  and  Yorke  [6],  who 
proved  that  under  the  assumptions  of  Theorem  1 there  exists  ~ sequence 
of  absolutely  continuous  invariant  measures 

hi /v  q<p  - l 
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such  that  every  absolutely  continuous  measure  invariant  under  t can  be 
shown  as  a convex  combination 

Xi  ^ °’  Z^.  = 1-  (8) 

i= 1 i = 1 

So,  in  particular,  for  p — 2,  which  means  that  the  transformation  t consists 
of  two  pieces  of  class  C2,  the  measure  p is  unique. 


4.  Frobenius-Perron  Operator 

Now  we  shall  discuss  the  problem  of  constructing  the  invariant  measure 
mentioned  in  Theorem  1.  For  this,  it  is  convenient  to  consider  the 
deterministic  process 

*„+i=t(xJ  (9) 

as  a particular  case  of  a Markoff  process.  We  will  understand  as  a 
Markoff  process  (in  Hopfs  sense)  a linear  operator  P:  L^O,  1] 

that  satisfies  the  following  two  conditions: 

(a)  / > 0 =>  Pf  > 0 

(b)  />o=||f’/lk  = ll/l|I.1. 

Given  the  transformation  r:  [0,  1]  -*•  [0,  1]  we  define  the  respective  Markoff 
process  by  the  formula 

P,f(x)  = j f /(»)*•  (1°) 

ax  j T“  ‘[o,  x] 

It  is  easy  to  check  that  the  operator  PT  satisfies  conditions  (a)  and  (b). 
From  definition  (10)  it  also  follows  that  the  absolutely  continuous  measure 
p is  invariant  if  its  density  dp/dx  = / satisfies  the  equation 

/ = (11) 

The  problem  of  constructing  the  invariant  measure  is,  in  fact,  the  problem 
of  seeking  approximate  solutions  of  Eq.  (11).  Such  a solution  can  be  found 
by  replacing  Eq.  (11)  by  the  close-to-it  equation 

/ = XPt  / + ( 1 - A)/i,  0 < A < 1,  (12) 

where  h is  an  arbitrary  function  satisfying  conditions 

«%.=  !>  ^>0. 


(13) 
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It  is  easy  to  see  that  for  0 < A < 1 the  operator  in  the  right-hand  side  of 
Eq.  (12)  is  strictly  contractive.  For  every  0 < A < 1 there  exists  exactly  one 
solution  fx.  The  following  theorem  holds  true: 

Theorem  2.  If  t satisfies  the  assumptions  of  Theorem  1,  then  for  every  h 
satisfying  conditions  (13)  there  exists  a strong  limit 

lim  fx  = f 

a- i 

that  satisfies  Eq.  (11),  and  consequently  / is  the  density  of  the  invariant 
measure. 

Equation  (12)  has  an  interesting  probabilistic  interpretation.  The  operator 
APr  + (1  — A)/i  corresponds  to  the  following  process.*  Given  x„  we  draw 
lots  between  two  possibilities,  (I)  and  (II).  The  first  of  these  possibilities 
has  probability  A,  the  other  one  (1  - A).  If  (I)  is  drawn,  we  take  xn+i  = 
t(x„).  If  (II)  is  drawn,  we  choose  the  point  xn+1  by  lot  (independently  from 
x„)  according  to  the  probability  distribution  for  which  the  function  h is  the 
density.  It  is  intuitively  obvious  that  if  A is  close  to  1,  our  new  process  is 
almost  deterministic.  Almost  always  xn+1  = r(x„).  Another  method,  con- 
venient for  numerical  calculations,  of  seeking  an  invariant  measure  is  by 
replacing  the  operator  PT  by  a close-to-it  stochastic  matrix.  We  take 

Pnij  = n I Pr  1a»  dx  where  Ain  = (14)+ 

Denote  by  u unn  a vector  satisfying  the  equation 

<=  tpu“i"  (15) 

;=  i 

and  conditions 

«,">0,  £ Uik  = 1.  (16) 

i = 1 


* Speaking  formally,  we  should  consider  the  operator 

XPtf+(l-X)h\'f(s)ds. 

Jo 

For  the  functions  / under  consideration  we  can  neglect  the  last  factor  as  equal  to  one. 
+ 14  denotes  the  characteristic  function  of  the  set  A. 
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The  matrix  (p-j)  is  stochastic  {p"j  > 0,  Yj=i  P"j  = 1),  so  such  a vector  exists. 
Ulam  anticipated  that  when  n oo,  the  sequence  of  functions 

f*(x)  = niut*  1A»  (17) 

i = 1 

converges  to  the  density  of  measure  invariant  under  t.  The  positive  answer 
to  this  problem  is  given  by  the  following  theorem  proved  by  Li  and 
Yorke  [7]. 


Theorem  3.  If  the  assumptions  of  Theorem  1 are  satisfied,  then  the 
sequence  fn  given  by  formula  (17)  is  compact  in  LY  and  converges  to  the 
set  of  solutions  of  Eq.  (11),  i.e., 

liminf||/"-/lk=0,  (18) 

" / 

where  the  infimum  is  taken  over  all  the  solutions  of  Eq.  (11). 

In  particular,  it  follows  that  the  limit  of  every  convergent  subsequence 
{/"}  is  a solution  of  Eq.  (11),  so  it  is  the  density  of  an  invariant  measure. 
If  the  (absolutely  continuous)  invariant  measure  is  unique,  then  /"  con- 
verges to  the  density  of  this  measure. 


S.  Applications 

Our  first  example  deals  with  the  rotary  drilling  of  rocks.  The  drilling 
tool  (in  the  simplest  case)  has  the  form  of  a cog-wheel  that  rolls  along 
the  surface  of  the  rock.  If  the  rolling  velocity  is  high  enough,  then  after 
every  blow  of  a tooth  on  the  rock  surface,  the  tool  rebounds  before  the 
next  blow.  The  energy  of  a blow,  and  consequently  the  efficiency  of  the 
tool,  depends  on  the  angle  at  which  the  blow  occurred.  Denote  this 
angle,  at  the  nth  strike,  by  xn,  and  assume  that  it  can  change  within  the 
interval  [0,  T\  For  a normalized  sequence  s„  = xJT  we  can  write  (see  [4]) 

sn+i  = tf(s„),  (19) 

where  rF:  [0,  1]  -*■  [0,  1]  is  a rather  complicated  function,  namely, 

tf(s)  = fracjs  -I-  txq(s)  - [(aq(s))2  -I-  2a sq(s)  - aq(s)(l  + q(s))]1/2}.  (20) 
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In  this  formula 

a = F— ~1’ 

. / v _ |0,  for  x < 1 

' ' j the  largest  integer  less  than  or  equal  to  x,  for  x > 1. 
frac(x)  = x — int(x). 

The  specific  form  of  the  function  xF  is  not  relevant  for  our  purposes.  The 
fact  of  basic  importance  is  simply  that  it  depends  on  the  single  constant  F, 
which  has  a simple  physical  interpretation,  being  Freude’s  number: 

F = Mu2/QR. 

Here  M is  the  mass  of  the  tool,  R its  radius,  Q the  pressure,  and  u the 
linear  velocity  of  rolling.  It  is  easy  to  see  that  as  the  value  of  F in- 
creases, the  incline  of  the  graph  of  function  xF  gets  steeper.  We  can  show 
that 

inf|drF2(s)/ds|  > 1 (21) 

for  F > 2.  So,  for  F > 2,  according  to  Theorem  1,  there  exists  an  absolutely 
continuous  invariant  measure,  which  we  denote  nF . 

As  we  said  before,  knowing  the  angle  of  the  blow  xn  = Tsn , we  can  find 
the  energy  of  the  blow.  It  is  also  known  that  the  volume  of  rock  broken 
off  by  each  blow  is  proportional  to  the  energy  of  the  blow.  Finally, 
therefore,  the  volume  V of  rock  broken  off  is  the  function  of  the  angle  of 
blow  s,  i.e.,  V = F(s).  Due  to  the  individual  ergodic  theorem  we  have 

v = lim  i i K(S,)  = f‘  K(sW  (Js).  (22) 

" ”*=1  • 0 

So,  knowing  the  invariant  measure,  we  are  able  to  count  the  mean  effi- 
ciency per  blow.  In  a similar  way,  it  is  possible  to  find  a mean  expenditure 
per  blow.  The  received  formulas  appear  to  be  in  accordance  with  drilling 
practice  (see  [4]).  They  can  also  be  useful  for  optimizing  drilling  tool 
efficiency. 

Our  second  example  is  connected  with  the  technology  of  foundry 
casting.  After  cooling,  the  molds  must  be  cleaned  of  sand,  clay,  and  other 
materials  sticking  to  them.  One  of  the  most  commonly  used  methods  is 
shaking.  The  simplest  model  of  such  a process  can  be  imagined  in  the 
following  way:  The  item  to  be  cleaned  is  lying  on  a movable  horizontal 
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surface.  Appropriately  placed  machinery  sets  the  surface  into  vertical  periodic 
vibration.  As  a result  of  these  vibrations,  the  mold  is  tossed  up,  and  then 
hits  the  surface  again.  As  practice  shows,  a large  amount  of  energy  is 
absorbed  during  such  an  operation.  Assuming  that  the  collisions  are  ideally 
nonelastic,  we  again  obtain  a one-dimensional  process.  Let  us  assume  that 
the  period  of  vibrations  of  the  working  surface  is  equal  to  T,  and  let  us 
denote  by  t„  the  moment  in  which  the  nth  blow  of  the  mold  being  cleaned 
occurs.  Knowing  the  quantity  s„  = tJT  it  is  possible  to  obtain  sn  + 1.  It  turns 
out  that  the  function  obtained  is  similar  to  the  function  given  by  formula 
(20),  and  depends  on  the  parameter  F,  which  is  Freude’s  number 

F = A/T2g, 

where  A is  the  amplitude  of  vibrations  and  g the  gravity  constant.  In 
contrast  to  our  first  example,  here  condition  (7)  is  not  satisfied,  even  for 
large  values  of  F.  But  assuming  that  the  process  is  partially  stochasticly 
perturbed  (for  instance,  because  of  some  pauses  in  the  work  of  the 
machinery),  instead  of  the  measure  gF  corresponding  to  the  deterministic 
process,  we  can  use  the  measure  gFX  whose  density  satisfies  Eq.  (12)  for 
t = tf , h = 1.  It  appears  that,  calculated  with  the  use  of  gFX , the  integrals 

| i ( dx ) (23) 

• o 

do  not  depend  in  any  way  that  matters  on  A when  A is  close  to  1.  From  the 
practical  point  of  view,  this  is  the  solution  of  the  problem,  because  by  the 
use  of  the  integrals  of  form  (23)  it  is  possible  to  estimate  all  quantities  of 
interest  to  an  engineer  such  as  the  efficiency  of  the  process,  the  mean  use 
of  the  working  surface,  etc.  It  also  indicates  that  Theorems  1 and  2 can 
occur  by  much  more  general  assumptions,  and  furthermore,  the  integrals 
(23)  may  have  limits  with  A -» 1,  even  if  the  limit  measure  is  not  absolutely 
continuous. 


6.  Final  Remarks 

Theorem  1 belongs  to  the  class  of  theorems  in  which  the  existence  of  an 
invariant  measure  is  connected  with  the  feature  of  “expanding”  described  by 
assumption  (7).  In  the  case  of  the  n-dimensional  manifolds  for  expanding 
diffeomorphisms,  the  existence  of  a nonbanal  invariant  measure  was  proved 
by  Krzyzewski  and  Szlenk  [3]  and  Avez  [1].  For  the  mappings  of  the  set 
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[0,  1]”  into  itself,  some  generalizations  of  Renyi  were  obtained  by 
Waterman  [10]. 

In  Banach  spaces  the  situation  is  more  difficult.  It  can  be  shown  that 
for  every  infinite-dimensional  Banach  space  there  exists  a continuous 
mapping  of  a closed  unit  ball  into  itself  for  which  an  invariant  measure 
(defined  on  a tr-algebra  of  Borel  sets)  does  not  exist.  On  the  other  hand,  the 
existence  of  invariant  measures  for  mappings  in  Banach  spaces  seems  to  be 
very  important.  Because,  as  Foia§  [2]  has  shown,  a good,  mathematically 
correct  description  of  turbulent  motion  given  by  the  Navier-Stokes  equa- 
tions can  be  obtained  by  considering  the  invariant  measures  in  the  space  of 
initial  states  of  the  velocity  field. 

Finally,  let  us  note  that  the  effect  of  turbulence  can  be  easily  noticed  in 
the  system  described  by  Eqs.  (19)  and  (20).  For  Freude’s  number  F <2 
there  exists  exactly  one  periodic  stable  solution.  For  F >2  stable  solutions 
do  not  exist,  and  the  sequence  {s„}  is  dense  in  support  of  measure  nF . 
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1.  Existence  of  Eigenvalues  and  Eigenfunctions 

Let  A and  B be  odd  mappings  from  a real  infinite-dimensional  Banach 
space  X into  its  dual  X*.  Consider  the  eigenvalue  problem  for  the  pair  ( A , B), 
namely,  the  problem  of  finding  ue  X,  an  eigenfunction  satisfying  some 
normalization  conditions,  and  a real  number  k,  an  eigenvalue,  such  that 

A(u)  = kB(u).  (1.1) 

Let  A and  B be  potential  operators  with  potentials  a and  b,  respectively, 
such  that 

Assumption!.  a(u)  = 0<>u=0,  b(u)  = 0<=>u  = 0,  and  a(u)  > 0, 
b(u)  > 0 for  all  u ¥=■  0. 

Following  Amann  [1],  we  demand  that  A and  B obey  the  following: 

Assumption  II.  A:  X -*  X*  is  an  odd  potential  operator  that  is  uni- 
formly continuous  on  bounded  sets  and  satisfies  condition  (S)x.  For  a given 
constant  r > 0,  the  level  set  Mr(a ) = {«e  X\a(u)  = r}  is  bounded  and  each 
ray  through  the  origin  intersects  Mr(a).  Moreover,  for  every  u ^ 0,  (A(u),  u ) 
> 0 and  there  exists  a constant  pr>  0 such  that  (A(u),  u>  > pr  on  Mr(a). 


Assumption  III.  B:  X -+  X*  is  a strongly  sequentially  continuous  odd 
potential  operator,  i.e.,  B maps  every  weakly  convergent  sequence  into  a 
strongly  convergent  sequence,  and  b(u)  # 0 =>  B(u)  # 0. 

We  now  record  the  following 
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Theorem  1 (Amann  [1]).  Let  X be  an  infinite-dimensional  uniformly 
convex  Banach  space.  Let  the  operators  A and  B obey  Assumptions  (II) 
and  (III).  Then  the  eigenvalue  problem  (1.1)  has  infinitely  many  distinct 
eigenfunctions  obeying  the  normalization  condition  a(u)  = r provided 

y{ueMr(a)\b(u)*0}  = oo.  (12) 

Moreover,  let  k be  a positive  integer  and  let  * k(r ) = {C  c Mr(a)\C  sym- 
metric, compact,  gen(C)  > k},  and  define 

Pk(r)=  sup  inf  b(u).  (1.3) 

Cs«,(r)  ue  C 

Then  if  Pk  > 0,  there  exists  an  eigenfunction  uk  e Mr(a ) of  (1.1)  with 

Huk)  = Pk(r  )■  (14) 

For  a definition  of  (S),  and  y{  • | • },  see  [1]. 

Remarks.  (1)  Amann’s  theorem  guarantees  the  existence  of  infinitely 
many  eigenvalues  and  eigenfunctions  for  the  problem  (1.1)  under  conditions 
less  severe  than  those  used  in  [2],  which  was  based  on  Theorem  1 in  [3]. 

(2)  Since  Pk(r)  > 0 for  any  r > 0 because  of  Assumption  I,  for  all  r > 0, 
there  exists  at  least  one  eigenfunction  uk  e Mr(a)  in  the  problem  under  study 
here. 

(3)  Mr(a ) is  homeomorphic  to  the  unit  sphere  in  X. 

As  a preliminary  to  the  next  section,  we  lay  down  the  following 

Definition.  The  eigenvalue  Xk  of  a problem  such  as  (1.1)  is  given  by 
IMk  = &(!)=  sup  inf  b(u).  (1.5) 

C6«t(l)  ueC 


2.  Bifurcation  from  an  Eigenvalue 

Let  it  now  be  assumed  that  the  operator  B is  the  sum  of  B,  and  a 
higher-order  term  B2 , i.e., 

B = Bx  + B2,  (2.1) 

with  a precise  meaning  to  be  given  to  this  “higher-order”  term  in  (2.9).  Let 
6,  and  b2  be  the  even  functionals  associated  with  Bx  and  B2,  respectively. 
Let  b = bx  + b2 , and  bx  both  obey  Assumptions  I and  III.  We  impose 
some  additional  restrictions  on  a and  b,  next. 
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UPPER  AND  LOWER  BOUNDS 


Let  there  exist  /,,  f2,  g lt  g2  such  that 


fi(t)a(u)  < a(tu ) < f2(t)a(u). 

gAWAu)  ^ bi(tu ) ^ 02(OMm)’ 


(2.2) 


where  /,,  f2 , g2:  [0,  x)-»[0,  x)  are  homeomorphisms  onto  such 

that 


(i)  U0)  = 0,(0)  = 0,i=  1,  2; 

(ii)  limr_0^i(/j  1 ( r))/g2(fil{r ))  = 1. 


(2.3) 


In  addition,  and  </,  are  extended  to  the  whole  real  line  by  assuming 
them  to  be  even,  i.e.. 


(2.4) 


Let  u e M,(a).  Then  /^"(l)  is  given  by  [with  the  corresponding 
eigenvalue  for  the  problem  a(u ) = A6,(u)]: 


J/Al"  = #"(1)  = sup  inf  6,(u). 

Ce '<,(!)  ueC 


(2.5) 


Let  fu  = v,  - x < t < x,  and  let  v e Mr(a).  Then  f 2l(r)<  t < f j ‘(r). 
Thus 


fi'V)  = sup  inf  bt(v)  < g2(f  i ‘(r))/^’- 

Ce'<4(r)  reC 


(2-6) 


Similarly,  /?kl,(r)  > 0i(/2"  ,(r))/A[,).  Next, 


sup  inf6,(u)+  inf  b2(u)  < sup  inf  (6,(u)  + b2(u)) 

CeVt(r)  ueC  ue  M,(a)  CeVt(r)  ueC 

< sup  inffe,(u)+  sup  b2(u),  (2.7) 

C € u 6 C ue  M,(a) 


i.e., 


inf  *>P  M4  <28) 

*■*  ue  M,(a ) ueMr(a) 


We  shall  now  make  the  meaning  of  “higher  order”  precise  by  demanding 
that  b2  obey  the  condition: 
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HIGHER  ORDER  OF  b2 

Along  each  ray  from  the  origin  tone  Mr(a), 


sup^awIMm)! 

r — 0 9l(f\  *(r)) 


Using  (2.3)  and  (2.9)  in  (2.8),  we  obtain 

Pk(r) 


lim 


1 


(2.9) 


(2.10) 


,-.»j(/7 W)  4"' 

Now,  for  a given  (ik(r ),  by  Theorem  1,  there  exists  a uk  e Mr(a)  such  that 

Pk(r)  = b(uk).  (2.11) 

Clearly,  as  r -»  0,  uk  -*  0.  Since  (2. 10)  can  be  rewritten  as 

1 


lim  ^ K 

I”  r g2(f:1(r))  41*’ 


(2.12) 


we  have  proved 


Theorem  2.  Let  the  operators  A and  B obey  Assumptions  II  and  III ; 
let  the  potentials  a and  b obey  Assumption  I,  (2.2)-(2.4),  and  (2.9).  Let 
be  a nonzero  eigenvalue  of  the  problem 

A(u)  = XBl(u).  (2.13) 

Then  is  a bifurcation  point  of  the  eigenvalue  problem 

A(u)  = X(Bl(u)  + B2(u)),  (2.14) 


provided  the  limit 


r—0 


(2.15) 


holds. 


The  above  theorem  generalizes  the  result  of  Krasnosel’skii  [4,  p.  332], 
who  assumed  that  A = /,  the  identity  operator,  and  B = L + N,  where  L is 
linear  and  N nonlinear;  our  theorem  generalizes  the  case  treated  more 
recently  by  Fucik  et  al.  [2],  who  assumed  that  a and  bt  are  homogeneous 
operators  of  the  same  degree.  In  addition,  our  proof,  while  based  on  that 
given  in  [2],  demands  that  b2  be  of  “higher  order”  along  rays  only. 
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Introduction 

By  an  orientor  field  we  mean  a relation 

xeF(f,  x),  (1) 

where  F is  a map  from  [0,  1]  x Rn  into  compact  subsets  of  R".  An 

absolutely  continuous  function  x from  [0,  1]  = / into  Rn  is  a solution  of 

(1)  if  x(f)e  F(i , x(f))  almost  everywhere  (a.e.)  in  /. 

The  aim  of  this  paper  is  to  present  the  following  theorem  concerning 
existence  of  a solution  of  (1)  satisfying  initial  condition 

x(0)  = a.  (2) 


Theorem.  Assume  that: 

(i)  F is  measurable  in  t for  each  fixed  x; 

(ii)  F is  upper  semicontinuous  in  x for  each  fixed  r; 

(iii)  For  each  x and  y e F(t , x)  the  norm  |y|  < A(r),  where  A is  integrable 
on  /; 

(iv)  If  for  a fixed  (r0,  x0),  F(t0 , x0)  is  not  convex,  then  F(t0,  x)  is 
continuous  in  x with  respect  to  the  Hausdorff  distance  of  compact 
subsets  of  Rn  at  the  point  x = x0 . 

Under  those  assumptions  for  each  ae  Rn  there  is  a solution  of  (1)  defined 
on  / and  satisfying  (2). 

There  are  two  special  cases  of  the  theorem  that  we  would  like  to 
mention.  One  is  when  F(t,  x)  is  assumed  to  be  convex  everywhere.  In  this 
case,  assumption  (iv)  is  superfluous  and  the  existence  of  a solution  of  (1)  has 
been  proved  by  many  authors  (cf.,  for  example,  Wazewski  [7]  or  Filippov  [2]). 
On  the  other  hand,  if  F is  upper  semicontinuous  only  but  not  convex,  then 
there  may  not  exist  a solution  of  (1).  For  exampl#,  F(t,  x)  = {1}  if  x > 0, 
{-  1}  ifx  < 0,  and  {1,  - 1}  if  x = 0 is  upper  semicontinuous  but  there  does 

Preceding  page  blank 
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not  exist  a solution  of  (1)  satisfying  the  initial  condition  x(0)  = 0.  Hermes 
[4]  has  posed  the  question:  Does  there  exist  a solution  of  (1)  if  instead  of 
(iii),  (iv)  is  assumed  for  each  x and  f?  This  question  has  been  answered 
affirmatively  first  by  Filippov  [3]  when  F is  assumed  to  be  continuous  in 
both  variables,  and  later  extended  by  Kaczynski  and  Olech  [5]  to  the 
Caratheodory  type  of  assumptions;  that  is,  (i),  (ii),  and  (iv)  for  each  x and 
any  I fixed.  This  is  the  second  special  case  of  our  theorem.  Also,  Antosiewicz 
and  C'ellina  [1]  obtained  the  same  result  as  a corollary  to  a theorem  they 
proved,  concerning  existence  of  continuous  selection  to  a set-valued  map 
induced  by  F from  the  space  of  continuous  functions  into  subsets  of  L, 
space. 

The  detailed  proof  of  the  theorem  is  to  be  found  in  [6],  It  follows  very 
much  the  proof  of  the  existence  theorem  given  in  [5].  Here  we  restrict 
ourselves  only  to  some  indication  of  the  difficulties  one  has  to  face  if  the 
convexity  assumption  is  not  present,  and  we  show  how  a sequence  of 
approximate  solutions  is  constructed. 


1.  Approximate  Solutions 

The  existence  of  solutions  of  both  ordinary  differential  equations  and 
orientor  fields  is  usually  obtained  by  constructing  a sequence  x„(f)  of 
approximate  solutions,  which  contains  a uniformly  convergent  subsequence, 
and  then  the  limit  function  is  proved  to  be  the  solution  sought.  Such  a 
sequence  has  the  property 

d{xn{t),  F(t,  x„(f)  + e„(0))  - 0 as  n - oo,  (3) 

where  d stands  for  the  distance  of  a point  from  a set  and  fin(f)-»  0 
uniformly  on  /.  If  x„(/)-*x0(/)  uniformly  and  |x„(f)|  < /.(f),  then  x„  — x0 
weakly  in  L,  and  (3)  implies 

x0(r)ef)  cl  co  (J  F(f,  x)  a.e.  in /,  (4) 

*>0  |x-x0(r)|<c 

where  cl  co  stands  for  closed  convex  hull.  If  (ii)  holds  then  the  right-hand 
side  of  (4)  is  equal  to  co  F(f,  x0(f ));  thus  if  F(t,  x)  is  assumed  to  be 
convex  (4)  implies  that  x0(f ) is  a solution  of  (1).  Thus  if  convexity  of  F is 
assumed,  then  any  x„  satisfying  (3)  leads  to  the  existence  of  a solution  of  (1). 

However,  if  we  do  not  assume  convexity  then  we  need  to  know  more 
about  convergence  of  the  derivatives  of  the  approximate  solutions  and 
because  of  (ii)  it  is  enough  to  know  that  x„(f)-»x0(f)  a.e.  in  [0,  1].  This 
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would  be  the  case  if  {x„}  is  precompact  in  the  strong  topology  of  Lv  Hence 
in  this  case  the  construction  of  approximate  solutions  has  to  be  finer. 


2.  Construction  of  Approximate  Solutions 

Let  {r,}  be  a decreasing  sequence  of  reals  tending  to  zero,  and  for  each  i, 
let  be  a finite  subset  of  the  ball  B centered  at  a and  of  radius 
r = jo  ^(0 dt,  such  that  for  each  xe  B there  is  a{  e A(  such  that 
\x  - a,  | < rj 2. 

Let  a,  e At , i = 1,  . . . , k,  be  such  that  \a(  - a,_  j | < r, , i = 2,  . . . , k.  For 
each  such  sequence  we  define  an  integrable  function  ufli Qk(t)  such  that 

«a, <.*(0  e F(f,  «k)  a.e.  in/,  (5) 

and 

K at(0  - uai < h(F(t,  ak),  F(t,  a*_,)),  (6) 

where  h stands  for  the  Hausdorff  distance  between  two  sets.  Existence  of 
such  functions  follows  from  the  assumption  and  an  induction  argument. 

Let  {hj}  be  a decreasing  sequence  of  reals  such  that  1/h,  and  hjhi+l  are 
integers  and  A(f)  dt  < rJA  for  each  t e /. 

The  nth  approximate  solution  is  obtained  from 

x„(0)  = a and  xn(t)  = uar([) a/(t)(t),  (7) 

where  a"(t)  e A{  and  is  constant  on  intervals  [Wi,,  (k  + l)/i;), 

and 

| x„(khj)  - afikhi) | < rj 2,  m = 0, . . . , l/h,  - 1,  i = 1, . . . , n.  (8) 

By  an  induction  argument  one  can  show  that  (7)  and  (8)  can  be  satisfied. 
Note  that  the  derivative  of  x„,  n fixed,  is  chosen  from  a finite  set  of 
functions.  From  (6)  and  (7)  we  can  estimate  the  difference  xn+p(f)  — x„(r), 
and  if  F is  continuous  in  x and  r,  are  sufficiently  small  this  estimate  can 
be  made  small  in  Lj  norm  and  uniform  with  respect  to  p.  Thus  x„  would 
be  precompact  in  L,  topology.  From  (8)  and  the  definition  of  h{  it  follows 
that  x„  satisfies  (3).  Thus  without  any  loss  of  generality  we  can  assume  that 
x„(f)  -» x0(r)  uniformly  in  /.  Hence  by  (4)  x0(r)  e co  F(t , x0(f)).  Thus  one 
only  has  to  show  that  x0(f)  e F(t,  x0(t))  a.e.  in  T,  where  T = {f  |F(t,  x0(r))  is 
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not  convex}.  This  is  obtained  by  proving  that  for  each  s > 0 {x„(r)}  is 
Lj-precompact  on  Ts,  where  Ts  = {f  |F(r,  x)  is  not  convex  if  |x  — x0(r)|  < s). 
To  get  the  latter  condition  (iv)  is  essentially  used. 
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In  this  paper  we  consider  nonlinear  differential  equations  of  the  type 
Lu  + Xu  = Nu,  where  L is  a linear  self-adjoint  differential  operator  over  a 
real  Hilbert  space  S with  preassigned  linear  homogeneous  boundary  condi- 
tions, X an  eigenvalue  of  the  associated  linear  problem  Lu  + Xu  = 0,  and 
N a nonlinear  operator  over  S.  In  [7]  Landesman  and  Lazer  considered  the 
nonlinear  problem 

Lu  + Xu  + g(u)  = h in  D , u = 0 on  cD, 

where  D is  a smooth  bounded  domain  in  R"  and  g a real-valued  con- 
tinuous function  such  that  the  limits  lims_  x g(s)  = g( oc ) and  lim5_  _ x g(s)  = 
g{-o o)  are  finite,  and  further  g{  — oo)  < g(s)  < g( -hoc)  for  all  s.  They  ob- 
tained sufficient  conditions  for  the  existence  of  weak  solutions  to  the  above 
nonlinear  problem.  Their  work  was  a generalization  of  earlier  work  of 
Lazer  and  Leach  [8]  in  ordinary  differential  equations  involving  bounded 
perturbations  of  forced  harmonic  oscillators  at  resonance.  The  results  of 
Landesman  and  Lazer  have  been  further  extended  and  improved  by 
Necas  [10],  Williams  [12],  Mawhin  [9],  and  others. 


1 

Here  we  present  sufficient  conditions  for  the  existence  of  solutions  of 
the  abstract  semilinear  problem  Lu  + Xu  = Nu  under  suitable  hypotheses 
on  N.  These  sufficient  conditions  are  then  studied  in  the  light  of  some  of 
the  results  of  the  previously  mentioned  authors.  In  the  second  part  of  this 
paper  we  extend  these  ideas  to  nonlinear  problems  where  the  nonlinearity 
is  not  defined  over  the  entire  Hilbert  space  S.  We  consider  in  this  section 
those  differential  operators  L that  together  with  the  boundary  conditions 
admit  of  a natural  decomposition  in  the  form  TT*. 

We  apply  the  ideas  developed  in  [3]  to  split  the  nonlinear  differential 
equation  into  an  equivalent  system  of  two  Hammerstein  equations  and 
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study  them  for  the  existence  of  solutions  by  using  some  of  the  recent 
results  of  nonlinear  functional  analysis.  It  must  be  mentioned  that  this 
idea  of  splitting,  motivated  by  the  work  of  Cesar i [1],  is  the  underlying 
idea  in  all  of  the  papers  mentioned  above. 


2 

Let  L be  a linear  self-adjoint  differential  operator  with  preassigned 
homogeneous  boundary  conditions  over  a smooth  bounded  domain  in  Rn 
and  let  S be  the  real  Hilbert  space  L2(0)  with  norm  and  inner  product 
denoted  by  ||  • ||,  <,  ),  respectively.  Further,  let  L be  such  that  the  associated 
eigenvalue  problem  Lu  + Am  = 0 has  a countable  system  of  real  eigenvalues 
{A,},  0 < At  < A2  < • • •,  A,  -*  +00.  Also,  let  the  corresponding  eigenfunctions 
{</>i}  form  a complete  orthonormal  system  in  S.  We  consider  the  nonlinear 
problem 

Lu  + Amu  = Nlu,  (1) 

where  Nt:  S -*■  S is  a nonlinear  operator. 

Let  S0  = {</>!,  ...,  (f>m } and  let  P:  S ->  S0  be  the  projection  operator. 
Also  let  S = S0  © Sj.  Let  H : St->  Sl  be  the  linear  operator  such  that 

(a)  H{I  - P)Lu  = (I  - P)u,  u e 3>(L), 

(b)  PLu  ~ LPu,  u e S>{L),  and 

(c)  LH(I  — P)Nu  = (/  — P)Nu,  a e S,  and  Nu  = Ntu  — A^u. 

Then  the  nonlinear  problem  (1)  is  equivalent  to  the  system  of  equations 
(for  details  see  [1]) 

u — H(I  — P)Nu  = Pm,  (2) 

PNu  - PLu  = 0.  (3) 

Let  u*  be  any  arbitrary  element  of  S0 . If  u e S is  a solution  of  the  equation 

u — H(I  — P)Nu  = u*,  (4) 

then  clearly  Pu  = u*  and  hence  m is  a solution  of  (2).  Thus,  if  Eq.  (2)  has 
r solution  ueS  for  each  u*eS0,  the  system  of  Eqs.  (2)  and  (3)  is 
equivalent  to  the  system  of  equations 

u — H(I  — P)Nu  = u*, 

PN[I  - H(I  - P)N]~ 1 u * - Lu*  3 0. 

We  now  state  the  following  theorem. 


(4) 

(5) 
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Theorem  1.  Let  Nx : S -*■  S be  such  that 

(i)  Nx  is  continuous  and  bounded,  i.e.,  Nx  takes  bounded  sets  into 
bounded  sets; 

(ii)  There  exists  p < A„+1  — Am  such  that  for  all  u,  ve  S 

(Nxu  — Nxv,  u — v}  > — p\\u  — i?||2; 

(iii)  There  exists  R > 0 such  that  for  all  u*  e S0  satisfying  Pu  = u*, 

<Ntu,  u *>  < 0, 

where  u = [I  - H(I  - P)N]~  iu*. 

Then  the  nonlinear  problem  (1)  has  at  least  one  solution. 

i 

Remark  1.  We  have  made  the  assumption  0 < kx.  However,  the  argu- 
ments involved  in  proving  Theorem  1 can  be  easily  modified  to  consider 
the  case  when  a finite  number  of  the  A,’s  are  negative  (see  Cesari  [2]). 

Remark  2.  Hypothesis  (iii)  of  Theorem  1 is  implied  by  the  sufficiency 
hypotheses  of  Landesman  and  Lazer  [7],  Necas  [10],  and  others.  In  [10] 
Necas  considers  the  nonlinear  problem 

Lu  = Nu  + h, 

where  he  S and 

(i)  N:  S -*  S is  completely  continuous, 

(ii)  \\Nu\\  < a < oo  for  all  ue  S,  and 

(iii)  0 is  an  eigenvalue  of  the  associated  linear  problem. 

Necas  proves  the  following:  Let  the  limit  lim,^^  < N(u  + tu*),  u*  > = 
l(u*)  exist  and  be  finite,  where  the  limit  is  uniform  with  respect  to  u on 
bounded  sets  of  S and  with  respect  to  all  u*  e S0  = ^V(L)  with  ||u*||  = 1. 
If  u*  e ^y(L)  = S0  and  ||u*||  = 1 implies 

<*,u*>  + /(«*)<0,  (6) 

then  the  nonlinear  problem  Lu  = Nu  + h has  at  least  one  solution. 

It  can  be  proved  that  hypothesis  (iii)  of  Theorem  1 is  implied  by 
hypothesis  (6)  of  Necas.  Similar  remarks  can  be  made  about  the  results  of 
Landesman  and  Lazer  [7]  and  Schatzman  [11].  It  must  be  pointed  out, 
however,  that  hypothesis  (ii)  does  not  hold  in  these  papers  and  thus  it 
would  be  interesting  to  extend  Theorem  1 to  these  cases. 
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3 

In  this  section  we  point  out  how  by  using  the  natural  decomposition  of 
linear  differential  operators  L in  the  form  TT*,  one  can  extend  the  ideas 
of  the  earlier  section  to  large  nonlinearities  that  are  not  defined  over  all  of 
S.  Operators  of  the  type  TT * have  been  studied  by  Kato  [6]  and  others. 
Simple  examples  of  operators  L admitting  a decomposition  of  the  type 
TT*  are 

(i)  Lu  = — u",  w(0)  = u(2n),  u'(0)  = u'(2n), 

(ii)  Lu  = A2m,  u = du/dn  = 0 on  ft. 

The  natural  decomposition  of  L in  the  form  TT*  induces  a decomposition 
of  — H(I  - P)  in  the  form  J*J  and  thus  (4)  reduces  to 

u + J*JNu  = u* 


or 

w + J*JN(w  + u*)  = 0,  where  w — u — u*. 

Using  the  fact  that  J*  is  one-to-one,  the  above  equation  reduces  to 
v + JN(J*v  + u*)  = 0.  With  this  modified  form  of  the  auxiliary  equation  we 
now  have  the  following  theorem. 

Theorem  2.  Let  N : 2>(N)  = Q>{T*)  -*  S be  a nonlinear  operator  such 
that 

(i)  There  exists  p > 0 with  p < km+ 1 — km  such  that 

< Nu  — Nv,  u — v)  > — p\\u  — r||2  for  all  u,  ve  S ; 

(ii)  N is  continuous  from  3>(T*)  to  S; 

(iii)  There  exists  a function  y:  R+  -*  R+  such  that  u e 2>(N)  with 
luU(N)  ^ ^ implies 

|JVu||  < y(R); 

(iv)  There  exists  R > 0 such  that  for  all  u*  e S0  with  ||u*||  = R, 
< Nu , u*>  < 0,  where  u = [I  + J*JN]~  lu*. 

Then  the  nonlinear  problem 

Lu  + Xmu  = Nu 


has  at  least  one  solution. 
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Thus  Theorem  2 essentially  extends  Theorem  1 to  the  case  where  N is 
not  necessarily  defined  over  S. 

The  proof  of  Theorem  2 may  be  seen  in  Kannan  and  Locker  [5],  where 
an  extensive  study  is  made  of  the  nature  of  L = TT*  and  the  properties 
of  its  eigenfunctions  in  relation  to  those  of  L{  = T*T , and  these  properties 
are  utilized  to  consider  existence  of  solutions  of  nonlinear  boundary  value 
problems.  Similar  ideas  are  also  applied  in  Dunninger  and  Locker  [4]  to  the 
case  where  L is  the  biharmonic  operator. 
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We  shall  present  a result  on  continuity  with  respect  to  the  parameter  of 
the  fixed  points  of  the  operators 

Tx:X^X. 

Hale  [4]  gave  sufficient  conditions  for  the  continuous  dependence  when  the 
operators  are  a-condensing.  We  shall  show  in  what  sense  the  conditions  are 
necessary  conditions  and  cannot  be  improved.  A more  general  theory  that 
applies  to  other  systems  will  appear  in  [2]. 

We  assume  X is  a Banach  space,  the  parameter  A belongs  to  a metric 
space  A,  and  the  family  Tx  (A  e A)  is  collectively  a-condensing.  Let  us  give 
the  definition  of  the  last  statement.  The  Kuratowski  measure  a of  non- 
compactness associates  with  a subset  B of  X the  number  <x(B)  = inf{r : B 
can  be  covered  by  a finite  number  of  sets  with  diameter  less  than  r}.  An 
operator  T is  a-condensing  if  for  every  B c=  X the  inequality  ot(TB)>  ct(B) 
implies  a (B)  = 0.  The  family  Tx  (A  e A)  is  collectively  a-condensing  if  for 
every  B <=  X,  a((JAgA  TXB)  < <x(B)  and  equality  implies  ol(B)  = 0.  Notice 
that  implicitly  we  assume  that  the  range  is  bounded. 

For  background,  examples,  and  applications  of  a-condensing  and  a- 
contraction  operators  see  Hale  [3,  4].  Many  differential  and  integral 
equations  as  well  as  functional  differential  equations  can  be  reduced  to  a 
fixed-point  equation  x = Tx,  where  T is  a-condensing. 

We  do  not  want  to  assume  existence  or  uniqueness  of  solutions. 
Therefore,  the  mapping  s(A)  that  associates  with  each  A the  set  of  solutions 
of  the  equation  x = T^x  is  a multivalued  mapping  (with  the  possibility 
of  empty  values).  As  a continuity  concept  we  choose  the  upper  semi- 
continuity. [A  multivalued  function  s(A)  is  upper  semicontinuous  if  for  each 
open  set  Q of  the  range  space  the  set  (A : s(A)  c Q}  is  an  open  set.]  This 
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concept  is  natural  not  only  because  we  are  able  to  prove  upper  semi- 
continuity, but  the  important  fact  is  that  upper  semicontinuity  implies 
continuity  in  the  case  of  uniqueness.  Also  if  s(A)  is  upper  semicontinuous 
and  has  compact  values,  then  lim  A„  = A and  x„  6 s(An)  imply  the  existence 
of  an  element  x e s(A)  and  a subsequence  xm  such  that  lim  xm  = x.  In 
particular,  if  s(A)  = {x}  then  lim  x„  = x. 

The  following  result  was  proved  by  Hale  [4,  Theorem  1],  although  in  a 
slightly  different  terminology.  Hale  also  shows  that  the  theorem  includes 
and  simplifies  many  former  results. 


Theorem  1.  s(A)  is  upper  semicontinuous  if  Txx  is  continuous  in  A and 
x simultaneously. 

The  natural  question  now  arises:  Is  the  joint  continuity  also  a necessary 
condition?  Can  we  add  the  “only  if”  to  the  theorem?  The  answer  is  nega- 
tive and  there  is  a good  reason  for  this.  The  only  values  of  Tx  that  are 
involved  in  “creating”  s(A)  are  the  fixed  points  of  the  operator.  Without 
any  restrictions  one  could  change  Tx  on  the  complement  of  s(A)  and 
maintain  the  same  set  of  fixed  points.  Therefore,  s(A)  might  be  even  constant 
without  any  restrictions  on  Txx  for  x $ s(A).  So  a global  condition  on  Txx 
cannot  be  necessary.  Still  something  can  be  said.  Let  us  add  a forcing 
term  to  the  equation,  i.e.,  consider  the  equation 

x = Txx  + y. 

Such  a forcing  term  appears  naturally  in  many  integral  equations.  Let 
s(A,  y)  be  the  set  of  solutions  of  x = Tx  x + y.  We  shall  see  below  that 
Hale’s  conditions  are  sufficient  also  for  the  upper  semicontinuity  of  s(A,  y) 
in  (A,  y).  Now,  when  y “travels”  along  X,  all  the  values  of  Tx  get  involved 
in  solving  the  equation,  and  there  is  hope  of  getting  necessary  conditions. 
Indeed,  Hale’s  conditions  are  now  necessary.  In  other  words,  if  the  (quite 
reasonable)  requirement  is  added,  namely,  continuity  also  with  respect  to 
the  forcing  term,  then  the  conditions  become  necessary. 

Theorem  2.  '(A.  y)  is  upper  semicontinuous  if  and  only  if  Txx  is 
continuous  in  A and  x simultaneously. 

We  shall  give  a compressed  proof.  We  write  T„  instead  of  7^.  The 
“if”  part  is  a slight  modification  of  [4,  Theorem  1].  Let  A„-»A  and 
y»  - y • Let  e s(An , y„),  i.e.,  x„  = Tnx„  + y„ . 
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Then 

<*({*«})  = <x(iTnXn  + y„})  < a({Tnxn})  + a({y„})  < a|(Jrm{x„}J. 

The  first  inequality  follows  from  the  properties  a(A  + B)  < ot(A)  + a (B)  and 
A <=  B implies  ot(A)  < a(B).  Since  {y„}  is  precompact  it  follows  that 
a({y„})  = 0 and  now  the  second  inequality  follows  from  the  inclusion 
{Tnxn}  c |Jm  Tm{x„}.  Thus 

«({*„})  < a|(jrm{x„}j 

which  together  with  the  condensity  assumption  implies  a({x„})  = 0,  i.e.,  {xn} 
is  a precompact  set.  The  joint  continuity  of  Txx  in  (A,  x)  implies  that  each 
limit  point  of  {x„}  is  a solution  of  x = Txx  + y,  and  the  upper  semi- 
continuity follows.  For  the  “only  if”  part  assume  the  contrary  that 

A„  -*  A0 , xn  —*  x,  but  ||  T„  xn  — T0  x||  > e > 0 for  n = 1,  2, Define  yn  by 

y„  = xn—  T„x„.  Since  {x„}  is  precompact  and  Tx  (A  e A)  is  collectively  a- 
condensing,  it  follows  that  {7^x„}  and  hence  {y„}  is  precompact.  Suppose 
that  yk  (k  = 1,2,.. .)  is  a converging  subsequence  with  limit  y.  Now  we  have 
(Ak , yk)  -*  (A0 , y),  xk  x,  and  xk  e s(Ak , yk),  and  therefore  the  upper  semi- 
continuity implies  x e s(A0 , y),  i.e.,  x = T0  x + y.  Thus  Tkxk  = yk  — xk  con- 
verges to  T0  x = y - x,  a contradiction.  This  completes  the  proof. 

An  open  problem.  I do  not  know  whether  Theorem  2 still  holds  when 
the  parameter  set  A is  a general  topological  space  (and  not  a metric  space). 
This  generalization  is  true  if  a-contraction  is  considered  instead  of  a- 
condensing. 
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We  outline  some  recent  results  in  small  noise  problems  in  the  ergodic 
case  and  indicate  some  possible  implications  for  small  noise  ergodic  control 
problems.  Suppose  that  the  state  of  the  dynamical  system  evolves  according 
to  the  stochastic  differential  equations 

<«/(!)  = /({,'(<))  dt  + (2e)l/2B  dw(t),  4/(0)  = x,  (1) 

where  w is  brownian  motion  of  appropriate  dimension.  Let  us  assume  that 
for  each  e > 0 the  process  (1)  generates  a unique  ergodic  measure  yu£,  i.e., 

lim  Prob[^£(t)  e B]  = ^£(B), 

t-*  00 

for  all  borel  subsets  B of  Rn  and  for  any  initial  condition  x.  We  are 
interested  in  establishing  conditions  guaranteeing  that 

| L(x)  duX*)  = L( 0)  + X £kbk  + o(ek),  (2) 

for  constants  bk,  where  o(e)£-n->0  as  £->0.  In  [1]  the  following  theorem 
was  established. 

Theorem.  Let  the  following  hold: 

(i)  /(x)  = Ax  + Bg{x),  g is  C®  on  Rn,  g{ 0)  = 0,  g and  its  partial 
derivatives  of  all  orders  are  bounded. 

(ii)  ( A , B)  is  controllable  and  satisfies  (CO). 

(iii)  There  exists  a matrix  Q > 0 and  a constant  c > 0 such  that  for  all 
x 6 Rn,  fx'(x)Q  + Qfx(x)  < -cl. 

(iv)  L is  C°°,  and  L and  its  derivatives  of  all  orders  are  of  polynomial 
growth. 

Then  (2)  is  true  for  any  positive  integer  n. 

The  assumptions  of  the  theorem  guarantee  the  existence  of  a unique 
ergodic  measure  ne . This  has  been  shown  in  [3]  where  condition  (CO)  is 
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defined.  Assumption  (iii)  implies  exponential  asymptotic  stability  of  the 
corresponding  deterministic  system  with  e = 0.  It  would  be  interesting  to  see 
if  this  assumption  could  be  weakened  to  fx'(0)Q  4-  Qfx(  0)  < —Cl  and  global 
asymptotic  stability  of  the  deterministic  system.  An  example  in  [1]  shows 
that  (iii)  cannot  be  replaced  by  global  asymptotic  stability  of  the  deter- 
ministic system  alone. 

The  constants  bk  can  be  found  by  solving  linear  algebraic  equations 
with  coefficients  involving  the  partial  derivatives  of  / and  L evaluated  at 
the  origin.  The  details  of  this  procedure  are  discussed  in  [2],  where  we 
considered  the  two-dimensional  system 

d^=^2dt,  d$2  = -4£2  - 2£j  - sin  dt  + (2f)1/2  dw(t),  (3) 

which  arises  from  the  formal  equation 

l + 4<*  -I-  -I-  sin  £ = (2£)1/2w(t).  (4) 

Simple  calculations  show  that 

| 2 dne(x)  = ~ + ^ + o(e2),  (5) 

and 

| V dnc(x)  = |g  + <>(e2)-  (6) 

For  this  example  the  density  of  the  ergodic  measure  can  be  calculated 
explicitly.  The  quantities  on  the  left-hand  sides  of  (5)  and  (6)  can  then  be 
approximated  by  a numerical  integration  procedure. 


Ergodic  control  problems.  Let  Y°(x)  be  the  optimal  feedback  control 
in  the  infinite-time  deterministic  control  problem.  Suppose  that  with  use  of 
Y°  the  state  equations  and  cost  function  for  the  control  problem  are  such 
that  the  theorem  is  satisfied.  Then  use  of  Y°  in  the  corresponding  ergodic 
control  problem  (minimization  of  the  cost  function  with  respect  to  the 
resulting  ergodic  measure)  yields  a cost  of  de  + o(e)  for  some  constant  d. 
Under  certain  assumptions  one  could  expect  that  the' optimal  cost  would 
also  satisfy  de  -I-  o(e).  Then  Y°  would  be  a reasonably  good  suboptimal 
control  in  the  ergodic  problem  for  sufficiently  small  e.  In  those  cases  one 
would  like  to  have  an  effective  method  of  computing  Y°  or  some  approxi- 
mation to  Y°  that  yields  the  expansion  de  + o(e). 
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Wonham  and  Cashman  [5]  used  statistical  linearization  as  a technique 
for  determining  a suboptimal  control.  Recently,  Lasry  [4]  has  studied 
ergodic  problems  under  assumptions  that  included  periodicity  of  the  state 
equations  and  cost  function  in  the  state  variables.  The  above  approach  is 
not  valid  for  these  problems  since  the  deterministic  system  with  use  of  Y° 
will  not  be  globally  asymptotically  stable. 
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I.  Introduction 

A well-known  property  of  linear  differential  systems  in  1R"  is  that  the  set 
of  values  of  all  solutions  at  a given  time  t is  R"  itself.  This  property  does 
not  extend  to  delay  differential  systems.  There  exist  systems  with  lag  for 
which  the  set  of  values  of  all  solutions  is  a proper  subspace  of  !R"  (for 
some  time  t).  They  are  called  “pointwise  degenerate.”  They  were  studied 
first  by  Popov  [1],  and  then  by  other  authors,  for  instance,  Asner  and 
Halanay  [2],  Charrier  and  Haugazeau  [3],  Choudhury  [4],  and  Kappel  [5]. 

Our  goal  here  is  to  look  at  this  property  in  infinite-dimensional  spaces 
(see  Charrier  [6]).  H will  be  a separable  Hilbert  space;  we  denote  by  ( , )„ 
the  scalar  product.  T(t)  is  a bounded,  strongly  continuous  semigroup  on  H 
and  A is  its  infinitesimal  generator,  wit;  domain  D(A).  For  some  important 
examples  (see  Example  1)  the  “attainable  set”  'sil(f)  = (T(t)y0|y0  e D(A)} 
is  dense  in  H.  In  any  case,  is  it  possible  to  find  a perturbation  By(t  — h) 
such  that  for  the  delay  equation 

± y(t)  = Ay(t)  + By(l  - h), 

>•(0)  = y0;  y(0)  = <t(0),  Oe{-h,  0],  (1) 

the  “attainable  set”  is  a proper  subset  of  //? 

II.  Transformation  of  the  Problem. 

A Necessary  and  Sufficient  Condition 

We  choose  to  work  with  compact  operators  B.  The  initial  data  O are 
assumed  to  be  continuously  differentiable  from  [ — h,  0[  into  H.  Then  we 
can  prove  (see  Kato  [7])  existence  and  uniqueness  of  a solution  for  (1). 
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Definition  1.  Equation  (1)  is  said  to  be  “pointwise  degenerate”  at  time 
'i  with  respect  to  vectors  q}  of  H (j  = 1,  2,  p)  iff  every  solution  of  (1) 
satisfies 

(<lj’ y(h))H  = 0,  j = l,  2, p. 


Remark.  As  in  finite  dimensions  it  is  easy  to  see  that  if  an  equation  is 
“pointwise  degenerate”  at  time  rl5  it  remains  “pointwise  degenerate”  at 
every  time  t > Because  of  the  continuity  of  y,  the  set  of  degeneracy  is  a 
closed  interval  [f0,  +<x>[.  For  simplicity  we  study  systems  for  which 
degeneracy  occurs  at  time  2h.  Let  us  define 


Y(t)  = 


y(t ) 

y(t  + h) 


t e [0,  h]. 


(2) 


Following  the  method  proposed  in  Charrier  and  Haugazeau  [3]  one  can 
prove  that  to  every  solution  y of  (1)  there  corresponds  a solution  of 


dY(t)/dt  = x?Y(t)  + dt'i'it), 


Y(  0)  = 


y(  0) 
y(h)\’ 


Y(h)  = 


y(h) 

y(2h)  ’ 


(3) 

(4) 


and  conversely,  where  s/  is  the  infinitesimal  generator  of  a semigroup  nt) 
bounded,  strongly  continuous  on  H x H,  and  represented  by  the  matrix  of 
operators 


M is  a compact  operator  on  H x H defined  by 


= 


B 

O ’ 


and  i l/(t)  = 0(*  - h). 

Therefore,  Eq.  (1)  is  “pointwise  degenerate”  with  respect  to  the  vectors 
q}  at  time  2h  iff  any  solution  of  (3)  and  (4)  satisfies 


= 0. 


In  Eq.  (3),  occurs  as  a control.  We  obtain  a condition  of  degeneracy  as  a 
consequence  of  the  controllability  properties  of  this  infinite-dimensional 
control  system.  We  shall  denote  by  J’(ft)  the  .reachable  set  of  the  control 
system  (3)  starting  from  the  mill  initial  condition.  Equation  (3)  is  said  to  be 
completely  controllable  iff  &{h)  = H x H.  If  i#(h)  is  not  dense  we  shall  call 
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^(h)1  the  supplementary  space  of  h ) in  H x H and  P (respectively,  P) 
the  orthogonal  projection  on  J*(/i)  [resp.  Jf(h)x]. 


Lemma  1.  Problem  (3),  (4)  has  a solution  only  if  (y(0),  y(h),  y(2h))  e H 3 
belongs  to  the  kernel  of  application  L : H3  -*  J?(h), 


(y( 0),  y(h),y(2h))-+P' 


y(h) 

y(2h) 


Now  let  us  define  the  application  G: 


P'3T(h) 


y(°) 

y(h)  ' 


H3  ->  Up, 


(y(0),  y(h),  y(2h)) 


(<?i,  y(2h))H 
A<ip’y(2h))H_ 


Proposition  1.  Equation  (1)  is  “pointwise  degenerate”  with  respect  to 
vectors  qj  at  time  2 h iff  (i)  P'  ^ 0,  (ii)  ker  L cz  ker  G. 

To  prove  this  proposition  we  use  Lemma  1 and  the  definition  of  Y as  in 
Cnarrier  and  Haugazeau  [3,  Theorem  2]. 

This  NASC  can  be  stated  without  difficulty  at  time  kh  (for  any  positive 
integer  k),  but  it  is  clear  that  such  a condition  cannot  lead  us  to  an  algebraic 
condition  as  in  finite  dimensions.  So  we  need  sufficient  conditions  that  will 
be  useful  for  further  applications. 


III.  Sufficient  Conditions.  Example 

Proposition  2.  Suppose  that  q}  belongs  to  D(A*),j  = 1,  2, . . . , p.  If  there 
exists  a compact  operator  Z from  H into  H with  range  in  D(A)  such  that 

(i)  ZB  = 0 and  B = AZ  — ZA, 

(ii)  T(h)*qj  = Z*qj,j  = 1,  2,  ...,  p,  and  Z*T(h)*qj  = 0,  j = 1,  2,  ...,  p. 

Then  Eq.  (1)  is  “pointwise  “degenerate”  with  respect  to  vectors  qj  at  time 
2 h. 

The  idea  of  the  proof  is  that  the  uncontrollable  part  of  (3)  is  isomorphic 
to  H and  satisfies  the  equation 

~ w(t)  = Aw(t)  with  w(t)  = y(f)  4-  Zy(t  - h). 
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Corollary  1.  Let  qj  be  elements  of  D(A*).  Let  us  suppose  that  there 
exist  vectors  r,,  j = 1 p,  in  D(A)  such  that 

(Qj^k)H  = Sj<k,  (qj,T(h)rk)H  = 0,  and  (<?,,  T{h)Ark)„  = 0.  (5) 

Then  if  B is  defined  by 

Bv  = i(T(h)*qj,v)HArj-  t(T(h)*A*qj,v)Hrj, 

j= 1 j=i 

Eq.  (1)  is  “pointwise  degenerate”  with  respect  to  the  vectors  q}  at  time  2h. 


Example  1.  H = L2(]0,  1[),  D(A)  = {v  e Hol(]0,  l[)n//2(]0,  1[)J  A = 
d2/dx2.  Then  Eq.  (1)  is  the  equation  of  the  heat  diffusion  on  a rod  with 
Dirichlet  conditions. 

The  set  'il(t)  = {7(f)y0|y0  6 D(A)}  is  dense  in  H for  any  t > 0.  A is  a 
self-adjoint  operator.  The  set  of  eigenfunctions  wk  of  A is  orthonormal 
complete  in  H.  Let  us  define  qj  = '£ i in  D(A)-  The  rj  = Zi'  TVS, 

j = 1 P , can  be  chosen  to  satisfy  (5)  if  3 p coefficients  xkJ  are  not  null. 

From  the  corollary,  every  solution  of 


dy 


A 2 

d2y 


rt  ^ = r-x2  + i ~ h'  & 

1 1 UX  • o 


with  k(x,Z)=  Z m^qj^yjix)  - [T(h)q';](Z)rj(x)), 

J=  i 

y(f,  1 ) = y(t,  0)  = 0, 

y(0,  x ) = y0  (.v ),  y(t,  x ) = <D(f,  x ),  t e [ - h,  0[, 

satisfies  jo  qj(x)y(t , x)  dx  = 0 for  r > 2h.  Moreover,  in  this  example  7(f)  is  a 
holomorphic  semigroup  and  we  can  take  q in  H,  for  instance,  q{x)  = 1. 
Then  any  solution  has  a null  mean  on  [0,  1]  for  t > 2 h. 


Remark.  If  the  semigroup  7(f)  is  holomorphic  (see  Kato  [7])  we  can 
prove  that  the  minimum  time  of  degeneracy  is  kh.  where  k is  an  integer 
greater  than  or  equal  to  2.  Similar  work  can  be  done  for  systems  with  two 
lags  and  for  systems  including  a lag  in  a derivative. 


Proposition  3.  qt  is  in  D(A*\  r,  in  D(A),  j = 1,  2 p,  and  satisfy 

- rj)H  = ^kj  ’ (t/k'  T(h)rj)H  = 0,  / = 1 p. 
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Let  us  define 

= Z (T{h)*qj,  v)tl  Ar j - (T(h)*A*qj,  v)Hrj, 

j=  i 

B2v=  t ( nh)*A*qj,rk)H(T(h)*qk,v)Hrj , 

j.  * = 1 

B3v=  Z (T(h)*qj , v)H  Arj , 

j=  i 

- t(nh)*qj,v)Hrj. 
j=  i 

Then  the  equations  </y/dr  = /ly(f)  + — /i)  + B2  y(t  — 2/i)  and  dy(t)/dt 

- Ay(t)  + — /i)  + Ba  dy(t  — h)/dt  are  degenerate  with  respect  to  vector 

qj  at  time  2h  for  the  first  and  at  time  h for  the  second. 

Remark.  If  we  work  with  vectors  qj  in  H , the  operators  B are  in  general 
no  longer  compact.  With  the  assumptions  of  Example  1 it  is  possible  to 
extend  Corollary  1 to  an  infinite  enumerable  (but  not  dense)  family  of 
qj  (for  example,  qk  = w2k  + w2k_l,  k = 1,  2,  ...). 


IV.  A Consequence  of  “Pointwise  Degeneracy” 

Let  zm  be  an  orthonormal  complete  family  of  H.  We  denote  by  L(t):m 
the  solution  of 

dy(t)/dt  = A*y(t)  + B*y(t  - /»),  y(0)  = zm,  0 = 0.  (6) 

Lemma  2.  The  solution  of 

dy(t)/dt  = Ay(t)  + By(t  - h),  y(0)  = y0 , 0 = 0 (7) 

is  given  by  y(t)  = L(t)*y0  = Z m (E(f)zm,  y0)zm. 

Proposition  4.  Consider  the  control  system  dy(t)/dt  = Ay(t)  + u(f), 
y(0)  = )’0;  let  us  suppose  that  >0  and  r satisfy  (y0,  r)„  = 1,  (y0,  T(h)*r)H  = 
(>0,  T(h)*A*r)n  = 0,  and  that  B is  defined  by  Bv  = (A*r,  v)H  T(y)y0 — 

( r , v)h  T(h)Ay0.  Then  if  we  take  for  control  u(t)  = 0 on  [0,  /?[,  u(t)  = 
By(t  — h),  t > h,  the  solution  is  stabilized  to  the  origin  at  time  2 h [i.e., 
>(r ) = 0 for  t > 2h],  Moreover,  if  T(t)  is  holomorphic  2h  is  the  minimum 
time  (for  control  of  this  given  form). 


86 


PIERRE  (’HARRIER 


We  remark  that  B depends  on  y0 . If  we  take  Bv  = YJj=i  M *r},  v)n 
x T(h)y0j  — (rj,  v)flT(h)Ay0j , then  B depends  only  on  the  subspace  V span- 
ned by  the  y0J  and  not  on  y0  taken  in  V.  In  this  case  B appears  as  a 
feedback  associated  to  the  subspace  V. 
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We  consider  the  problem  of  applying  Liapunov’s  direct  method  to  an 
autonomous  physical  system,  initially  described  by  only  a formal  equation 
of  motion.  Our  problem  involves  not  only  construction  of  a Liapunov 
functional,  but  also  the  selection  of  an  appropriate  state  space  on  which 
the  given  formal  equation  can  be  associated  with  an  abstract  dynamical 
system  [1],  Assuming  that  the  system  is  linear  and  that  some  appropriate 
(but  unknown)  state  space  is  a Hilbert  space,  we  suggest  a systematic 
operational  approach  to  the  entire  problem. 

Restating  our  objectives,  we  wish  to  obtain  a Hilbert  space  ,f  and  a 
densely  defined  linear  operator  A : £/(A)  ->  ./'such  that  the  abstract  evolution 
equation 


J.x(t) 

dt 


= Ax(t), 


t > 0, 


(1) 


x(0)  = 06  9(A\ 


is  an  appropriate  abstraction  of  the  given  formal  equation,  and  such  that  A 
generates  a linear  C0-semigroup  {T(r)},> 0 on  ,f  [2],  Moreover,  we  wish  to 
find  a continuous  functional  V : //'  -»  such  that  K(x)  < 0 for  all  .x  e 
where 


L(x)  = lim  sup  * [T(t)x  — x], 
no  1 

If  fJ{A)  is  dense  in  the  Hilbert  space  ,f,  then  a sufficient  condition  for  A 
to  be  a generator  is  that  A — ojI  be  maximal  dissipative  for  some  real 


* This  research  was  supported  by  the  National  Science  Foundation  under  GK  40009. 
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number  o [3].  Although  this  condition  is  not  necessary,  it  is  known  that 
if  {7(f)} (>o  is  a linear  C0-semigroup  on  a Hilbert  space  .7,  then  there  exists 
a (possibly  larger)  Hilbert  space  .7  and  an  extension  {7(f)}, of  {7(f)}(;>0 
such  that  {7(f)}r;i0  is  a C0-semigroup  on  .7  with  generator  A;  moreover, 
A — a )I  is  maximal  dissipative  for  some  o>  [4,  5],  Hence,  for  our  problem, 
there  must  exist  some  appropriate  state  space  such  that  A — a>I  is  maximal 
dissipative  for  some  a>,  where  A is  the  generator  on  .7.  We  also  note  that 
if  A — o)l  is  maximal  dissipative  for  some  a>  < 0,  then  7(f)  is  a contraction 
and  K(x)  = <x,  x)  f is  a Liapunov  functional. 

The  suggested  approach  to  our  problem  utilizes  an  artifice.  Referring  to 
the  given  formal  equation  of  motion,  the  first  step  is  to  choose  (somewhat 
arbitrarily)  a convenient  Hilbert  space  .W  and  a densely  defined  linear 
operator  A:  (C /(A)  <=  .#)  -* , such  that  the  formal  equation  seems  closely 
related  to  the  abstract  equation 

= ^f),  l > 0.  (2) 

However,  A need  not  be  a generator;  in  fact,  (2)  need  not  even  have 
nontrivial  solutions.  Define  a Banach  space  $ as  the  completion  of  (/(A) 
in  |)-|)#,  where  ||yjj^  = ||>^)| + ||^y|| M for  y e &(A),  and  note  that  the 
mapping  A:  {&\A)  ci  <&)  -* is  bounded.  An  abstract  operational 
approach  to  our  problem  is  now  suggested  by  the  following  result: 

Theorem  1.  Let  &(A)  = JM  and  let  there  exist  real  numbers  /r,  w < n, 
y > 0,  such  that 

(a)  nl  — A : -»  Jf  is  a homeomorphism; 

(b)  For  some  bounded  linear  operator  B:  -*  Jf , 

(i)  (Byi,  yi)  w = (By2 , >•,).„ , Vy„  y2  e V, 

(ii)  <By,  y)jr  > y<y,  y>.* , V>-  e ■&, 

(iii)  Re<By,  (A  — a>/)y>  * < 0,  Vy  e 

Define  a Hilbert  space  3C  as  the  completion  of  % in  || • || , where 
<y„  y2}.f  = <Byu  y2)„  for  y,,  y2  e V.  Define  A:  (C/(A)  <=  .7) -.7  to  be 
the  restriction  of  A to  Lf(A)  = (ye  y\Aye  .7).  Then  A generates  a linear 
Co-semigroup  on  .7. 

The  proof  is  given  in  [5].  Noting  that  £/(/!)  = (nl  — -4)“  '(.7),  it  follows 
that  C/\A)  is  dense  in  .7.  Then  it  need  only  be  shown  that  #(/r/  — A)  = .7 
and  A - wl  is  dissipative;  hence,  A - wl  is  maximal  dissipative  [3], 
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By  using  Theorem  1 we  obtain  an  appropriate  state  space  and  an 
abstract  equation  (1);  moreover,  if  w < 0,  T(t)  is  a contraction  and  K(x)  = 
<x,  x>,  is  a Liapunov  functional  for  (1).  By  complicating  the  definition 
of  A , the  conditions  of  Theorem  1 can  be  weakened.  The  following  result 
is  obtained  in  [5]. 


Theorem  2.  Let  there  exist  real  numbers  fi,  w < /l  a > 0,  such  that 

(a)  #(nl  — A)  is  dense  in  .W  and 

IblU  ^ “IM  ~ Ajyl*  , Vye  9(A), 

(b)  For  some  bounded  linear  operator  B\  >!!-*#, 

(i)  (By i,  y2).#  = ( By2 , , Vyj.  y2  6 M, 

(ii)  (By,  y)  w > 0,  Vy  e M, 

(iii)  Re<By,  (A  - tu/)y>  w < 0,  Vy  e 9(A). 

Define  a Hilbert  space  :f  as  the  completion  of  & in  ||*||  y , where 
(y i,  >’2)  / = (By  1,  y2}.w  for  Li,  >’2  e Let  A\  - W -*  •#  be  the  continuous 
extension  of  A : (9(A)  c <<J)~*  .W , and  let  A2:  (9(A2)  c 3C)  -*  3C  be  the 
restriction  of  AK  to  9(A2)  = {y  e &\Axy  e tf}.  Then  A2  has  a unique 
extension  A:  (9(A)  c ‘T) -*■  X such  that  A — o)I  is  maximal  dissipative; 
moreover,  A generates  a linear  C0-semigroup  on  :f. 

In  applications  it  is  more  important  that  A be  consistent  with  the  formal 
equation  than  that  it  be  rigorously  derived  from  the  artificial  operator 
A.  Hence,  given  a formal  equation,  it  may  be  both  simpler  and  more 
general  merely  to  define  A:  9(A)-*. W,  9(A)  dense  in  .W , and  define  a 
normed  linear  space  JM  by 

Ibiu  = I ye9(An), 

P = 0 

for  some  positive  integer  n.  We  then  seek  B satisfying  (b)  of  Theorem  2, 
define  as  in  Theorem  2,  and  refer  directly  to  the  formal  equation  in  an 
attempt  to  define  A:  9(A)-* such  that  9(A)  is  dense  in  and  A — a>I 
is  maximal  dissipative.  If  this  attempt  is  successful,  A generates  {T(t)},20; 
moreover,  if  oj  < 0,  T(t)  is  a contraction  and  V(x)  = <x,  x>f  is  a 
Liapunov  functional.  Several  extensions  and  applications  of  this  approach 
are  described  in  [5], 
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1.  Introduction 

Let  A"  be  a topological  space.  By  definition,  an  evolutionary  process  on  X 
is  a family  of  operators  U(t , s):  X -*  X,  defined  for  feIK  + , seR,  and 
satisfying  (i)  (7(0,  s)  = identity;  (ii)  U(t  + t,  s)  = U(t , s + t)(7(t,  .s)  for  t , 
relR  + , .v  e IR.  Such  processes  arise  in  the  mathematical  modelling  of 
nonautonomous  systems,  when  U(t,  s)x  represents  the  position  (or  state)  at 
time  t + s of  the  point  that  at  time  s was  at  x.  In  the  special  case  when  the 

operators  (/(/,  .s)  = T(t)  are  independent  of  s,  the  evolutionary  process 
defines  a semigroup  t e R+. 

In  the  paper  [1]  it  was  shown  that  in  certain  situations  measurability 
and  continuity  properties  known  to  be  satisfied  for  a semigroup  could  be 
strengthened  using  the  semigroup  properties.  These  results  directly  generalize 
to  nonlinear  semigroups  those  known  for  semigroups  of  continuous  linear 
operators  on  a Banach  space.  We  extend  this  work  to  evolutionary 
processes. 


2.  Results  for  Evolutionary  Processes 

Throughout  this  section  {(_/(/,  ,v)J  denotes  an  evolutionary  process  on  X 
satisfying  the  hypothesis: 

(A)  For  each  te  IR+  the  map  (s,  x)i— »(/(f,  s).v  is  (jointly)  sequentially 
continuous  from  R x X -»  X. 


* Present  address:  Department  of  Mathematics.  Heriot-Watt  University,  Edinburgh, 
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Theorem  1.  Let  A"  be  a metrie  space.  Suppose  that  for  each  s e R, 
x e X , the  map  n— > U(t,  s)x  is  strongly  (Lebesgue)  measurable  on  (0,  x). 
Then  the  map  (t,  s,  x)l-*  U(t,  s)x  is  continuous  on  (0,  x)  x IR  x X. 

Theorem  2.  Let  X be  arbitrary.  Suppose  that  for  each  s e IR,  xe  X , 
the  map  t\—>U(t,  s)x  is  Baire  continuous  on  (0,  x)  and.  when  restricted 
to  the  complement  of  some  first  category  set,  has  second  countable  range. 
Then  the  map  (r,  s,  x)h->U(t,  s)x  is  sequentially  continuous  on  (0,  x)  x 

IR  x X. 


Theorem  3.  Let  X be  a subset  of  a Banach  space.  Suppose  that  for 
each  s e IR,  x e X,  the  map  ft— ► U(t,  s)x  is  weakly  continuous  from  the  right 
on  (0,  x).  Then  the  map  (r,  s,  x)i— >U(t,  s)x  is  continuous  on  (0,  x) 
x'ixl  with  respect  to  the  norm  topology  on  X. 


Theorem  4.  Let  X be  a subset  of  a uniformly  convex  Banach  space. 
Suppose  that 

(a)  For  each  .Sj,  s2  e IR,  x,,  x2  el,  t„-*0+  implies 

lim  inf||l/(f„,  s1)xl  - U(tn,  s2)x2||  < \\x1  - x2||; 

n-*  x 

(b)  For  each  s e IR,  x e X,  the  map  ti->  U(t,  s)x  is  weakly  continuous 
from  the  right  at  t = 0. 

Then  for  each  s e IR,  x e X,  the  map  ti->  U(t,  s)x  is  continuous  on  [0,  x) 
with  respect  to  the  norm  topology  on  X. 

The  proofs  of  Theorems  1-4  may  be  found  in  [2].  The  method  is  to  prove 
the  results  first  in  the  semigroup  case,  and  then  to  apply  the  semigroup 
theorems  to  the  semigroup  {S(f)},  te  IR  + , which  is  defined  on  the  space 
IR  x A"  by 


S(t) 


s + t 
U(t,  s)x 


(1) 


To  show  that  (A)  is  satisfied  it  is  sufficient  to  prove  that  U(t,  s)x  = 
u(t,  f(s ),  x)  for  some  functions  u and  /,  where  / : IR  -♦  Y is  continuous,  Y is 
a topological  space,  and  u(t,  •,  •):  Y x X -*  X is  sequentially  continuous  for 
each  felR  + . In  applications  f(s)  may  be  the  s-translate  of  a function 
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q:  R -+  L,,  where  T,  is  a topological  space,  J (s)(t)  = q(s  + t)  for  t e R,  and 
the  function  q represents  time-dependent  coefficients  in  an  equation 
generating  the  process  { U(t,  .s)[. 

There  are  useful  methods  of  generating  a semigroup  from  a given  process 
other  than  by  (1).  (See  Dafermos  [3]  and  the  references  therein.)  However, 
these  methods,  while  having  definite  advantages  over  (1)  for  stability 
theory,  do  not  improve  our  results. 


3.  Some  Counterexamples 

Perhaps  the  simplest  example  of  an  evolutionary  process  is  when  X = R 
and  each  operator  U(t,  s)  is  linear  and  defined  on  R x R.  Let  {C(r,  .s)J  have 
the  form 

U(t,  s)r  = es"-s,r  (2) 

for  some  function  q:  R x R ->  R.  q satisfies  the  functional  equation 

q(t  + r,  .v)  = q(t , r + s)  + q(r,  s)  for  all  f,  t,  s e R.  (3) 

The  general  solution  of  (3)  is 

q(t,  s)  = h(t  -I-  s)  - /i(.v),  (4) 

where  h:  R -*  R is  arbitrary.  It  is  therefore  clear  that,  for  example,  neither 
strong  measurability  nor  Baire  continuity  of  (f,  s)h->  U(t,  ,s)x,  xeX,  suffices 
to  prove  continuity  of  this  map  when  (A)  is  replaced  by  an  assumption  of 
continuity  of  C/(/,  s).x  with  respect  to  x alone. 

When  \U(t , .s)}  = \ T(t)\  is  a semigroup  then  q(t,  s)  = f(t),  where  / satisfies 
Cauchy's  equation 

f(s  + r)  = f(s)  + /(f),  s,  / e R.  (5) 

By  Theorems  1 and  2 any  measurable  or  Baire  continuous  solution  of  (5) 
is  continuous,  and  thus  of  the  form  At  for  some  constant  A.  In  1905, 
Hamel  [5]  showed  using  the  axiom  of  choice  that  there  are  discontinuous 
solutions  of  (5).  Thus  even  for  semigroups  of  continuous  linear  operators 
on  a Banach  space  Theorems  1 and  2 are  false  without  the  hypothesis 
of  measurability  or  Baire  continuity  on  the  map  ft—»T(f)x.  Can  this 
hypothesis  be  weakened  to  the  requirement  of  precompactness  of  T((a,  (i))x 
for  all  x,  /(  e R * ? This  question  is  motivated  by  the  result  of  Ostrowski  [7], 
who,  extending  work  by  Darboux  [4]  and  Sierpinski  [8],  showed  that 
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any  solution  / of  (5)  that  is  bounded  above  on  a set  of  positive  measure 
is  necessarily  continuous  (for  an  alternative  proof,  see  Kestelman  [6]). 
The  answer  is  no.  For  example,  define  [ / (t )},  / g R,  by 

T(t)(±n/2)  = ±n/2 

7(f)r  = tan  '[/(f)  + tan  t],  t g ( — n/2,  n/2), 

where  / is  any  discontinuous  solution  of  (5).  It  is  easily  checked  that  (6) 
defines  a group  of  continuous  (nonlinear)  operators  on  [ — 7t/2,  7r/2]  such 
that  each  nontrivial  orbit  is  discontinuous  [in  fact,  there  will  be  just  one 
orbit  in  ( — n/2,  n/2)  if  and  only  if  / is  bijective — such  solutions  / to  (5)  are 
easy  to  construct  using  a Hamel  basis  of  R over  the  rationals].  {7(f)},  t e R, 
can  be  trivially  extended  to  R.  Finally,  we  remark  that  (.S'(t)d)(i)  = 0(7(t)t) 
for  0 € C[0,  1]  defines  a group  }S(f)},  f g R,  of  linear  isometries  on  C[0,  I] 
with  the  maximum  norm  such  that  each  nontrivial  orbit  is  discontinuous. 
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In  this  paper  we  shall  indicate  the  connection  between  the  ability  to 
solve  the  so-called  regulator  problem  over  infinite  intervals  and  the  existence 
of  feedback  controls  that  stabilize  linear  evolutionary  processes.  Because 
of  space  limitations  it  will  be  assumed  the  reader  is  familiar  with  the 
concepts  of  stability,  asymptotic  stability,  uniform  asymptotic  stability  (see, 
e.g.,  [2]),  and  the  basic  properties  of  linear  evolutionary  processes  in  a 
Banach  space  (see.  e.g.,  [3]).  Without  further  comment  we  shall  consider 
only  processes  S(t,  t0)  that  for  / > t0  satisfy  the  conditions 

(i)  |S(f,  t0)|  < Me**'  where  a > 0,  M > 1,  and  both  are  independent 
of  l0 , and 

(ii)  iim,_,  • S(t,  1 0)x0  = x0  for  aii  x0  in  the  space. 

We  shall  discuss  only  one  slightly  simplified  problem,  where  we  consider 
the  interconnection  between  the  solution  of  the  regulator  problem  and  the 
existence  of  a stabilizing  feedback  control. 


Problem  1.  This  involves  the  optimization  over  u of  the  functional 

. X t X 

C(u.  tf).  t0)  = \ (Wx(t,  <f>,  f0),  x(/,  0,  t0))dt  + | (Uu(t),u(t))dt  (1) 

*0  * *0 

which  is  subject  to  the  constraint 

x(r,  rf) , t0)  = S(t,  t0)(f)  + | S(t,  s)B(s)u(s)  ds  (2) 

•to 

It  is  assumed  for  t > r0  that  x(f,  4 >,  to)  l'es  'n  a real  Hilbert  space  //,, 
u is  a measurable  vector-valued  function  from  [0,  x)  into  the  real  Hilbert 
space  //2,  B is  a strongly  measurable  uniformly  bounded  mapping  from 
[0,  /.)  into  y (//2,  //,),  and  IT  and  U are,  respectively,  positive  definite 
mappings  in  y (//,,  //,)  and  y'(//2,  II 2) 
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Without  further  assumptions  there  is  a question  concerning  the  existence 
of  a solution  for  (1)  and  (2).  This  is  taken  care  of  if  the  following 
hypothesis  holds. 


Hypothesis  1.  For  every  (p  in  H l5  independently  of  t0  there  exists  a 
real  number  M(</>)  such  that  C(u.  (p.  t0)  < M((p)  for  at  least  one  measurable 
u : [0,  oc)  -»  H2  ■ 

If  Hypothesis  1 holds  then  Problem  1 has  a unique  solution.  Furthermore 
this  solution  is  described  by  a feedback  control  that  transforms  (1)  into  a 
uniformly  asymptotically  stable  evolutionary  process.  To  be  exact  there 
exists  K:  [0,  H x)  such  that  the  unique  optimal  u is  given  by 

u(t)=  -U-'B*(t)K(t)x(t)  (3) 

and  hence  the  solution  of  (1)  satisfies  a linear  integral  equation  that 
describes  a uniformly  asymptotically  stable  evolutionary  process  T(r,  f0). 

It  has  been  suggested  that  Hypothesis  1 is  a bit  strong  in  that  it  may  be 
difficult  to  verify.  One  answer  to  this  criticism  is  to  indicate  the  extent 
to  which  it  is  a necessary  assumption.  For  autonomous  problems,  that  is, 
where  B is  constant  and  S(t,  t0)  = S( I — i0,  0)  if  t>t0,  the  hypothesis  is 
necessary  and  sufficient  if  we  wish  to  optimize  (1)  subject  to  (2)  and  (p  is 
allowed  to  run  over  the  entire  space  H x.  The  following  is  an  example  of 
an  autonomous  system  (2)  that  for  u(t)  = 0 has  all  solutions  tending  in 
norm  to  zero  yet  has  initial  values  for  which  it  is  impossible  to  optimize 
(1).  On  l2  consider  the  control  problem  x = Ax  + Bu  in  which  the  *th 
coordinate  is  described  by 

• = j ~xt  + xi+l  + u(t),  1 < i < m 

I X/  + xj+1,  /'  > m + 1 

Let  (p  = a = (a , Then  the  solution  of  (4),  x(f,  (p , w),  has  its  ith 

component  given  by 


x s n m 't  / # ..  \j  ~ i 

~‘tai  + n.+  I | ^)ds,  \<i< 


X,(0  =■ 


n~o  j-.'  0 

e ' Z ai+n 


(/-*')! 


m 


(5) 


i > m > 1 


I n=0 

It  is  shown  in  [1]  that  if  u(t)  = 0 the  solutions  of  (4)  are  asymptotically 


STABILIZATION  OF  LINEAR  EVOLUTIONARY  PROCESSES 


97 


stable  but  not  uniformly  asymptotically  stable,  and  in  fact  for  uniform 
asymptotic  stability,  the  uncontrolled  system  must  satisfy 

) |x(f)|2  dt  < o o 

■ 0 


for  all  solutions  x(t).  However,  if  u,  = 0,  1 < / < m,  the  solutions  of  (5)  are 
the  same  as  the  uncontrolled  system.  Hence  the  system  can  never  satisfy  a 
quadratic  functional  of  the  form  (1).  In  fact  it  can  be  shown  that  if  a,  = 1 //, 
i > m + 1.  then  the  value  of  (1)  is  infinity  for  all  u.  On  the  other  hand  if 
a,  = 0,  i > m,  then  (1)  has  an  optimal  solution. 

The  next  two  examples  indicate  that  systems  that  neither  are  completely 
controllable  nor  have  homogeneous  parts  uniformly  asymptotically  stable 
may  satisfy  Hypothesis  1.  Consider  the  mixed  initial  value-boundary  value 
problem 


d2w 
dt 2 


d2w 


dx 


dw 

2 ~ dt+  U(t) 


or. 


w(x,  0)  = £ an  cos  2 nnx  = </>(x) 


(6) 


cw 


n = 0 

oc 


, (x,  0)  = Y.hn  cos  2nnx  = ij/(x) 

dt  n = 0 

where  ^=0  un  + b2  < oo.  The  general  solution  of  (6)  has  the  form 


w(x,  t)  = a0  + fW  ~ e ')  + | [1  - e 11  S)]u(.s)  ds 

• 0 

ao 

+ e~,!i  | X (*n  cos  0Jn 1 + P„  sin  a >t)  cos  2 nnx 
(e~sl2/oj„)  sin  < ojt  — s)u(s)  ds 


+ e~"2  I 

n=  1 


n = I 


• 0 


cos  2 nnx  (7) 


From  (7)  we  see  that  if  u(t)  = 0 the  solution  is  stable  but  not  uniformly 
asymptotically  stable.  On  the  other  hand,  it  is  easy  to  see  that 

«o  + 0o(l  “*"')+  | ' [I  — c_<'_s,]n(s)  ds 
• o 

can  be  controlled  to  zero  in  a finite  time  Tby  a control  taking  only  values 
± 1.  From  this  it  is  elementary  to  verify  that  Hypothesis  1 holds. 
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Next  consider  the  second-order  system  of  ordinary  differential  equations 

.v(r)  = A(t)x(t)  + B(t)u(t)  (8) 

where 


A(t)  = 


— 1 — sin  t + cos  t — sin  f -t-  cos  t 

1 + sin  t - cos  t sin  t — cos  t 


B(t) 


(COS  l | 
1 — COS  t I 


and  u(t)  is  a measurable  scalar  function.  If  we  define  for  any  solution 
x(t)  of  (8) 


cos  t 


*>-  _i;~;  "cos' 


cos  t 


.x(f) 


then  it  is  elementary  to  verify  x(f)  = y(t)  + z(r), 

v(t)  = A(t)y(t ) + B(t)u(t)  and  z(t ) = A(t)z(t) 

Moreover  \z(t)\2  < |z(/0)|2e_2('_'o),  y(t)  is  completely  controllable,  and 
since  the  system  is  periodic  of  period  2n  Hypothesis  1 is  satisfied. 
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A number  of  authors  [1-8]  have  studied  nonlinear,  autonomous  functional 
differential  equations  and  proved  the  existence  of  periodic  solutions.  We 
shall  describe  here  a new  global  bifurcation  theorem  that  implies  the  known 
existence  results  for  periodic  solutions  and  also  provides  new  information 
concerning  the  structure  of  the  set  of  periodic  solutions,  e.g.,  how  the 
period  of  a periodic  solution  varies  with  parameters  in  the  equation. 
As  an  illustration,  we  shall  study  a van  der  Pol  equation  with  time  lag. 

First,  we  need  some  definitions.  If  C is  a topological  space,  x0  e C,  W 
an  open  neighborhood  of  x0 , and/:  W — {x0}  -*Ca  continuous  map,  then 
x0  is  an  “ejective  point  of/”  if  there  exists  an  open  neighborhood  U0  of  x0 
such  that  for  every  x e U0  — {x0}  there  is  a positive  integer  m(x)  = m such 
that  /m(x)  is  defined  and  fm(x)  $ U0.  If  C is  a topological  space,  y0  e C, 
W an  open  neighborhood  of  y0,  and  f:  W -*  C a continuous  map,  y0  is 
called  an  “attractive  point  for  /”  if  there  exists  an  open  neighborhood  U0 
of  y0  and  for  any  open  neighborhood  V of  y0  there  exists  an  integer 
m(V)  = m such  that  fj(U0)  <r  W for  0 < j < m and  fj(U0)  <=  V for  j > m. 

We  now  consider  the  following  situation:  C is  a closed,  convex  subset 
of  a Banach  space  X and  J is  an  interval  of  reals  of  the  form  (u,  oo), 
— oo  < a < oo.  To  focus  attention  on  important  points,  we  collect  the  routine 
assumptions  in  one  hypothesis. 

HI.  The  origin  0 is  an  extreme  point  of  C and  0 ^ C.  F:  C x J -+  C 
is  a map  such  that  F(0,  A)  = 0 for  A e J and  F|(C  — {0})  x J is  continuous. 


* Partially  supported  by  NSF  GP  43003. 
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There  exists  a constant  k < 1 such  that  for  every  bounded  set  A cz  C and 
bounded  interval  J0  c J , F(A  x J0)  is  bounded  and  y(F(A  x J0 ))  < ky(A), 
where  y denotes  measure  of  noncompactness.  There  exists  a subset  A of  J 
that  has  no  finite  accumulation  point  and  has  the  property  that  if  J0  is  any 
compact  interval  contained  in  J such  that  A n J0  is  empty,  there  exists  a 
positive  number  <:  = r.(J 0)  such  that  F(x,  A)  / x for  A e J0  and  0 < x < c. 

As  usual,  it  actually  suffices  in  H I to  assume  F is  a local  strict  set 
contraction  and  n — F is  a proper  map  on  bounded  sets,  where  7t(x,  A)  = x. 
Below  we  define  F,(x)  = F(x.  A). 

Theorem  1.  Suppose  that  HI  holds  Assume  that  A0  e A and  that  F is 
continuous  on  an  open  neighborhood  of  (0.  A0)  in  ('  x J.  Assume  that 
there  exists  an  open  interval  J0  about  A0  such  that  0 is  an  attractive 
point  of  F-  for  A e J0 . A<A0,  and  0 is  an  ejective  point  of  FA  for 
AeJ0,  A>A0,  or  vice  versa.  Finally,  assume  that  if  a>  — x and  if 
F(Xj,  A j ) = x j for  some  sequence  (xj,  A;)  e (C  - JOj)  x J with  /.t  -» a.  then 
x,  -»  + x . Then  if  S denotes  the  closure  in  C x J of  J(x,  A)eCx  J:x  / 0 
and  F(x,  A)  = xj  and  S0  denotes  the  r -iximal  closed,  connected  component 
of  S that  contains  (0,  A0),  it  fo1'  vs  that  either  ,S’0  is  unbounded  or 
(0,  A, ) e S0  for  some  /.1  e A wit1  i ^ A0  • 

The  novelty  of  Theorem  1 lies  in  the  lack  of  smoothness  assumptions  on 
F ^ at  Oand  in  the  use  of  some  elementary  ideas  from  asymptotic  fixed-point 
theory. 

As  an  application  of  Theorem  1.  consider  the  following  equation: 
x (f)  = y(f)  + - a(<;)(x(f))\  y'(t)  = -x(t  - r)  - li(i:){x(t  - r))’  (1) 

The  results  we  shall  describe  have  analogs  for  the  more  general  equations 

x (f)  = >(0  + ./<(x(0),  y'(f)  = -&(*('  ~ r))  (2) 

but  for  simplicity  we  shall  restrict  ourselves  to  (I).  We  shall  always  assume 

H2.  The  constant  r is  strictly  positive  and  the  functions  a and  /f  are 
defined  and  continuous  for  all  real  t:.  Furthermore,  a(e)  > 0 for  all  real  c, 
> 0 for  all  real  e,  and  r/f(e)/a(/:)  < 1 for  all  real  r.. 

As  usual,  let  C denote  the  cone  {( <f> , >0)|y0  > 0;  4>\  [-r,  0]  ->  U is  a con- 
tinuous monotonic  increasing  function  such  that  </>(-r)  = 0}.  For  each 
( 4> , y0)e  C,  there  exists  a unique  solution  (x(f),  >’(/))  of  (1)  defined  for  all 
t > 0,  and  such  that  x|[-r,  0]  = 0 and  y(0)  = y0.  If  (</»,  >0)  ¥=  0,  define 
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z,  = z,(0,  y0,f:)  to  be  infjf  > 0 : x(t)  = 0}.  If  zx  < oo,  define  z2  = z2(</>,  y0,  e) 
to  be  inf{/  > z,  : x(r)  = 0}.  If  z2  is  finite,  define  F(0,  y0,  <:)  = Fe(<p,  y0)  = 
(t //,  Vi)  e C,  where  = x(t  + z2  + r)  for  -r  < t < 0 and  = y(z2  + r)- 
If  z2  is  infinite  or  if  (0,  y0)  = 0,  define  F(<p,  y0,  e)  = 0.  It  is  easy  to  see 
that  nonzero  fixed  points  ( <p , y0)  of  Ft  give  nontrivial  periodic  solutions 
of  (1)  of  period  z2(</>,  y0,  e)  + r.  One  can  also  prove  that  F:  C x R -»  C 
takes  bounded  sets  to  precompact  sets  and  is  continuous  on  [C  x ( - oo,  0)]  u 
[(C-{0})x[0,  x)]. 

Theorem  2.  Assume  H2  and  suppose  that  limE_  _ x (/?(e)/a(c))  = 0. 
Define  v0  to  be  the  unique  solution  of  v2  = cos  rv  such  that  0 < v < n/2r 
and  define  i:0  = — (sin  rv0)/v0 . Let  S denote  the  closure  in  C x IR  of 
{((</>'  yo),  >'■)  ■ ( (p > y0)  # 0 and  Ff(</>,  y0)  = </>}  and  let  S0  denote  the  maximal 
connected  component  of  5 that  contains  (0,  e0).  Then  S0  is  unbounded. 
No  point  of  the  form  (0,  e)  is  an  element  of  S for  e / e0 . There  exists 
a number  e,  < i:0  such  that  5 n (C  x ( — oo,  £t))  is  empty.  Finally,  for  every 
finite  number  s,Sn  (C  x ( — oo,  e))  is  bounded. 

Theorem  2 implies  immediately  that  for  each  e > e0,  Eq.  (1)  has  a non- 
trivial periodic  solution;  and  even  this  existence  result  is  new. 

For  each  ((0,  y0),  e)  e S - {(0,  c0)},  we  can  define  p(((f>,  y0),  e)  to  be  the 
period  of  the  corresponding  periodic  solution,  namely  z2(0,  y0,  e)  -I-  r;  and 
it  is  not  hard  to  prove  this  is  a continuous  map  on  S - {(0,  e0)}- 

Lemma  t.  Assume  H2,  let  v0  be  as  in  Theorem  2,  and  define  p( 0,  e0)  = 
2n/v0 . Then  p:  S -*  R is  a continuous  function  on  all  S. 

Lemma  2.  Assume  H2  and  suppose  that  limj£(^ ^ = 0.  Then  it 

follows  that 

lim(inf{p(</>,  y0,£') : (</>,  >’0,£')  e S and  e'  > e})  = oc. 

£“♦  X 

Using  Lemmas  1 and  2 we  immediately  obtain 

Theorem  3.  Assume  H2  and  suppose  that  lim^.,,*,  a(e)  = 0.  Let  v0 
be  as  in  Theorem  2.  Then  for  each  number  q > 2 n/v0 , there  exists 
($,  y0,  c)e  S0  such  that  p(4> , y0,  e)  = q.  In  particular,  for  each  q > 2n/v0, 
there  exists  an  k and  a nonconstant  periodic  solution  of  (1)  of  period 
precisely  q. 
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The  details  and  proofs  of  these  and  related  results  will  appear  in  [9] 
and  [10]. 
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In  this  paper  we  report  on  some  results  that  may  be  regarded  as  new 
details  in  the  general  theory  of  equations  cited  in  the  title.  To  be  more 
precise,  we  consider  the  equation 

x(f)=|  drj(s)x{t  + s),  (1) 

• -h 

where  r/(  ) is  an  n x n matrix  of  bounded  variation  on  [ — h,  0],  h > 0.  With 
respect  to  notation,  definitions,  and  general  results  we  refer  to  the  book  by 
Hale  [2].  If  A is  the  infinitesimal  generator  of  the  semigroup  defined  by  the 
solutions  of  (1)  and  /0  is  in  the  spectrum 

,o 

a A = Pa  A = {/  e C | det  A(A)  = 0},  A(A)  = kl  — I eAs  dtj(s), 

• -h 

then  it  is  well  known  that  the  generalized  eigenspace  M,o(A)  is  given  by 
ker(A0  / — /l)m,  with  m the  algebraic  multiplicity  of  A0,  and  we  have 
dim  M/q(A)  = m [3],  If  we  choose  a base  </>,,  cpm  of  M,  (A)  and  define 
<Pm)  then 

/lO;  = B:  , 

where  B,  is  an  m x m matrix.  It  is  known  that  the  only  eigenvalue  of 
B/{  is  /0 . But  it  seems  that  results  regarding  the  Jordan  canonical  form 
of  B,a  are  not  available  in  the  literature.  The  situation  is  completely 
clarified  in 

Theorem  1.  Let  A0  be  in  a A with  algebraic  multiplicity  m.  Then  there 
exist  uniquely  determined  integers  0 < d,  < ■•■<•••  <dk  and  m,,  ...,  mk, 
n\j  > 0,  such  that 

n = m,  + • • ■ + mk , m — + ■ • • + dk  mk . 


* In  pari  supported  by  the  Deutsche  Forschungsgemeinschaft.  AZ.  477/436/74. 
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Furthermore,  the  Jordan  canonical  form  of  B,  contains  exactly  Jordan 
cells  of  dimension  dj,j  = 1,  k. 

The  proof  of  this  theorem  is  based  on  the  equality 

dim(ker(B/o  — A0  iy)=  dim(ker  Aj),  7 = 0,1,...,  (2) 

where 

/ A(A  0)  j,A(^o)  ”■  ‘W  1 


\ 0 •••0  A(A0)  / 

is  a jn  x jn  matrix.  The  rank  of  A j can  easily  be  computed  if  a “local” 
normal  form  of  A(A)  at  A0  is  introduced: 

K(k)  = diag((A  - A0 ^(A), ....  (A  - A0 ^(A)),  (3) 

where  /C7(A)  is  trij  x nij  and  det  Kj(A 0)  / 0. 

Remark  1 . The  computation  of  the  numbers  dj  and  m7 , which  are  uniquely 
determined  by  A(A),  can  be  done  according  to  the  following  simple  algorithm : 
Define  the  numbers  = dim(ker  A 7),  j = 1,  2,  and  a0  = n,  a,  = <7,, 

a j = <r;  — <7,-,,  j = 2,  3,  Then  (a,)  is  a decreasing  sequence  and  the 

numbers  d}  and  are  given  by 

«o  = ••■  = «</,>  «d1  + i = •••  = > a</2+ 1 = 

Wj  = - (xJj+ 1,  7 = 1, k. 

Note  that  mk  = txJk  because  ddk+i  = 0. 

Remark  2.  Since  the  functions  in  M;o(A)  are  of  the  form 
<p(s)  = X bdk.s  ‘S  se[- h,  0], 

7 = 0 J ■ 

where  y = col (bJk,  b{)  is  a solution  of  Adky  = 0,  it  is  not  difficult  to 

determine  a base 

. Sk  sj 

®A0(s)  = eA«s  X Bdk_j  , Bt  n x n matrices, 

)= 0 J- 

such  that  Bio  is  in  Jordan  canonical  form. 
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Remark  3.  The  local  normal  form  /C(A)  at  A0  also  shows  that  the  order  j 

of  the  pole  of  A '(/.)  at  A0  is  given  by  dk  < m.  Therefore,  dk  is  the  order  of 
the  pole  of  the  resolvent  operator  (A/  — /l)-1  at  A0.  1 


Remark  4.  The  relations  for  the  numbers  dj , nij  given  in  Theorem  1 
show  that  dk  = m is  possible  if  and  only  if  either  k = 1 and  ml  = n = 1 
or  k = 2 and  dx  = 0,  m,  = n — 1,  m2  = 1 (n  > 1,  of  course).  This  shows 
that  for  a scalar  equation 

*<P,(0  = Z | xU>((  + s)  drlj+  i(4 

j = 0 • -h 

we  always  have  dk  = m. 


Remark  5.  If  we  consider  the  equation  adjoint  to  (1)  then  A0  is  in  the 
spectrum  of  the  corresponding  infinitesimal  generator  and  the  dimension 
of  the  corresponding  eigenspace  is  also  m.  Let  t \J/X,  i//m  be  a base  for  this 

eigenspace,  i J/j  now  being  a row  vector,  and  define  the  m x n matrix 
^/0  = co#, • I/J.  Then 

= e~ '-°s  X Cdk f , s e [0,  h], 

j= o J • 

where  (C,,  C(lt)Aji  = 0.  T„o  is  supposed  to  be  chosen  such  that 
*,.>  = where 

. o 

<i/r,  (p>  = <A(0)<p(0)  — | 

The  projection  <pp  of  ip  e C([-h,  0],  IR")  into  M^o(A)  can  be  calculated  using 
two  different  ways  [1]: 

( pp(s ) = Res  (e*'A  ~ 1 (A)p(A)),  s e [-  h,  0], 

/ = /q 

p(X)  = (p( 0)  - I drj{s) 

J -h 

If  one  compares  these  two  expressions  for  <pp,  then  the  principal  part  of  the 
expansion  of  A ‘(A)  in  a Laurent  series  at  A0  can  be  easily  obtained  if 


S 

j e*(s~u)(p(u)  du. 
• o 


f ,,^-0)drj(6M^)d^ 

o 
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O;o  is  chosen  such  that  B,  is  in  Jordan  canonical  form.  B,  = /.0  1 + N: 

H-j  = BjkNJ~lCjt,  j = l, dk. 

Moreover  we  have 

fl’v'V-lf* C')M[b) 

where  the  dkn  x dkn  matrix  M is  given  by  M = (My),  i,  j = 1, 

Afy  = A,i+J-,»(x0). 

Remark  6.  On  the  basis  of  the  general  theory  for  linear  autonomous 
functional  differential  equations  the  following  stability  criterion  is  an  obvious 
consequence  of  Theorem  1 : 

Theorem  2.  The  zero  solution  of  (1)  is  stable  if  and  only  if  for  all 
A0  e a A : 

(i)  Re  A0  < 0. 

(ii)  If  Re  /0  = 0 and  m is  the  algebraic  multiplicity  of  A0 , then  either 

m < n and  rank  A(/0)  = n - m, 
or 

m = n,  A(/.0)  = 0,  and  rank  A'(A0)  = n. 

If  one  deals  with  scalar  equations  then  condition  (ii)  can  be  replaced  by 
(see  Remark  4) 

(ii  ) If  Re  /0  = 0,  then  /.0  is  a simple  root  of  the  characteristic  equation. 

Remark  7.  The  results  of  this  chapter  also  hold  for  neutral  equations. 
In  the  case  of  Theorem  2,  the  difference  operator  associated  with  the 
equation  has  to  be  stable. 
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1.  The  Periodic  Case 


We  consider  first  the  scalar  equation 

x(t)=  tpj(r)x(f  ~ Aj),  (1.1) 

7=1 

where  the  Pj  are  continuous  real-valued  periodic  functions  of  period  w and 
0 = A0  < At  < •■•  < A„.  Let  x(t , £,  t)  denote  the  solution  of  (1.1)  that  for 
t e [t  — An,  t]  has  the  initial  function  £.  Here  £ belongs  to  C[  — A„,  0],  the 
space  of  continuous  complex-valued  functions  on  [ — A„,  0].  In  the  usual 
way  x,  = x(t  + 0,  (,  t)  for  Oe  [-A„,  0]  and  t > r denotes  an  element  of 
C[  — An,  0],  and  the  translation  map  U defined  by 

Ux0  = xw  (1.2) 


is  a compact  map  of  C[-An,  0],  with  the  uniform  norm,  into  itself  if 
w > A„  [12].  If  w < A„,  then  a suitable  power  of  V is  compact  and  the 
results  are  essentially  the  same  [12].  Since  U is  compact  there  is  for  each 
characteristic  multiplier  y an  integer  n(y)  — dim  null  spac e((7  — y/)m  for  all 
m > m0( y)  and  a basis  ...,  0n(v)  for  this  null  space.  For  any  character- 
istic multiplier  y and  associated  basis  element  0,  we  shall  refer  to  the 
solution  x(t,  0,  0)  as  a solution  of  Floquet  type.  We  shall  assume  that 
the  Floquet-type  solutions  {x,}  have  been  ordered  so  that  if  y(  is  the 
characteristic  multiplier  associated  with  x,  and  A,  = (1/w)  log  yf  is  the 
associated  characteristic  exponent,  then  Re  Ai+1  < Re  A,  for  all  / > 0.  Then 
it  is  known  [12]  that  there  exists  k0  > 0 such  that  for  any  k > k0  there  is 
an  integer  M(k)  such  that  for  any  solution  x of  (1.1)  one  has 


lim  sup 

f-*X 


MJk) 

(ln|x(y)-  £ c,(x)x((f)|)/t 


i=  1 


< ~k. 


(1.3) 


* This  research  was  supported  by  National  Science  Grant  GP  28392. 
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Equation  (1.3)  asserts  that  there  is  a finite-dimensional  subspace  in  the 
solution  space  such  that  solutions  outside  this  subspace  tend  to  zero  at  a 
given  exponential  rate.  The  dimension  of  the  subspace  depends,  of  course, 
on  the  desired  rate  of  exponential  damping.  In  Section  2 we  note  how  this 
property  can  be  extended  to  nonperiodic  systems. 

The  example  x(t)  = sin  tx(t  — 2n)  for  which  U has  only  one  characteristic 
multiplier  shows  that  the  space  of  Floquet-type  solutions  may  have  finite 
dimension  [12].  For  this  reason  we  consider  the  following  two  questions: 

A.  When  does  a retarded  periodic  equation  possess  a countable  set  of 
characteristic  exponents? 

B.  If  there  exists  a countable  set  of  characteristic  exponents,  when  will 
the  series  Yj  = i ti(x)x,(f ) associated  with  a given  solution  x actually  converge 
to  x(f)? 

One  may  show  that  it  suffices  to  consider  the  second  question  for  the 
Green  function  G(f,  .s)  [5]. 

The  first  results  in  this  direction  were  obtained  by  Zverkin  [13],  who 
showed  that  if  A j = jw  then  the  set  of  characteristic  exponents  is  countable. 
He  also  showed  that,  unless  a change  of  variables  of  a certain  simple  form 
reduced  (l.l)  to  an  equation  with  constant  coefficients,  then  the  series 
YjL , c',(.s)x,(f),  associated  with  G(t , ,v),  diverges  for  arbitrarily  large  values 
of  (r  — s).  In  spite  of  the  fact  that  this  divergence  is  very  rapid,  it  has  since 
been  shown  [3]  that  the  associated  set  of  eigenfunctions  {</>,}  is  complete  in 
C[-A„,0]. 

In  an  attempt  to  avoid  this  divergence  problem  the  author  first  imposed 
restrictions  on  the  lags  A, . Two  very  limited  results  were  obtained  by  this 
means  [4,  5],  The  next  approach  was  to  consider  periodic  equations  as 
perturbations  of  autonomous  equations.  Thus  'he  author  [6]  considered 
perturbing  the  autonomous  equation 

x,n,(r)  - c0mx(f  - Am)  = 0 
by  an  expression  of  the  form 

m~  1 l(k) 

P(x(t»-  I A). 

<i  = 0 1 = 0 

where  the  clk  were  all  periodic  of  period  w.  Since  in  Eq.  (1.4)  the  translation 
Am  is.  roughly  speaking,  equivalent  to  n derivatives,  one  considers  the 
term  x(,)(t  — A*)  as  corresponding  to  / + rk  derivatives,  where  rk  = nAk  Am. 


(1.4) 

(1.5) 
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Thus  the  author  established  that  if 

max[/(A:)  + rk]  < n — 2,  (1.6) 

k 

then  the  periodic  equation 

*(n|(f)  - Comx(t  ~ Am)  = P(x(t))  (1.7) 

has  a countable  set  of  characteristic  exponents  and  the  Floquet  series 
associated  with  the  Green  function  G(t,  s)  converges  for  t — s > 0. 

In  later  works  [7,  8]  the  author  extends  this  result  to  more  general 
equations 

m g0 1) 

L(X(D)  S *'">(,)  + X X *«(<  - «T»)  = P(x(,)).  (1.8) 

h=0  9=0 

and  condition  (1.6)  on  the  perturbation  term  was  replaced  by  a more  general 
condition  D,  which  in  the  special  case  of  equations  of  the  form  (1.7)  becomes 
[8] 

max[/(A.)  + rk]  < n — 1.  (1.9) 

k 

The  divergence  results  of  Zverkin  were  then  used  to  show  that  this  result 
could  not  be  improved  except  possibly  to  replace  the  sign  < in  (1.9)  by  <. 


2.  The  Nonperiodic  Case 

Condition  D mentioned  above  may  be  generalized  to  equations  of  the 
form 

L(.x(r))  = P(x(f)),  (2.0) 

where  the  clk(t)  in  P(x(t))  are  almost  periodic  or  simply  continuous 
functions  with  uniformly  bounded  derivatives.  The  author  has  shown  [9.  10] 
that  these  equations  possess  an  approximation  property  similar  to  that 
described  in  (1.3).  Thus  for  any  function  one  defines  the  upper  characteristic 
exponents 

Mf  ±)  = lim  sup[log|/(f)|/|f|]  as  t -»  ± oo.  (2.1) 

Then  if  the  clk  are  almost  periodic,  the  author  has  shown  [9]  that  there 
exists  a sequence  {a,},  lim^x  a,  = x,  and  an  increasing  sequence  {Wj}  of 
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vector  spaces  of  dimensions  {M(aj)}.  If  >’  e Wj , then  y is  a solution  of  (2.0) 
and 

A(y,  - ) < aj , A(y,  + ) < a0 . (2.2) 

Furthermore,  every  solution  x of  (2.0)  has  a unique  decomposition 

x = xij  + x2j,  (2.3) 

where  x{je  Wj  and  A(x2j,  + ) < —aj. 

If  the  clk  are  assumed  only  to  be  continuous  with  uniformly  bounded 
derivatives,  then  the  author  [10]  has  shown  that  for  any  £ > 0 there  is  a 
sequence  {bj},  bj  = oo,  and  an  increasing  sequence  {Wj}  of  vector 

spaces  of  dimension  {M(bj)}.  If  ye  Wj , then  y is  a solution  of  (2.0)  and 

A(y,  - ) < bj  + e,  k(y,  + ) < b0  + £.  (2.4) 

Furthermore,  every  solution  x of  (2.0)  may  be  written  in  the  form 

x = xu  + x2j,  (2.5) 

where  xl7-  € Wj  and  2(x2j-,  + ) < -bj  - e. 
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Consider,  as  a simple  prototype,  the  linear  scalar  delay  differential 
equation 

x'(t)  = f(t)x{t  - 1),  (1) 

and  let  us  ask  whether  it  makes  any  sense  to  seek  solutions  on  R , or  just 
on  ( — x,  f0],  subject  to  given  point  data 

x(r0)  = *0-  (2) 

At  first  glance,  this  problem  looks  quite  hopeless.  Indeed,  if/  is  a nonzero 
constant  it  is  easily  seen  that  there  are  infinitely  many  solutions  of  (1) 
valid  on  R that  vanish  (together  with  all  their  derivatives)  at  t0  [4], 

Doss  and  Nasr  [2]  in  1953,  and  essentially  also  Fite  [5]  in  1921,  observed 
that  if  / is  continuous  and 

r i/(oi  * <i.  o) 

* - X 

then  Eqs.  (1)  and  (2)  have  a unique  hounded  solution  on  ( — x,  f0]- 
As  another  example,  the  functional  differential  equation 

x'{t)  = J (t)x(g(t)),  (4) 

with  nonconstant  delay  (or  advance),  has  a unique  solution  satisfying  (2) 
provided  / and  g are  continuous  and 

|0(/)-fo|^|'-'o|  foral1  *■  (5) 

This  was  shown  by  Fite  [5]  and  was  implicit  in  Polossuchin’s  dissertation 
[8]  in  1910. 

The  above  authors  all  considered  more  general  equations  than  ( 1 ) and  (4). 
But  their  papers  are  apparently  not  well  known,  for  minor  variants  of  these 


* Partially  supported  by  a summer  research  grant  from  the  University  of  Rhode  Island. 
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elementary  observations  have  been  rediscovered  and  republished  dozens  of 
times  in  the  past  few  years. 

Here  we  will  show  how  a natural  extension  of  Fite’s  and  Doss  and 
Nasr’s  theorems  does  actually  have  interesting  applications. 

Let  Jc  R be  an  interval  (open,  closed,  or  half  open  as  may  be  appropriate). 
Let  D be  some  subset  of  Rn  and  let  G be  a functional  mapping 
J x C(J , D)-*Rn.  We  write  | | for  any  convenient  norm  on  Rn.  Then  we 
shall  consider  the  functional  differential  system 

x'(t)  = G(t,  x)  (6) 

on  J,  with  given  point  data 

x('o)  = *o  (7) 

for  some  finite  t0e  J and  x0  6 D. 

A solution  of  (6)  and  (7)  will  mean  a differentiable  function  x:  J -»  D, 
which  satisfies  (6)  on  J and  satisfies  (7). 

Note  that  this  formulation  covers  systems  involving  advanced  as  well  as 
delayed  arguments.  Note  further  that  the  interval  J must  be  unbounded 
whenever  constant  delays  or  advances  are  involved  in  G. 

In  order  to  get  uniqueness  of  the  solution  of  (6)  and  (7)  we  will,  in 
general,  have  to  restrict  further  the  class  of  functions  considered  (as  Doss 
and  Nasr  [2],  Myskis  [6],  and  others  did).  Instead  of  demanding  bounded- 
ness of  x,  let  us  introduce  a function 

ReC(J,  (0,  1]), 

and  seek  solutions  of  (6)  and  (7)  in  some  set 

Sc{ze  C(J,  D) : n(t)\z(t)\  is  bounded). 

Theorems  1 and  2 give  sufficient  conditions  for  existence,  uniqueness,  and 
continuous  dependence  of  solutions  in  the  class  S. 

Theorem  1.  Assume  that 

(i)  (5,  d)  is  a complete  metric  space  when 

d(z,z)  = sup  |z(f)  - i(f)|/i(f). 

I € J 

(ii)  For  z e S,  G(\,  z)  e C(J,  Rn)  and  Tz  e S.  where 

(Tz)(f)  = x0+  | 'g(.v,  z)  ds. 

*0 
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(iii)  There  exists  a function  K,  e C(J,  R + ) such  that  whenever  z,  z g S, 

|G(r,  z)  - G(r,  z) | < Ki{t)d(z,  z), 
while  /i(r) | J',o  K,(s)  J.s|  < r < 1 for  each  t g J. 

Then  (6)  and  (7)  have  a unique  solution  in  S. 

Proof.  If  z,  z g S,  then  d(T z,  Tz)<rd(z,  z),  and  the  assertion  follows 
from  the  contraction  mapping  theorem. 

To  study  continuous  dependence  of  solutions,  let  G also  depend  on  a 
parameter  / in  some  metric  space  (A,  p).  Specifically,  let  G : J x C(J,  D ) x 
A Rn  and  consider  the  system 

x'(t)  = G(t , x;  /)  (8) 

on  J with  point  data  (7).  Then  the  following  theorem  asserts  continuous 
dependence  on  everything  in  sight  (jointly). 


Theorem  2.  Let  N <=  J and  H cz  D,  and  assume  that  hypotheses  (i)  and 
(ii)  of  Theorem  1 hold  for  each  (r0,  x0,  A)  g N x H x A.  Also  assume  that 

(iii')  There  exist  functions  Kx  and  K2  g C(J , R + ) such  that  whenever  z, 
z g S,  a,  a g A,  and  t e J, 

|G(f,  z;  a)  - G(t,  z;  a)|  < K^r^z,  z)  + K2(t)p(x,  /), 


while,  for  each  t0e  N and  t g J , 


R{t) 


Kt(s)  ds 


< r < 1, 


and 


M(0 


' K2(s)  ds 


< B. 


Then,  given  (f0 , x0 , A)  G N x H x A and  given  e > 0,  there  exists  S > 0 
such  that  if  (F0 , x0 , a)  g N x H x A with 

|r0-fo|<<5,  | Xq  — x0 1 < S,  and  p(A,  a)  < <5, 

the  corresponding  unique  solutions  in  S satisfy  d(x,  x)  < e. 


Proof.  Consider  (r0 , x0 , a)  a given  (fixed)  point  and  (r0 , x0 , a)  a nearby 
point,  both  in  N x H x A.  Then,  for  each  t e J , 


|x(f)  - x(f)|  < | x0  - x0 1 + 


r 

) G(s,x;k)ds 

* »o 


+ 


Ki(s)  ds 


d{x,  x)  + 


K2(s)  ds 


p(A,  X). 
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Multiply  through  by  /j(f),  recalling  that  0 < H(t)< 
premum  over  t e J to  find 

l,'o 


(1  - r)d(x,  x)  < |x0  - x0|  + 


| G(.v,  x;  X)ds 


1.  Then  take  the  su- 
+ Bf>(X,  X), 


I • »0  I 

from  which  the  asserted  continuous  dependence  follows. 


The  above  proofs  were  very  simple  because  of  the  nature  of  the  assump- 
tions on  G.  The  theorems  provide  a format  for  unifying  some  special  cases, 
rather  than  particularly  interesting  results  themselves. 

For  brevity,  only  Theorem  1 will  be  illustrated  with  examples. 

The  first  two  examples,  from  Nersesjan  [7],  show  the  need  for  the  main 
hypotheses  in  Theorem  1.  Both  of  these  examples  use  the  linear  scalar 
Eq.  (1). 


Example  1.  Consider  Eq.  (1)  with  J = ( — oo,  0],  r0  = 0,  and  /(f)  = 
2 te2'  Apply  Theorem  1 with  /<(f)  = 1,  S = jze  C(J,  R):  z boundedj,  and 
(t)  = |/(f)|.  It  follows  that  for  each  .x0  e R there  is  one  and  only  one 
bounded  solution  of  Eqs.  (1)  and  (2)  on  J.  However,  it  so  happens  that 
there  is  also  an  unbounded  solution  given  by  x(t)  = x0e'\  See  also  de 
Bruijn  [1], 


Example  2.  Consider  Eq.  ( 1 ) with  J = ( — oo,  /0],  where  t0  < 0,  and 

|0  for  ,<-1. 

J ’ |-2-2 1 for  - 1 < t < 0. 

Again  take  n(t)  = 1,  S = {zeC(J,  R):z  boundedj,  and  Kx(t)  = |/(f)|. 
Then  for  t0  < 0,  Theorem  1 guarantees  the  existence  of  a unique  bounded 
solution  of  Eqs.  (1)  and  (2)  on  J.  Moreover,  since  /(f)  = 0 for  / < — 1, 
there  can  be  no  unbounded  solutions.  Thus  Eqs.  (1)  and  (2)  have  a unique 
solution  on  J,  period! 

However,  if  t0  = 0 condition  (iii)  of  Theorem  1 fails  (since  r = 1).  And 
indeed,  it  is  easily  verified  that  each  solution  of  (1)  on  ( — oo,  0]  has  the 
form 

xi,)  = !c  for  ' < - '• 

|-c(2r  + f2)  for  — 1 < t < 0, 

where  c is  a constant.  Thus  there  are  no  solutions  of  (1)  and  (2)  if 
x0  ^ 0 and  infinitely  many  if  x0  = 0. 
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Example  3 (Small  delays).  Consider  the  vector  equation 

x'(f)  = F(t,  xt)  on  J = ( - oo,  r0],  (9) 

where  F is  a continuous  functional  mapping  J x % = J x C([-t,  0],  Rn) 
-*  Rn.  We  adopt  the  usual  conventions  x,(s)  = x(t  + s)  for  — t < s < 0 and 
ll/'ll  = Sup_tsss0|^(s)|  for  1 1/  e %. 

Assume  there  are  numbers  A > 0 and  K > 0 such  that 

|F(r,  0)j  < AeWx  for  t < t0 , 

and  whenever  (r,  i J/)  and  (r,  i })e  J x V, 

|F(r,  i A)  - F(r,  i^)|  < K\\ilf  - $\\. 

If  Kre  < 1,  Theorem  1 applies  with  n(t)  = 

S = {z  € C(J , F") : e'  r|z(f)|  is  bounded}, 

and  X , (r)  = + >.  Thus,  for  each  x0  e F",  there  is  a unique  solution  of 

(9)  and  (7)  in  S. 

Example  3 is  of  interest  because  these  solutions,  extended  to  F,  are 
actually  the  “special  solutions”  that  characterize  the  asymptotic  behavior 
of  all  solutions  of  Eq.  (9)  as  r -+  + x.  See  Rjabov  [10],  Uvarov  [12], 
and  Driver  [3]. 

Corollary  (to  Example  3).  Pointwise  degeneracy  (see  Popov  [9])  can- 
not occur  for  a system  (9)  having  Lipschitz  constant  K < l/xe  and  F(f,  0) 
bounded. 

Example  4 [Generalizing  condition  (5)].  Consider  (6)  and  (7),  with 
t0  = 0 for  convenience.  Assume  that 

(a)  G( , z)  e C(J,  Rn)  for  each  z e C(J , D), 
and  there  exist  constants  A and  K such  that 

(b)  0 6 D and  |G(f,  0)|  < AeK^  for  all  t e J, 

(c)  |G(f,  z)  - G(f,  z)\<  K supw  <k |,  S6,  | z(s)  - z(.s’)  | , whenever  teJ  and 
z,  z e C(J,  D). 

Choose  any  c > K and  apply  Theorem  1 with  n(t)  = e~c\l\ 

S = \z  e C(J,  D) : t,_‘l'l|z(r)|  is  bounded}, 
and  Ki(t)  = Kec I'l  The  conclusion  is  that  Eqs.  (6)  and  (7)  have  a unique 
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solution  in  S.  Moreover,  it  can  be  shown  that  any  solution  of  (6)  and  (7) 
must  lie  in  S.  So  we  actually  have  unqualified  uniqueness. 

Example  5.  The  equations  of  one-dimensional  motion  for  two  classical 
electrons  give  rise  to  a complicated  system  of  functional  differential  equa- 
tions with  state-dependent  delays  [4],  However,  in  several  respects,  a 
reasonable  “prototype”  appears  to  be  the  simple  equation 

y"(t)  = a/y2(t  - t),  (10) 

where  a and  t are  positive  constants.  Let  us  seek  a solution  of  (10)  on 
J = ( — x,  0]  satisfying 

y(0)  = yo>0,  y'(0)  = vQ  < 0.  (11) 

It  is  convenient  to  put  (10)  and  (11)  into  the  format  of  (6)  and  (7)  with 
n = 1.  This  can  be  done  by  introducing  v(t)  = y'(t)  and  writing 

v'(t)  = a y0-  | v(s)  ds  (12) 

• f - T 

on  J , with 

i>(0)  = Vq  <0.  (13) 

By  some  straightforward  estimates,  one  can  show  that  if  (10)  and  (11)  have 
a solution,  then 

y'  = V e S = \z  e C(J , R) : v0  + a/y0  v0  < z(t ) < u0}. 

Then,  using  //(f)  = 1,  the  above  set  5,  and 

K,(/)  = -2a-  (f  - r)[v0  + v0  ■ (t  - r)]“3, 

the  conditions  of  Theorem  1 are  found  to  be  fulfilled  for  (12)  and  (13) 
provided  v02y0  > a.  Thus  it  follows  that  if  v02y0  > a,  then  Eqs.  (10)  and 
(11)  have  a unique  solution  on  ( — x,  0]. 

With  considerably  more  work.  Theorem  1 can  be  applied  to  prove  the 
existence  of  a unique  "backwards”  solution  of  the  equations  of  one- 
dimensional motion  for  two  electrons  treated  in  [4], 

Unsolved  Problems.  These  include  Eqs.  (10)  and  (11)  on  ( — x,  0] 
with  Vo  > 0 and  i0  = 0.  Existence  (but  not  uniqueness)  has  recently  been 
proved  by  Travis  [11]  for  the  actual  electrodynamics  model  in  [4]  for  this 
case  (and  others). 
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If  this  problem  has  a unique  solution,  it  will  then  be  of  interest  to  study  the 
equations  for  two  charged  particles  under  the  influence  of  both  retarded  and 
advanced  interactions. 

Added  in  Proof : The  “unsolved  problem”  for  two  electrons  described  in 

[4]  and  mentioned  above  in  connection  with  Eqs.  (10)  and  (11),  with  v0  — 0, 
has  now  been  partially  solved.  An  ingenious  proof  of  existence  and  unique- 
ness whenever  r02  + a/y0  is  sufficiently  small  and  the  motion  is  symmetric 
was  presented  by  V.  I.  Zhdanov  at  the  Fourth  All-Union  Conference  on  the 
Theory  and  Applications  of  Differential  Equations  with  Deviating  Argument, 
Kiev,  USSR,  Sept.  1975  (abstracts,  pp.  91,  92).  In  view  of  the  difficulties  that 
Zhdanov  had  to  overcome,  Eq.  ( 10)  now  appears  too  simple  to  be  a prototype 
for  this  problem. 
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In  the  last  few  years  Zdenek  Vorel  and  the  author,  and  more  recently 
Javier  Gonzalez  and  Rodolfo  Suarez,  have  been  interested  in  studying  the 
conversion  of  functional  differential  equations  into  ordinary  ones.  Here  we 
report  some  of  our  latest  results  in  this  direction.  We  shall  deal  only  with 
the  so-called  retarded  case.  The  advanced  and  mixed  cases  are  treated  in  [1], 
Let  h,  a be  positive  reals.  If  x is  a function  from  [ — h,  a]  into  IR",  the 
symbol  x,  will  denote  a function,  also  from  [ — h,  a]  into  IR",  defined  as 
follows: 


x,(.s) 


jx(.s) 

U (0 


if  — h < s < f, 
if  t < s < a. 


We  shall  consider  the  space  Lp{[  — h,  a],  IR"),  and  some  subset  B of  it. 
We  will  require  of  B that  if  x e B then  x,  makes  sense  and  x,e  B also. 
This  will  be  the  case  if  B contains  only  (classes  of)  functions  that  are 
continuous  in  [0,  a],  and  then  x(f)  is  the  value  at  t of  the  continuous 
element  in  the  class.  Of  course,  we  are  interested  in  x,  for  t € [0,  u]  only. 
This  being  the  case,  let  /be  a function 

f:  B x [0,  ai\  -*  IR", 


which  is  given.  Define  now  a new  function  F, 

F:  B x [0,  a]  -»  Lp([  — h,  a],  IR") 

as  follows.  For  any  pair  (x,  t)e  B x [0,  a],  F(x,  t)  is  (the  class  of)  the 
function 


F(x,  /)(t)  = 


(° 

\J(x„  t) 


a step  function  with  a jump  at  t. 


if  — h < x < t, 
if  t < t < a. 
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Let  </>:  [ — h,  a ] -*■  1R"  be  a given  function  in  B,  such  that  q>(l ) = <p( 0)  if 
0 < t < a. 

Consider  now  the  following  problems: 


x(t)  = f[x„  f), 

0 < t < a. 

(1) 

x(f)  = (p(t). 

- h < t < 0, 

^ s- 

II  II 

S o 

0 < t < a. 

(2) 

Problem  (1)  contains  the  usual  retarded  functional  differential  equations, 
while  problem  (2)  is  an  ordinary  Cauchy  problem  in  Lp. 

With  these  conventions  we  have: 

Theorem  1.  If  for  all  x e B the  function  J (x. , •)  e Lp([ 0,  a],  IR"),  then : 

(i)  Ifx  is  a solution  to  problem  (1)  then  y(t)  = x,  is  a solution  to  problem 

(2)- 

(ii)  Conversely,  ifyis  a solution  to  problem  (2),  then  there  exists  a unique 
x e B such  that  y(t)  = x(,  and  this  x is  a solution  to  problem  (1). 

The  proof  of  this  theorem  is  based  on  the  following: 

Lemma.  Under  the  hypothesis  of  Theorem  1, 

! F(x,  s)  ds  (t)  = I J(x,,s)ds,  r e [0,  a], 

• 0 • 0 

where  fi  = min(r,  /). 

This  lemma  is  rather  nontrivial  since  it  implies  that  the  t argument  can 
be  put  inside  the  left  integral.  This  integral  is  considered  in  the  sense  of 
Bochner. 

The  proofs  of  these  results  are  contained  in  [2], 

As  an  application  we  mention  the  following  results,  whose  proofs  are 
contained  in  [3]. 

Theorem  2.  If  the  following  hypotheses  are  fulfilled, 

(1)  /(x.,  )gLp([0,  a],  R"), 

(2)  IJo[/(*j’ s)  - /(>,,  s)]  ds|p  is  small  for  |x  - y|/.p  small,  and 

(3)  | /(x,,  s)  ds\p  < m(s)  ds , for  some  mtegrable  m , 

then  problem  (1)  has  at  least  one  solution. 


i 


J 
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Theorem  3.  If  hypotheses  (1)  and  (3)  of  Theorem  2 are  satisfied,  and 
also 

(4)  I jo  [/(•*,.  s)  - f(ys,  V)]  c/.s  I < /c(.s)  I - ys\Lp  for  some  increasing, 

positive,  and  integrahle  k , 

then  the  solution  to  problem  (1)  is  unique. 

The  reason  these  theorems  hold  is  that  using  the  equivalence  between 
problems  (1)  and  (2),  as  stated  in  Theorem  1,  then  Theorem  2 can  be 
reduced  to  a Caratheodory  type  of  problem,  and  Theorem  3 is  proved  by 
a Gronwall  inequality  type  of  argument. 
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The  objective  of  this  paper  is  to  extend,  for  a system  of  functional 
differential  equations  of  neutral  type,  the  results  obtained  by  Hale  [6]  and 
Cooke  [2]  for  retarded  equations  and  by  Ize  [8]  for  neutral  equations  with 
constant  lag.  We  give  here  an  idea  of  the  historical  development  of  the 
problem  and  the  statement  of  the  theorem.  The  complete  proof  will  appear 
in  the  Journal  of  Mathematical  Analysis  and  Applications.  We  assume  that 
the  reader  is  familiar  with  the  notation  used  in  the  field  (see  [8]  or  [5]). 
Consider 

MO  - ao  - r)  - a(t)(x(t)  - x(t  - r))]  ^ ^ 

= b0x(t)  + c0  x(t  - r)  + b(t)[x(t)  - x(t  - r(f))] 

where  r > 0,  a0,  b0,  and  c0  are  constants,  a(t),  b(t)  continuous  for  t > 0, 
and  r(f)  continuous,  0 < r(r ) < r. 

For  the  retarded  differential  difference  equation 

x = (b0  + b(t))x(t)  + (c0  + c(t))x(t  - r(t))  (2) 

where  r(t)  = r = const,  Bellman  and  Cooke  [1]  showed  that  if  b(t)->  0, 
c(f)  ->  0 for  t -*  oo,  and  b(t)  and  c(r)  are  small  in  a certain  sense,  then  the 
solutions  of  (2)  have  the  form  p(t)eA',  where  eM  is  a solution  of  the  un- 
perturbed equation 

x = a0x(t)  + b0x(t-r)  (2') 

and  p(t)  is  an  appropriately  selected  function  of  t. 


* This  research  was  partially  supported  by  FAPESP.  CNPQ,  CAPES,  and  FINEP. 
Brazil. 
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Hale  [6]  considered  a more  general  class  of  equations  of  the  form 

v = L(x,)  + F(t,  a,)  (3) 

x6C([<T-r.ff  + 4R"),  x,{6)  = x(t  + 0).  F:Q->R" 

QeRxC([-r.0].Rn).  \F(t.  0)|  < y(f)|!</»  . 0 = sup  |0(<>)| 

— r < ()  s 0 

and  was  able  to  extend  the  results  of  Bellman  and  Cooke  by  proving  that 
if  Jx  y(r)  dt  < x and  //  is  a simple  characteristic  root  of  \ = L(x,)  such 
that  any  other  root  with  real  part  equal  to  Re//  is  simple,  then 
Eq.  (3)  has  a solution  of  the  form 

v(r)  = exp[//(f  - a)  + s(f.  /t)][/j  + <>(l)]. 

, I 

s(t,  a)  — xd  | F(  r.  0„(r))  </r.  <t>„(0)  = —r  <0  < 0 

• o 

where  a and  d are  given  constants. 

Cooke  [3]  considered  the  equation 

x + ax(t  — /•))  = 0 (4) 

or.  what  is  the  same,  x = —ax(t)  + a[x(t)  — x(t  - r(f))].  where 

L(0)  = 0).  F{t,  0)  = 40(0)  - 0(-r(r))] 

which  do  not  satisfy  the  hypotheses  ||F(f.  0)||  < y(r)||0||,  $*y(t)  dt  < oc, 
0 < r(t)  < r.  We  can  use  the  space  C([  — r,  0],  R"),  but  if  0 is  also 
Lipschitz,  then 

|F<r.*)||Sa*|r<f)|  (5) 

This  result  shows  that  we  can  use  a more  general  hypothesis  if  we  restrict 
ourselves  to  a particular  subclass  of  C. 

Cooke  then  considered  the  subspace  C'  of  C of  the  continuous  Lipschitz 
functions  that  satisfy 

|0(0|)-0(0a)|£*|0i-<M.  -r<el  <e2<0  (6) 

For  0 in  C'  we  let  k 0 be  the  infimum  of  k for  which  (6)  is  valid.  We 
define  the  norm  ||0||j  = ma x{A^ , ||0|| }. 

Cooke  [3]  uses  the  hypothesis  |F(f,  0)|  < y(/)||0|| f*y(t)dt  < x,  and 
extends  Hale's  paper  in  [6],  but  he  uses  the  additional  condition 
lim,.,^  y(t)  = 0 not  used  by  Hale  and  not  used  here. 

The  structure  of  solutions  of  Eq.  (1)  is  much  more  complicated  than  for 
a retarded  equation.  First  of  all,  Eq.  (2  ) has  only  a finite  number  of 
eigenvalues  to  the  right  of  zero,  and  if  these  eigenvalues  are  simple  and 
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have  nonpositive  real  parts,  the  solutions  of  (2')  are  bounded,  the  operator 
T(t)4>  = x,(<t,  4>)  for  (2')  is  compact,  and  the  spectrum  of  (2')  is  enumera- 
ble. This  is  not  true  for  the  associated  equation 

jt  [*(0  - a0  x(t  - r)]  = b0  x(t)  + c0  x(t  - r)  ( 1') 

The  operator  T(t)  associated  to  (T)  is  not  compact  and  also  has  a continuous 
spectrum.  Additionally,  an  example  given  by  Gromora  and  Zverkin  [9] 
shows  that,  even  when  (!')  has  simple  characteristic  roots  with  real  part 
less  than  or  equal  to  zero,  (T)  may  have  unbounded  solution.  Furthermore, 
the  variation  of  constant  formula  that  represents  the  solution  of  (1)  is  a 
Stieltjes  integral  equation. 

We  extend  the  result  of  Hale  and  Cooke  to  a general  class  of  neutral 
equations  of  the  form 


[D(xt)  - G(t,  xf)]  = L(xt)  + F(t , xt) 

(7) 

jt  [D(x,)]  = L(x.) 

(8) 

where  D,  L are  continuous  linear  functionals,  G is  nonatomic  at  zero  [5], 

Mmo).  lw  = i ° dimm 

‘ - r * - r 

with  /l  rj  of  bounded  variation,  lim^o,  J - £ I d/i(0)  | = 0,  and  n has  no  singular 
part,  that  is, 

f 0 Mms)  = i Ak<H - mi)  + f ^ ” mm  m,  o<wk<r 

‘ - r 1 * -r 

i\Ak\+\  \A(e)\d6<oc,  k=  1,2,... 

1 • ~r 


The  adjoint  equation  for  (8)  is 


d 

da 


y{a)  - I y(a  - d)  dn(6) 


= - 1 y{t-0)  MQ) 


* -r 


The  characteristic  values  of  (8)  are  the  roots  of  the  equation  [4,  7] 

det  A(A)  = 0 

.0  ,o 

A(A)  = / - | e'-°  dn(6)  - | e'°  = AD(eA7)  - L(e*I) 

* — r * “ r 


(8') 

(9) 
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^ ro(f)  = exP  aDl  is  the  spectral  radius  of  T(t),  then  aD  = sup{Re  a | det  A(A) 
= 0}.  In  particular,  if  aDo  = e\p(aDot)  is  the  spectral  radius  of  TDo(t)\CD 
corresponding  to  dD(x,)/dt  = 0,  then  aDo  = sup{Re  A | det  D(exI)  = 0}  if  this 
set  is  not  empty,  and  aDa  = — oo  otherwise. 

If  a > aDo,  there  is  only  a finite  number  of  roots  of  det  A(A)  = 0 with 
Re  /l  > a,  and  if  Aa  = {A  e a(A) : Re  X > a},  then  C can  be  decomposed  by 
A0,  as  C = Pa®  Qa,  where  Pa  and  Qa  are  subspaces  of  C invariant  under 
T(t ) and  A,  where 

A<f>  = lim  - [7(00  - 0] 

f-o+  1 

If  x(<r,  0)(O  is  a solution  of  (8),  then  xt  = x,p  + xft.  If  X(f)  is  an  n x n 
matrix  of  bounded  variation  in  t for  t e [0,  oo)  continuous  to  the  right,  for 
which  D(Xt)  = J{>  L(XS)  ds  + /,  then  X0(d)  = 0 if  -r  < 6 < 0,  X0(6)  = 1 if 
0 = 0.  Since  X(r)  is  a solution  of  (8),  one  may  take  X,  = T(t)X0. 

Using  the  results  above  and  the  Banach  fixed-point  theorem,  we  prove 
the  following  theorem: 

Let  n.  Re  fi  > aDo-  be  a simple  characteristic  root  of  (8);  that  is,  n is  a 
simple  root  of  det  A(A)  = 0.  Then  there  exist  a column  vector  c and  a row 
vector  d such  that  ce'"  is  a solution  of  (8)  and  de~ "r  is  a solution  of  the 
adjoint  equation  (8'),  — oc  < f < oo,  — oo  < r < oo. 

Let 

<f>u(9)  = ceMfl,  — r < 0 < 0,  (^a(r)  = de-M\  0<t<r 

«-■  =W„.4>„)-*,(0|O(^)+  f°  f - opmwt) (10) 

* - r • 0 

- I f - WnmWO 

‘ -r  ‘ 0 

and  let  Xo(0)  = 0,  -r  < 0 < 0,  Xo(0)  = 0,  0 = 0. 

Theorem.  Suppose  that  Re  ^ > aDo,  where  n is  a simple  characteristic 
root  of  (9),  and  suppose  that  all  other  characteristic  roots  of  (9)  with  real 
part  equal  to  Re  n are  also  simple.  Let  and  a be  defined  as  in  (10). 
Let 

<5(0  = ocd{F(t,  0„)  + nG(t,  0,)  + F[f,  G(t , 0 J]} 

where  F(t,  0)  and  G(t , 0)  are  linear  in  0 and  there  exist  continuous 
functions  y(t)  and  n(t)  for  which  F(r,  0)  and  G(t,  0)  satisfy 

|F(t,  0)|  < y(O||0||„  |G(f,  0)|  < 7t(O||0||i,  t >a 
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Let  s(t,  ct)  = Jo  d(£)  d£  and  let  y(t)  and  n(t)  satisfy  one  of  the  following 
hypotheses: 

(I)  J*  y(t)dt  < oo,  J'  n(t)  dt  < oo,  lim,_*x  n(t)  = 0; 

(II)  For  any  (i  > 0 there  exists  a function  y2(f)  defined  for  I > 0 for 
which 


lim  7t(/)  - 0, 

f -*  00 


lim  y2(t)  = 0 

r-»  oo 


7(0/  2 (0  dt  < 00, 


*(072(0  dt  < 00 


[ exp[~P(t  — t)  — Re  s{t,  t)] 

* a 

x [y(t)  + 7t(t)  + 7(t)7t(t)]  dr  < y2(t ),  t > a > 0 

00 

) exp[/f(i  — t)  - Re  .v(r,  r)] 

* t 

X [v(t)  + tt(t)  + y(t)7t(r)]  dr  < y2(t),  t > 0 

,i  + t)  i 

i exp [~li(t  - r)  - Re  s(t,  t)][y(r)  + tt(t)  + 7(t)tt(t)]  dr 

* i + o 2 

<y2(O|0.  -02\,  -r<0l,02< 0 

Furthermore  for  any  real  number  v,  any  n-dimensional  row  vectors  rj 
and  A,  and  any  continuous  function  W,  defined  for  t > o with  values  in  C' 
such  that  ||  H^||  is  bounded  when  t -+  o o,  we  have 

00 

I exp[iv(f  - t)  - s(t,  r)]{rj[F(r,  Wx)  + F( r,  X0)G(r , Wx)\  - AG(t,  Wt)}  dr 

‘ t 

£ [hi  + l^|]/2(0  sup  ll^ll,,  t > a 

Under  these  conditions,  there  exists  a a > 0,  sufficiently  large,  and  a vector 
a different  from  zero  such  that  system  (7)  has  a solution  x(t)  defined  for 
t > 0 satisfying 

x(t)  = exp[^(f  — a ) + s(t,  (r)][a  + o(  1 )]  when  t -+  oo 
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Consider  the  positive  limit  set  A + (y)  of  a solution  y(t)  of  an  autonomous 
differential  equation  y = f(y),  whose  second  member  is  defined  and  con- 
tinuous on  some  open  subset  Q of  Rn.  A simple  and  important  property 
is  that  A + ( y)n  fl  is  an  invariant  set  (see,  e.g.,  Hartman  [1]).  There  exist 
quite  a number  of  generalizations  of  this  property  to  various  types  of 
equations,  dynamical  systems,  and  processes  (cf.  the  bibliography  of  Hale 
et  al.  [2]).  But  in  most  cases,  part  or  all  of  the  following  three  hypotheses 
have  been  used  in  the  proofs  (whereas  they  do  not  appear  in  Hartman’s 
theorem  quoted  above): 

(1)  There  is  only  one  solution  through  every  initial  point; 

(2)  Every  solution  can  be  continued  up  to  — x on  the  left  and  + x on 
the  right; 

(3)  The  solution  y(t)  generating  the  limit  set  either  is  bounded  or  remains 
in  some  compact,  or  closed,  subset  of  ft. 

An  exception  is  Strauss  and  Yorke  [3],  who  need  none  of  these  conditions 
in  their  study  of  asymptotically  autonomous  differential  equations. 

No  doubt  at  least  conditions  (2)  and  (3)  are  often  violated  in  practical 
cases.  Hence  the  aim  of  this  paper  is  to  give  some  answer  to  the  following 
question;  For  a retarded  differential  equation,  what  “pseudoinvariance" 
properties  of  A + (y)nQ  can  be  derived  without  conditions  (1)  and  (2),  and 
with  or  without  a condition  like  (3)?  Certain  types  of  positive  pseudo- 
invariances  are  easily  obtained  for  unbounded  solutions,  but  it  is  only  by 
adding  the  requirement  that  y(r)  be  uniformly  continuous  that  we  shall  be 
able  to  ascertain  the  same  types  of  pseudoinvariances,  this  time  negative  as 
well  as  positive.  And  there  are  indications,  to  be  dealt  with  elsewhere, 
that  this  supplementary  hypothesis  of  uniform  continuity  cannot  be  dis- 
pensed with  completely.  Like  that  of  Hartman  [1],  our  proofs,  which  rely 
of  course  on  Ascoli’s  theorem,  result  from  the  application  of  some  pre- 
liminary theorems  on  the  regularity  of  solutions.  Here  we  give  only  the 
final  statements,  i.e.,  those  concerning  invariance.  Detailed  proofs,  including 


133 


134 


N.  ROUCHE 


the  regularity  theorems,  will  be  published  elsewhere.  For  a study  similar  to 
this  one,  but  regarding  nonautonomous  Caratheodory  differential  equations, 
see  Rouche  [4], 

For  some  r > 0,  let  C'  = C([-r,  0],  Rn ) be  the  space  of  continuous 
functions  on  [ — r,  0]  into  R".  With  no  possibility  of  confusion,  we  write 
||-||  for  a norm  in  Rn  and  the  norm  of  compact  uniform  convergence  on 
C.  For  h > 0 and  x:  [a  - r,  a + />]-►  R",  I -» x(f)  a continuous  function, 
we  use  the  standard  notation  x,  e C,  x,(0)  = x(t  + 0).  Let  D = R x Q,  where 
Q is  an  open  set  of  C.  Let  .7  be  the  class  of  continuous  functions 
J:  D-*Rn.  For  some  (t0,  (p0)eD  and  a sequence  (f0,  £ = L 

2,  ...,  we  consider  the  following  Cauchy  problems: 


X = /(/,  X,), 

(i) 

xt0  = 

(2) 

xk  = fkU*  xrk)' 

(3) 

A,  = <pok  ■ 

(4) 

We  say  that  the  functions  fk,  k = 1,  2,  ...,  take  closed  hounded  subsets  of 
D into  hounded  sets  of  R"  uniformly  with  respect  to  k,  if  for  every  closed 
bounded  subset  FcD,  there  is  an  m > 0 such  that  for  k = 1,  2,  ...  and 
every  (/,  (p)e  F : \\fk(t,  </>)||  < m. 

The  translate  by  a given  amount  a > 0 of  a function  / e .'7  is  the  function 
Ja  6 .7  defined  for  every  (t,  <p)  e D by  fa(t,  (p)  = f(t  + a,  <p).  The  following 
two  hypotheses  will  play  a central  role  hereafter: 

(A)  There  exists  a continuous  function  /*:  Rn  such  that  for  every 

(/,  (p ) s D,  fa(t , t//)-*  f*(<p)  as  a ->  oo  and  tp  — ip. 

(B)  For  every  sequence  { akl  tending  to  oo,  there  exists  a function 
f*  e .7  and  a subsequence  {«*,„}  such  that  for  every  (/,  tp)e  D and  every 
sequence  [cpk)  tending  to  </>: 

JaJU  <pk{i))  - /*(t,  tp ) as  i - oo. 

Remark.  Suppose  that  (p  being  fixed,  the  convergence  of  fUtii  to  /*,  as 
mentioned  in  (B),  is  for  any  r uniform  on  the  half  line  [t,  oo[.  Then  it  is 
known  [5]  that  there  exist  two  functions  <y(f,  tp)  and  /i(f,  </>),  the  first  almost 
periodic  in  t in  the  sense  of  Bohr,  the  second  approaching  zero  as  t -»  x, 
and  such  that  f(t , <p)  = g(t,  <p ) + h(t,  cp).  In  this  case,  / may  be  called 
asymptotically  almost  periodic.  Otherwise,  of  course,  the  class  of  functions 
satisfying  property  (B)  is  larger  and  might  well  deserve  some  further 
exploration. 
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A subset  F c:  ft  will  be  said  to  be  semi-invariant  with  respect  to  Eq.  (I), 
whose  second  member  is  supposed  to  possess  property  (A)  if,  for  every 
(/0,  </>0)e  R x F,  there  exist  a < f0  - r,  <»  > t0 , and  a noncontinuable 
solution  x:  ]a,  o)[->  Rn  of  the  Cauchy  problem  x = f*(t,  xf),  x,o  = (p0, 
such  that  for  every  t e ]a  + r,  cu[,  x,  e F. 

A subset  F c Q will  be  said  to  be  quasi-invariant  with  respect  to  Eq.  (1), 
whose  second  member  is  supposed  to  possess  property  (B),  if  for  every 
(f0,  </>0)e  R x F,  there  exist  a limit  function  /*  of  the  type  mentioned  in 
hypothesis  (B),  two  quantities  a < t0  — r,  to  > /0,  and  a noncontinuable 
solution  x:  ]a,  <d[  -*  Rn  of  the  Cauchy  problem  x = f*(t,  x(),  x,o  = </>0, 
such  that  for  every  t e ]a  + r,  co[,  x,  e F. 

Positive  semi-  and  quasi-invar  ianee  are  derived  from  these  two  concepts, 
respectively,  by  substituting  for  x a solution  x:  [f0  — l,  w[  -*  Rn  non- 
continuable to  the  right. 

We  arc  now  in  a position  to  state  the  following  theorems. 

Theorem  1.  Assume  that 

(i)  / verifies  hypothesis  (A); 

(ii)  For  every  sequence  { ak } <=  [0,  oo[,  ak  -»  oo,  the  functions  / and  fUk 
take  closed  bounded  sets  into  bounded  sets,  uniformly  with  respect  to  k; 
let  x:  [/0  - r,  oo[  -*  R"  be  a solution  of  problems  (1)  and  (2)  and  assume 
further  that 

(iii)  For  some  closed  bounded  set  M c=  Q and  all  / e [r0 , oo[,  x,  € M, 
then  A * (x)  is  semi-invariant. 

Theorem  2.  If  one  replaces  property  (A)  in  Theorem  1 by  property  (B), 
then  A'(x)  is  quasi-invariant. 

Theorem  3.  Assume  that 

(i)  / verifies  hypothesis  (A); 

(ii)  For  every  sequence  { ah } c [0,  oo[,  ak  -»  oo,  the  functions  / and  fUi 
take  closed  bounded  sets  into  bounded  sets  uniformly  with  respect  to  k\ 
if  x : [f0  — r,  oo[  -»  Rn  is  a solution  of  problems  ( 1 ) and  (2),  then  A + (x)nfl 
is  positively  semi-invariant. 

Theorem  4.  If  one  replaces  property  (A)  in  Theorem  3 by  property  (B), 
then  A + (x)nfl  is  positively  quasi-invariant. 
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Theorem  5.  If  one  adds  to  the  hypotheses  of  Theorem  3 that  x is 
uniformly  continuous,  then  A + (x)nQ  is  semi-invariant. 

Theorem  6.  If  one  adds  to  the  hypotheses  of  Theorem  4 that  x is 
uniformly  continuous,  then  A + (x)nfi  is  quasi-invariant. 
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During  the  last  twenty-five  years  there  has  been  a great  deal  of  research 
on  questions  of  boundedness,  stability,  and  oscillation  of  solutions  to  func- 
tional differential  equations.  This  research  was  motivated  at  first  by  problems 
in  automatic  control,  but  of  late  such  equations  have  arisen  in  the  model- 
ing of  diverse  physical,  biological,  and  ecological  phenomena.  (See,  for 
example,  the  recent  book  of  May  on  ecology  [1].)  These  models  often  give 
rise  to  equations  of  a very  simple  type,  but  which  nevertheless  exhibit 
quite  complicated  behavior.  In  spite  of  this,  the  vast  majority  of  the 
mathematical  literature  deals  with  the  local  behavior  of  very  general  equa- 
tions. There  is  a startling  lack  of  results  of  a nonlinear,  global  nature  for 
the  simplest  classes  of  differential  delay  equations. 

In  a recent  paper  [2],  we  established  a result  of  this  type  for  the 
simplest  possible  differential  delay  equation, 

/(f)  = -F(y(f-  1)),  (1) 

where  F(0)  = 0,  F:  R ->  R is  continuously  differentiable,  and  dF(y)/dy  > 0 
for  all  y e R.  We  showed  that  if  F'(0)  > n/2  and  F(y)  > — B for  all  y e R, 
then  there  is  an  annulus  A in  the  (y(f),  y(t  — 1))  plane  whose  boundary 
is  a pair  of  orbits  in  R2  of  slowly  oscillating  periodic  solutions,  and  A is 
asymptotically  stable.  The  region  of  attraction  of  A includes  all  oscillating 
solutions  that  do  not  oscillate  too  quickly  (in  the  sense  that  higher 
harmonics  do). 

The  purpose  of  this  paper  is  to  establish  an  extension  of  this  result  to 
a broader  class  of  differential  delay  equations.  In  particular,  we  consider 
equations  of  the  form 

y'(')  = -f(y(t),  y(t  - i)),  (E) 
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where /( 0,  0)  = 0,/:  R2  -*  R is  continuously  differentiable,  and  df( 0,  y)/dy 
> 0.  The  choice  of  this  particular  class  of  equations  was  motivated  by 
simple  mathematical  models  that  apparently  cannot  be  transformed  into  the 
form  of  Eq.  (1).  Lasota  and  Wazewska  modeled  the  size  N(s)  of  the  adult 
red  blood  cell  supply  in  an  animal  as  a function  of  time  s.  The  equation 
that  arises  in  that  model  is 

N'(s)  = — fiN(s)  + pe~'/N(s~h\  s > 0,  n,f),y,h>0.  (2) 

(See  [3]  for  a more  complete  discussion  of  the  model.)  Under  a suitable 
change  of  variables  this  equation  may  be  transformed  to 

x'(f)  = — ax(t)  + ?-*<'- 0,  a > o.  (3) 

Equation  (3)  has  a trivial  periodic  solution,  namely,  the  constant  solution 
x(t)  = c,  where  c is  the  unique  real  root  of  the  equation  — ac  + e~c  = 0. 
The  change  of  variables  y = x — c now  transforms  (3)  to 

/(f)  = —ay(t)  — ac[  1 — (4) 

for  which  y = 0 is  a solution.  Numerical  studies  of  Lasota  and  Wazewska 
suggested  the  existence  of  a nontrivial  periodic  solution  of  (4)  for  small  a. 
These  oscillations  correspond  to  blood  cell  variations  observed  over  periods 
of  weeks  in  certain  trauma  cases.  Chow  [3]  was  able  to  use  a fixed-point 
theorem  of  Browder  to  establish  the  existence  of  such  a nontrivial  periodic 
solution,  provided  a is  suitably  restricted.  We  will  show  that  under  these 
hypotheses  there  exists  an  asymptotically  stable  annulus  in  R2  whose 
boundary  consists  of  a pair  of  nontrivial  periodic  orbits.  All  slowly  oscillat- 
ing solutions  whose  derivative  is  also  slowly  oscillating  tend  asymptotically 
to  this  annulus. 

Similar  results  will  hold  for  oscillations  around  the  positive  constant 
solution  of  the  following  generalized  logistic  equation,  which  occurs  in 
population  dynamics, 

x'(f)  = x(t)[a  — bx(t)  — cx(t  — 1)],  a,h,c>  0.  (5) 

(See  May  [1,  pp.  80,  94-100]  for  cases  where  either  b or  c is  0.) 
Equation  (4)  is  transformable  to  (E)  by  letting  y = ln(x/x0),  where 
x0  = a/(b  + c)  is  the  positive  constant  solution  of  (5). 

Let  us  proceed  now  to  a statement  of  our  main  result. 

Assume  that  / is  continuously  differentiable  and  satisfies  the  following 
hypotheses: 

(HI)  /(0,0)  = 0, 

(H2)  (df/dy)(x,  y)  > 0 for  all  (x,  y)e  R2, 
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(H3)  f(Q,y)>-B  for  some  B > 0, 

(H4)  (df/dx)(x,  y)  > 0 for  all  (x,  y)  e R2. 

Let  C = C(J , R)  denote  the  set  of  all  continuous  functions  mapping 
J = [—  1,  0]  into  R.  Let  Cm  denote  the  set  of  all  0 e C satisfying 

0 has  at  most  one  zero  on  J,  (6) 

If  0 has  a zero  in  (0,  1 ),  then  0 must  change  sign  there.  (7) 

If  >(  ■)  is  a function  defined  on  [/  — 1,  f]  we  will  write  y,(  ) to  denote  the 
function  y,(s)  = y(t  + s),s  e J.  It  was  shown  in  [2]  that  the  set  C„  is  positively 
invariant  for  (1).  In  that  paper,  solutions  of  (1)  for  which  y,(  )e  Cm  for  all 
I > to  were  said  to  be  slowly  oscillating.  It  is  precisely  these  slowly 
oscillating  solutions  that  constitute  the  region  of  attraction  of  the  asymp- 
totically stable  periodic  orbits  whose  existence  was  established  in  [2], 
Unfortunately,  is  not  necessarily  positively  invariant  for  (E),  so  that  we 
will  have  to  identify  a subset  C*  for  consideration.  This  subset,  which 
we  will  denote  by  C^1,  will  have  the  additional  property  that  solutions  of 
(E)  for  which  y,(  ) e t/1  will  have  slowly  oscillating  derivatives.  This  addi- 
tional requirement  was  extraneous  in  [2]  because  of  the  fact  that  slowly 
oscillating  solutions  of  (1)  automatically  possess  slowly  oscillating  deriva- 
tives. (See  Proposition  2.1  in  [2].)  Precisely,  we  have  the  following. 

Definition.  Let  C/1  denote  the  set  of  all  those  0eCt  that  satisfy 
0(fj)  # 0 implies  f , is  not  a local  minimum  of  |0(-  )|, 

'ie(-LO).  (8) 

Our  principal  result  here  will  be  stated  in  terms  of  the  behavior  of 
solutions  in  the  (y(t),  y'(t ))  plane.  This  differs  somewhat  from  our  analysis 
in  our  previous  paper  [2],  in  which  we  considered  solutions  in  the  (y(f), 
-y{t  — 1))  plane.  The  choice  of  coordinates  in  that  paper  was  not  crucial 
because  of  our  monotonicity  requirements  on  F in  (1).  For  Eq.  (E),  how- 
ever, this  new  choice  of  axes  results  in  a considerable  simplification  of 
the  proofs. 

Let  q(t)  = (y(f),  /(f)),  where  y(t)  is  a solution  of  (E).  Let  d[\  ■]  denote 
the  usual  Euclidean  distance. 

Definition.  Let  S <=  R2  be  closed.  We  will  say  that  S is  C*1  -stable  in  R2 
for  (E)  if  for  each  f.  > 0 there  exists  a <5(*;)  > 0 such  that  when  y is  a slowly 
oscillating  solution  of  (E)  on  [f0,  oo)  (i.e.,  y,  e C*1  for  all  t > t0)  satisfying 

d[q(t),  S]  < S(f.)  for  fe[f0,f0+l]. 
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we  have 

c/[g(r),  S]  < e for  all  f > t0. 

We  will  say  that  S is  a C^-global  attractor  in  R 2 if  for  each  solution 
y of  (E)  such  that  for  some  t > 0 we  have  q(t)  -»  S as  t -*  oo. 

We  say  S is  C*  -globally  asymptotically  stable  if  S is  -stable  and  is  a 
C^'-global  attractor. 

Definition.  For  a periodic  solution  y of  (E)  we  define  the  orbit  of  y in  R2 
by  Oy  = { q(t ) : t e R}.  We  say  y is  a simple  periodic  solution  of  (E)  if  Oy  is  a 
simple  closed  curve. 

For  a simple  periodic  solution  the  curve  Oy  separates  the  plane  into  two 
parts.  We  let  Int  Oy  and  Ext  Oy  denote,  respectively,  the  closures  of  the 
interior  and  exterior  regions  of  the  plane  that  are  determined  by  the  simple 
closed  curve  Oy,  in  accord  with  the  Jordan  curve  theorem. 

Definition.  We  say  A c R2  is  a periodic  C -annulus  if  there  are  simple 
periodic  solutions  x and  y of  (E),  with  Oy  a Int  Ox  and  with  x,,  y,e  C*1  for 
all  t e R,  such  that  A = Int  Ox  n Ext  Oy . 

Definition.  We  will  say  that  the  linear  equation 

y'(t)= -a\y(t)~  a2y(t  - 1)  (L) 

is  unstable  if  there  exists  a solution  y(f)  of  (L),  defined  on  [r0,  oo),  for 
which  lim,_x  sup|y(r)|  = oo.  For  (L),  our  notion  of  instability  coincides 
with  any  of  the  standard  definitions  of  instability. 

We  are  now  prepared  to  state  our  principal  result. 

Theorem  1.  Let/:  R2  -*  R satisfy  (H1)-(H4).  Suppose  further  than  (L) 
is  unstable,  where  ay  = {df/dx)( 0,  0)  and  a2  = (df/dy)( 0,  0).  Then  there 
exists  a periodic  C^'-armiiius  A <=  R2  that  is  C^’-giobally  asymptotically 
stable  for  (E). 

The  techniques  we  use  to  prove  Theorem  1 are  related  to  the  Poincare- 
Bendixson  method,  which  we  would  like  to  have  used  in  the  (y(t),  /(f)) 
plane.  Unfortunately,  trajectories  of  solutions  of  (E)  cross  in  this  plane 
because  points  in  R2  do  not  determine  solutions  uniquely.  Our  principal 
lemma  (the  trajectory  crossing  lemma)  shows  that  if  two  trajectories  of  (E) 
in  R2  do  not  cross  for  a sufficiently  large  interval  of  time,  then  the  curves 
will  not  cross  in  the  future.  This  lemma  permits  the  use  of  analysis  similar 
to  that  of  Poincare-Bendixson. 
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We  consider  the  integral  equation 

x(t)  -I-  | a(t  - z)g(z,  x(z))  dz  = f(t ),  t e R,  (E) 

‘ “ OC 

as  well  as  the  related  integrodifferential  equation 

x(r)  + cg(t , x(f))  +|  b(t  - z)g(z , x(t))  dz  = <p(r),  t e R,  (E) 

* ~ X 

for  real-valued  functions  on  the  line.  Here  the  forcing  functions  / and  </> 
are  restricted  only  by  the  requirement  that  for  each  t e R,  the  function 
/'  (or  cp1)  given  on  the  nonnegative  axis  R+  by 

s*  * ft{s)  — f (t  s),  sc  R+, 

belongs  to  a preassigned  function  space  F (or  d>)  on  R + . 

Hereditary  equations  of  type  (E)  and  (£)  appear  in  several  contexts. 
From  the  standpoint  of  dynamical  systems,  an  equation  of  the  form  (E) 
occurs  as  a limit  equation  for  the  nonlinear  Volterra  equation 

y(t)  +|  a(t  - s)h(s,  y(s))  ds  = k(t),  t e R + , (V) 

• o 
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that  is,  functions  in  the  invariant  manifold  for  (V)  satisfy  (E),  for  an 
appropriate  pair  of  functions  g,f  (see  [7-10]).  On  the  other  hand,  (E)  and 
(E)  also  occur  as  the  description  of  relations  between  quantities  in  theories 
involving  hereditary  response  and  fading  memory  [1-4,  11].  That  is,  the 
functions  / and  x (respectively,  cp  and  x)  are  so  related  that  the  present 
value  of  the  output  / (respectively,  <p)  depends  on  the  present  value  of  the 
input  x (respectively,  x)  as  well  as  on  all  past  values  of  x.  Such  a relation- 
ship is  often  called  a hereditary  law. 

In  contrast  with  (V),  the  existence  problem  for  (E)  does  not  involve 
initial  data,  which  are  specified  by  the  very  form  of  the  equation.  Despite 
the  extensive  literature  regarding  (V),  there  seems  to  be  no  previous 
literature  on  an  existence  theory  for  (E)  in  the  sense  that  we  consider. 
Attention  is  restricted  to  kernels  a:  R*  -*■  R satisfying 

(Aj)  a is  bounded,  nonnegative,  and  nonincreasing,  as  well  as 
(A2)  a is  integrable;  or 

(A3)  for  some  y > 0,  ay : st-*evsa(s)  satisfies  (At)  and  (A2). 

Likewise  the  functions  g:  R x R->  R are  assumed  to  satisfy  (in  addition  to 
Caratheodory  conditions): 

(Gx)  ug(t,u)>  0,  a.e.  t e R, 

and,  sometimes, 

(G2)  mi— ♦ g(t,  u)  is  isotone  a.e.  t e R,  or 

(G3)  for  each  M > 0 there  are  pM,  Tm  > 0 such  that 

\g{t,u)\<pM\u\  for  |m|  < M,  a.e.  t>TM. 

The  following  main  results  are  established. 

(1)  If  (Aj),  (A2),  (Gj)  hold  then  there  exists  a solution  to  (E)  whenever 
/'  is  continuous  and  of  finite  total  variation  L'_00(/)  for  each  t e R; 
moreover,  at  least  one  solution  satisfies 

|x(()|  £ 1/(01  + VLJf),  ,€  R.  (.) 

(2)  If  b:  R + ->  R is  bounded,  nonnegative,  integrable,  and  of  finite  first 
moment,  and  if  (Gt)  holds,  then  there  exists  a locally  absolutely  continuous 
solution  to  (£),  with  c = ||6||ln  whenever  (p1 : R + -►  R is  integrable,  for  each 
t e R ; moreover,  at  least  one  such  solution  satisfies 
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(3)  If  (AJ,  (A2),  (G,),  (G2)  hold,  then  there  exists  a solution  to  (E) 
whenever:  (a)  /'  is  in  J?P(R  + ) (1  <p<  oo)  for  each  t e R;  and  (b)  on 
putting  (g  o f)(t)  = g(t,f(t)),  (g  ° /)'  is  the  sum  of  a function  in  ^?1(R  + ) and 
a function  of  finite  total  variation,  for  each  t e R. 

(4)  If  (A3),  (Gj),  (G2)  hold  then  there  exists  a solution  to  (E)  whenever 

/'  is  in  + for  each  t e R. 

(5)  ( Stability ) If  (AJ,  (A2),  (G,),  (G3)  hold  then  whenever  there  exists 
a solution  to  (E)  for  an  / that  is  continuous  and  of  bounded  variation 
on  [T,  oo ) for  some  T,  x satisfies: 

0 < lim  inf  x(t)  < lim  sup  x(f)  < /(oo),  if  /( co)>0, 

t-*oo  t-+  oo 

/(oo)  < lim  inf  x(t)  < lim  sup  x(t)  < 0,  if  /(oo)<  0. 

r-*<x>  r-*oo 

The  results  obtained  above  depend  on  techniques  due  to  Levin  [5,  6] 
together  with  a body  of  functional  analytic  results  for  hereditary  laws 
developed  here  and  complementing  earlier  work  of  Coleman  and  Mizel 
[1, 2]  and  Leitman  and  Mizel  [4].  Although  Levin’s  techniques  are  restricted 
to  the  case  of  real-valued  functions,  these  functional  analytic  techniques  are 
not  thus  restricted. 

We  close  with  the  statement  of  two  key  results  on  which  much  of  the 
development  depends. 


A.  Levin’s  Theorem  [5,  6].  Let  a:  R + ->  R be  bounded,  nonnegative, 
and  nonincreasing  and  let  g:  R+  x R ->  R be  a Caratheodory  function 
whose  Nemytskii  operator  G takes  tc(R  + ) into  ifI10C(R  + ). 

(1)  If  ug( t,  u)  > 0 a.e.  t eR+,  then  the  Volterra  equation  (V)  has  a 
solution  for  every  forcing  function  /in  (€{ R + ) n 

(2)  If  uh->g(r,  u)  is  isotone  and  x\-*g(x,  0)  vanishes  almost  everywhere, 
then  the  Volterra  equation  (V)  has  a unique  solution  for  every  forcing 
function  /in  #(jR  + ) n <£®r(R + ). 

In  either  case,  unique  or  not,  solutions  x of  (V)  are  continuous  and 
satisfy  the  estimate 


M<)l  *1/(01+  W),  i^R*. 


where  VQ'(f)  denotes  the  total  variation  of / over  the  interval  [0,  f). 
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B.  Theorem.  If  a : R + -*  R is  nonnegative,  nonincreasing,  and  bounded 
and  g:  R x R-*  R preserves  measurability  under  composition,  then  when- 
ever the  measurable  function  x : R->  R is  such  that  the  integral 

t 

| a(r  ~ x(t))  dr  = Nx(t) 

— CO 

exists  for  all  t e R,  Nx  is  locally  absolutely  continuous.  In  addition,  the 
derivative  of  Nx  is  given,  for  almost  every  t e R,  by  the  formula 

Nx(t)  = a(0)g(t,  x(r))  + | g(t  - s,  x(t  - s))  da(s). 
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1.  Introduction 

The  purpose  of  this  paper  is  to  investigate  existence  and  stability  prop- 
erties for  a class  of  partial  functional  differential  equations.  As  a model  for 
this  class  one  may  take  the  equation 

wf(x,  r)  = wxx(.\,  t)  + f(t,  w(x,  t — r)),  0 < x < fl,  t > 0, 

w(0,  t)  = w(n,  t ) = 0,  t > 0,  (1.1) 

w(x,  t)  = 0(x,  t),  0 < x < n,  — r < f < 0, 

where  / is  a linear  or  nonlinear  scalar-valued  function,  r a positive  real 
number,  and  </)  a given  initial  function.  In  our  development  the  second- 
derivative  term  in  (1.1)  will  correspond  to  a strongly  continuous  semigroup 
of  linear  operators  on  a Banach  space  of  functions  determined  by  the 
boundary  conditions  in  (1.1).  Accordingly,  our  approach  will  rely  primarily 
on  semigroup  methods  and  the  treatment  of  (1.1)  as  an  ordinary  functional 
differential  equation  in  a Banach  space.  Proofs  for  all  results  presented 
may  be  found  in  [1]. 

Before  proceeding  we  shall  set  forth  some  notation  and  terminology  that 
will  be  used  throughout.  X will  denote  a Banach  space  over  a real  or 
complex  field ; <7  = C([  — r,0];  X)  will  denote  the  Banach  space  of  continuous 
^-valued  functions  on  [ — r,  0]  with  supremum  norm.  If  n is  a continuous 
function  from  [a  — r,  h]  to  X and  t e [a,  b],  then  /i,  denotes  the  element  of 
C given  by  nt(0)  = n(t  + 0),  — r < 0 < 0.  By  a strongly  continuous  semi- 
group on  X we  shall  mean  a family  T(t),  t > 0,  of  everywhere  defined 
(possibly  nonlinear)  operators  from  X to  X satisfying  T(t  -l-  s)  = T(t)T{s) 
for  r,  s >0.  and  T(t).x  is  continuous  as  a function  from  [0,  x)  to  X for 
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each  fixed  x e X.  The  infinitesimal  generator  AT  of  T(t)  is  the  function 
from  X to  X defined  by  ATx  = lim,_0.  (l/r)(T(f)x  - x)  with  D(AT)  all  x for 
which  this  limit  exists. 


2.  Existence  of  Solutions  in  the  Nonlinear  Case 

The  first  existence  result  is  in  an  integrated  form. 

Proposition  2.1.  Let  F:  [a,  b]  x C -»  X be  such  that  F is  continuous 
and  satisfies 

\\F(t,\f/)- F(t,\J/)\\x  < L\\if/ - $\\c  for  a < t < b,  \fj,  \jj  e C, 

where  L is  a positive  constant.  Let  T(t)  be  a strongly  continuous  semi- 
group on  X satisfying  | T(r)|  < e™'  for  some  real  number  co.  If  </>  e C there  is 
a unique  continuous  function  n(t):  [a  — r,  b]  -*  X that  solves 

H(t)  = T{t  - a)(f>(0)  + \ T(t  - s)F(s,  ns)  ds,  a < t < b,  na  = 4>.  (2.1) 

In  the  next  recent  result  we  place  additional  hypothesis  on  F to  ensure  that 
n(t)  satisfies  the  differential  form  of  (2.1). 

Proposition  2.2.  Suppose  the  hypothesis  of  Proposition  2.1  and  in  addi- 
tion that  F is  continuously  differentiable  from  [a,  b]  x C to  X and  Fu  F2 
satisfy  for  a < t < b,  tj/,  \p  e C,  and  positive  constants  p,  y, 

— *lc, 

||FjM)-f2M)|u  < r||i 1/  - 

Then  for  (f>eC  such  that  (f>(0)  e D(AT),  n(t)  is  continuously  differentiable 
and  satisfies 

(d/dt)n(t)  = ATn(t)  + F(t,  n,),  a < t < b,  na  = (f>.  (2.2) 

3.  The  Semigroup  and  Infinitesimal  Generator 
in  the  Autonomous  Case 

Throughout  this  section  we  will  suppose  the  hypothesis  of  Proposition 
2.1  except  that  we  require  F to  be  autonomous,  that  is,  F:  C-*X.  By 
virtue  of  Proposition  2.1  there  exists  for  each  <f>  e C a unique  continuous 
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function  n(<f))(t):  [ — r,  ao)-+  .V  satisfying 

ji(0)(f)  = T(t)(f>( 0)  + [ T(t  - s)F(n,(<t>))  ds,  f > 0,  /io(0)  = 0.  (3. 1 ) 

• 0 

For  each  t > 0 define  (7(f):  C -*  C by  (7(f)0  = ^,(0)- 

Proposition  3.1.  (7(f),  t > 0,  is  a strongly  continuous  semigroup  of 
(possible  nonlinear)  operations  on  C satisfying  for  0,  0 e C,  t > 0, 

||(7(f)0  - (7(f)0||r  < ||0  - j>\\ce(",+L)'  if  « > 0, 

II  (7(f)0  - (7(f)0)|c  < || 0 - 011  c exp[(oj  + Le_u>,)f]  if  w < 0. 

This  semigroup  has  been  extensively  studied  for  ordinary  linear  functional 
differential  equations  by  Hale  [2]  and  recently  for  ordinary  nonlinear 
functional  differential  equations  by  Webb  [3].  Of  particular  importance  are 
its  compactness  properties. 

Proposition  3.2.  Suppose  that  T(f)  is  a compact  operator  for  each  f > 0. 
Then  (7(f)  is  a compact  operator  for  each  fixed  f > r. 

The  properties  of  (7(f)  permit  one  to  show  that  the  infinitesimal 
generator  of  (7(f)  is  defined  as  follows: 

(^0X0)  = 0(0),  — r < 0 < 0, 

D(AV)  = (0  e C : 0 e C,  0(0)  e D(AT),  0~(O)  = AT  0(0)  + F(0)}. 


4.  The  Spectral  Properties  of  Au  in  the  Linear  Case 

• Throughout  this  section  F will  be  as  in  Section  3 except  that  we  require 
F to  be  linear  with  norm  \F\  = L.  T(t)  and  Ar  will  be  as  before  except 
that  we  require  T(f)  to  be  compact  for  each  f > 0.  (7(f)  and  Av,  which  are 
now  lineai,  will  be  as  in  Section  3.  For  each  scalar  A define  the  linear 
operator  A(A):  D(AT)  -»  X by 

A(A)x  = Atx  - Ax  + F(e;ox),  x e D(AT).  (4.1) 

We  will  say  that  A satisfies  the  “characteristic  equation”  of  (3.1)  provided 
A(A)x  = 0 for  some  x / 0.  The  development  of  the  spectral  properties  of 
(7(f)  and  Av  follows  closely  that  of  Hale  [2].  For  f > r,  the  spectrum  of 
(7(f),  <x((7(f)),  is  a compact  countable  set  with  the  only  possible  accumulation 
point  being  zero.  Except  for  the  possible  point  zero,  the  spectrum  of  (7(f) 
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and  the  point  spectrum  of  U(t),  Pa(U(t)),  coincide  and  Prr(t/(f))  = 
e\p(tP(r(AL)).  That  is,  if  n = //(f)  e P(j(U(t))  for  some  t > r and  //  ^ 0,  then 
there  exists  k e Pa(Av)  such  that  e1'  = //.  We  also  have  that  the  point 
spectrum  of  Av  coincides  with  those  values  of  k that  satisfy  the  character- 
istic equation  (4.1)  and  that  there  exists  a real  number  fi  such  that  Re  k < (i 
for  all  k e Pa(Av).  The  fundamental  result  relating  the  characteristic  equation 
with  the  growth  of  solutions  of  Eq.  (3.1)  is  the  following: 

Proposition  4.t.  Suppose  that  if  k satisfies  the  characteristic  equation 
of  (3.1),  then  Re  / < (i.  Then  for  each  y > 0 there  exists  a constant  K(y)  > 1 
such  that  for  all  t > 0, 

||l/(t)(/>||c<^(7V/,  + v,'^|c- 

Let  ft  be  the  smallest  real  number  such  that  if  k satisfies  the  characteristic 
equation  of  (3.1),  then  Re  k < fi.  It  follows  from  the  above  remarks  that 
if  fi  < 0,  then  for  all  <f>  e C , ||  L(r)0|t ■-*  0 as  f-»ao.  If  fi  = 0,  then  there 
exists  <j)  # 0 e C such  that  ||  U(t)<(>\\c  = ||0||t-  for  all  t > 0.  If  /i  > 0,  then 
there  exists  (f>  e C such  that  \\U(t)4>\\c  -+  oo  as  t -*  x. 


5.  Stability  of  Solutions  and  Examples 

Throughout  this  section  we  shall  consider  Eq.  (3.1),  that  is,  t/(f),  t > 0, 
will  be  as  in  Section  3.  We  shall  call  the  zero  solution  /s(0)(t)  of  (3.1) 
stable  iff  for  each  <;>0  there  exists  <5  > 0 such  that  if  ||$||c  < <5,  then 
\\U(t)cf>\\c  < c.  for  all  t >0.  We  shall  call  the  zero  solution  n(0)(t)  of  (3.1) 
asymptotically  stable  iff  it  is  stable  and  lim,_x  ||  U(t)<f>\\c  = 0 for  all  4>  e C. 

Example  5.1.  We  wish  to  determine  the  exact  region  of  stability  of  the 
linear  equation 

wf(x,  t)  = wXJt(x,  t)  — aw(x,  t ) — bw(x,  t — r),  0 < x < FI,  t > 0, 

w(0,  t)  = w(n,  t)  = 0,  t > 0,  (5.1) 

w(x,  t)  = <p(t)(x),  0 < x < n,  —r<t<  0, 

as  a function  of  a,  h , and  r,  where  the  solutions  are  in  the  sense  of  (3.1) 
for  X = l}[ 0,  n].  Let  AT : X -» X be  defined  by  AtY=Y,  D(At)  = 
{Ye  X : Land  fare  absolutely  continuous,  f e X,  K(0)  = L(n)  = 0}.  Then 
At  is  the  infinitesimal  operator  of  a semigroup  T(f),  t >0,  with  w = 0, 
which  is  compact  for  t > 0. 
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The  characteristic  equation  of  (5.2)  is 

A(A)/  = (Ar  - (A  + a + he  *)/)/  = 0,  / # 0 6 D(/l  7 ). 

Since  the  eigenvalues  of  A are  — N2,  /V  = I,  2 we  have  from  Section  4 

that  the  system  is  asymptotically  stable  iff  all  the  roots  of  the  equations 

/.  + a + be~  2r  = — N2,  N = 1,  2 

have  negative  real  parts.  The  exact  region  of  stability  of  (5.2)  as  a function 
of  a , h , and  r is  given  in  [1], 
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Periodic  Solutions  to  a Population  Equation 


JAMES  M.  GREENBERG  - 

Department  of  Mathematics 

State  University  of  New  York  at  Buffalo,  Amherst,  New  York 


In  this  paper  we  shall  restrict  our  attention  to  solutions  of  the  equation 

x(t)  = y I f{x(t  + A'))  dy,  y > 0,  0 < < 1,  ( 1 

J - i 

that  satisfy  0 < x(f)  < 1.  We  shall  further  restrict  ourselves  to  the  case 
where 

f(x)  = x(l  -x),  (2) 

although  what  follows  applies  equally  well  to  the  more  general  situation: 

/(0)  = /(l)  = 0 and  d2f/dx2  < 0,  0 < x < 1.  (3) 

Equation  (3)  may  be  used  to  describe  the  spread  of  certain  infectious 
diseases.  For  details  of  models  leading  to  ( 1 ),,  the  reader  should  see  [1,  2]. 

To  put  our  results  in  perspective,  we  briefly  outline  the  theory  of  the 
equation  when  S = 0.  These  results  are  due  to  Cooke  and  Yorke  [2]  and 
Greenberg  and  Hoppensteadt  [3]. 

The  equilibrium  points  when  S = 0 are  x(f)  = 0 and  x(r)  = 1 — 1/y.  The 
former  is  asymptotically  stable  when  0 < y < 1,  while  the  latter  is  when 
1 < y.  Moreover,  for  y P 1,  the  function 

(V(t)=x(l)-l  + l/l>  (4) 

admits  the  asymptotic  representation 

(5) 

n = 0 

where 

e = 1/y,  f = (1  - e)t,  r = e2t , (6) 

and  WQ  is  a well-defined,  one-periodic  solution  of  Burger’s  equation 

i'WJdt  + - WS)IK)  - = 0.  (7) 
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A similar  situation  persists  for  (l)d  for  0 < 6 < 1.  Here  the  relevant 
parameter  is 

r = y(\-S).  (8) 

The  equilibrium  points  are  x(t)  = 0 and  x(r)  = 1 — 1/r.  The  former  is 
asymptotically  stable  when  0 < T < 1,  whereas  the  latter  is  when 
1 < T < Tc,  Tc  > 2.  For  values  of  T > Tc  the  constant  solution  1 — 1/T 
ceases  to  be  asymptotically  stable;  in  particular  (1),,  supports  oscillations 
about  1 - 1/T.  It  is  these  solutions  that  we  discuss  in  the  remainder  of 
this  chapter. 

It  will  be  convenient  to  scale  time  so  that  in  terms  of  the  new  time  the 
minimal  period  of  the  oscillation  is  unity.  The  scaling  is 

£ = c ut,  oj  > 0,  (9) 


and  <o  must  be  determined  as  part  of  the  solution.  It  will  also  be 
convenient  to  introduce  parameters  ^ and  / defined  by 


e = 


1 - S 
T - 2 


and 


/ — Soj. 


(10) 


The  constraints  T > 2 and  0 < S < 1 imply  that 

0 < £ and  0 < A < oj.  (11) 

Finally,  we  let  a > 0 and  q(£,  a)  be  defined  by 

aq(t,  a)  = x(£/co)  - 1 + 1/T,  (12) 

where  a is  a measure  of  the  amplitude  of  the  difference  between  x(  ) and 
1 - 1/T,  and  q(\  a)  is  normalized  so  that  lim^Q'  max,,  q(£,  a)  = 1.  The 
problem  of  finding  periodic  solutions  to  ( 1 )^  translates  into  the  following 
problem  for  (A,  oj,  q(-,  a))\  For  a > 0 and  £ > 0 given,  find  all  numbers 
0 < k <oj  and  functions  q(-,  a ) with  minimal  period  equal  to  unity  that 
satisfy  limu_0-  max,.  a)  = I and 


In  the  sequel  the  word  solution  will  refer  to  a triple  (A,  oj,  q(-,  a))  with  the 
above  properties. 

Our  results  for  this  problem  are  of  two  types.  The  first  concerns  the  case 
0 < a = (f:2)  and  is  the  content  of  Theorem  1.  The  second  deals  with  the 
case  a = 0 (t;2)  and  is  summarized  in  Theorem  2. 


| 92(<^  +n)d*1  = 0-  (13) 

* — It) 


- A 


£.ojq(Z)+  q(c,  + rj)  dt]  + a 
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Theorem  1.  Corresponding  to  each  solution  of  (13)  with  a = 0 there 
is  a solution  (A(a),  aj(a),  q(-,  a))  that  converges  to  the  given  solution  of  the 
a = 0 equation.  These  solutions  are  obtained  via  the  Liapunov- Schmidt 
method  and  are  well  defined  for  0 < a < (c2). 

Before  we  discuss  the  critical  case  when  a — 0(e2)  it  is  necessary  to  say  a 
few  words  about  solutions  of  the  a = 0 equation.  The  solutions  of  (13)a  = 0 
with  minimal  period  and  maxima  equal  to  one  are 

q(£,  0)  = cos  2 n(£  - 0),  (j)  arbitrary,  (14) 

provided  to  satisfies 

neat  = — sin  2tuo,  (15) 

0<A  and  o-X=j,  a positive  integer.  (16) 

As  regards  the  solutions  of  (15),  we  have 

Lemma  1.  If  nNt:  < 1,  then  for  each  k=  1,  2,  ...,  N,  (15)  has  no 
solutions  in  [k  — 1,  %(2k  — 1)]  and  exactly  two  solutions  w2*_i  and  o>2* 
satisfying 

}(2*  - 1)  < w2*_,  < (o2k  < k.  (17) 

In  what  follows  we  restrict  our  attention  to  the  roots  a >2jk  and  adopt  the 
notation 

= CJ2k-  (18) 

Lemma  2.  The  roots  Qk  may  be  written  as 

Qk  = k(l-Dk),  (19) 

and  Dk  has  the  following  asymptotic  expansion  in  e: 

°k  - j “ 4 + 48  (6  + W2*2)  + ^ (») 

Bearing  in  mind  formulas  (16)-(20)  we  are  now  in  a position  to  state 
the  main  result  in  the  critical  case. 


Theorem  2.  Let  k > 1, 
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i / , f-2  rk  \ 

(J)  = Cik  = kl  1 - . + , - |, 

k \ 2 4 48  / 

(22) 

A = Ak,j  =j  ~ k <j  <2k  — 1 . 

(23) 

Then,  for  0 < i:  small,  (13)  has  a solution  qkj()  of  the  form 

Vk.M)  = <1k(Z)  + e). 

(24) 

where  qk()  and  rk  satisfy 

(d2qjd£2)  + ( rk  - 6/k2)qk  + n{qk2  - | qk2(s)  </.sj  = 0, 

^ic(O)  = 1 and  (dqjd£)(  0)  = 0, 

(26) 

qk(  ) has  minimal  period  equal  to  unity. 

(27)  ' 

We  shall  briefly  outline  the  proof  of  Theorem  2 when  k and 
are  both  unity.  The  equation  to  be  solved  is,  of  course,  (13)  with 
A = 1 — 6,,  and  a = a,.  We  seek  a solution  of  the  form 

hence  7 

OJ  = ft,,  i 

q(0  = ql(Z)  + ™l(S,s), 

(28) 

where  qt  is  a C®,  even,  one-periodic  function,  and  t?^-,  e)  an  even,  one- 
periodic  function  with  finite  H2( 0,  1)  norm.  Substitution  of  (28)  into  (13) 
yields  the  following  equation  for  qx  and  t;, : 

Jo(q i)  + fi-Mtfi,  ^i)  = o. 

(29) 

The  operators  Jt  are  given  by 

Jo(di)  = <qi , l>o  + c2c,(fi)lk1|| 0 

d2qx 

- 24  d^2  + (r  “ %i  +^i2  + e4^!.  r<  /*.  4 

(30) 

Aton  t'l)  = <«^i,  Oo  + fi2c,(e)<2^,i;,  + f.v2,  1>0 

— 24  ^2*  + (r~  6 + 2^i)t>i  + t4G4(</„  i;„r,/j,£), 

(31)  1 

where 

<fq>o=\  f(x)q(x)dx  and  \\f\\o  = <fJ>o- 

(32)  1 

The  function  ^,(  ) is  now  chosen  according  to  formulas  (25)  and  (26). 
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This  problem  is  solvable  and  in  addition  the  solution  has  the  property  that 
<<?i,  1)0  = 0.  With  this  choice  of  qt,  Eq.  (29)  reduces  to 


£«ru  l>o  + £2Ci(£)<2^1p1  + epj2,  l>o)  + £2|c!(c)  - ^ 


1 24 


+ (r-  6-  2nql)v1 


dZ 


F4(^1,  r,  n,  e)  - eG s(qu  vu  r,  /i,  e)j  = 0. 


(33) 


Equation  (33)  implies  that  finding  a solution  of  (13)  of  the  form  (28)  is 
equivalent  to  finding  a constant  A and  an  even,  one-periodic  function  p^) 
in  H2( 0,  1)  such  that 

d2v  j 

+ (r-6  - 2 nq^Vi  = A - 24  (F^(qu  r , /*,  e)  + BGA{qu  vu  r,  /i,  e)),  (34) 


<Pj,  l>o  + ejc^e)  - ^jjlkillo  + £2<29i£i  + 1>0  - ~ = 0.  (35) 

That  this  latter  problem  has  a solution  of  the  desired  form  for  0 < £ small 
follows  from  the  contraction  mapping  principle  and  from  properties  of  the 
periodic  Green’s  function  for  the  operator  defined  by  the  left-hand  side  of  (34). 
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Existence  and  Stability  of  Forced  Oscillation 
in  Retarded  Equations 


ORLANDO  LOPES 
Campinas,  Sao  Paulo,  Brazil 


Notation 

(1)  C([a , b],  Rn)  is  the  Banach  space  of  the  continuous  functions  from 
the  interval  [a,  b ] into  Rn,  with  the  norm  of  the  supremum; 

(2)  Ifr  > 0 is  some  fixed  number,  the  space  C([  — r,  0],  R")  will  be  denoted 
simply  by  C; 

(3)  If  x e C([<7  — r,  a + A],  Rn),  A > 0,  for  each  t e [a,  a + A]  we  define 
x,  s C putting  xf(0)  = x(f  + 0),  —r<9<  0. 

If/:  R x C ->  Rn  is  a continuous  function,  then  the  relation 

x(t)  = f(t , x,)  (R) 

is  a retarded  differential  equation.  For  any  (<r,  <f))R  x C,  x(t,  a,  </>)  denotes 
the  solution  of  the  equation  that  satisfies  xa  = 4>.  The  usual  concepts  in  the 
stability  theory  of  ordinary  differential  equations  can  be  extended  to  retarded 
differential  equations. 

Theorem  1.  Suppose/is  co-periodic  in  the  t variable  and  maps  bounded 
sets  of  R x C into  bounded  sets  of  R",  and  let  uniqueness  of  solution  hold. 
If  there  is  a closed,  convex,  bounded  set  K of  C that  is  positively 
invariant,  then  there  is  an  cu-periodic  solution  of  Eq.  (R)  [1]. 

Example  1.  Let  us  consider  the  so-called  Soper  equation  for  an 
epidemic  [2]: 

dS(t)/dt  = — r(f)S(t)[/l(T  — S(t  — t)  + S(t  — t — <r)]  — A,  (1) 

where  S(t)  is  the  number  of  susceptible  individuals  at  time  t,  A the  rate  at 
which  new  susceptible  individuals  are  recruited  to  the  population,  t the 
incubation  time,  and  a the  periodic  of  infection. 

Due  to  seasonal  changes,  it  is  reasonable  to  assume  that  r(f)  is  periodic 
with  periodic  cu  (equal  to  one  year).  If  we  assume  that  A is  positive,  it  is 
not  difficult  to  see  that  if  </>(0)  > 0 for  — r — a < 0 < 0,  then  x(f,  <p)>0 
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for  t > 0,  that  is,  the  convex  closed  set 

F = {</>  e C 0(0)  >0,  — t — <7  < 0 < 0} 
is  positively  invariant. 

Let  S(t)  be  a solution  with  initial  data  (f>  satisfying  0 < <j)(d)  < R, 
-t-(t<0<0.  We  are  going  to  analyze  under  what  conditions  S(r)  < R 
for  t > 0.  If  t is  the  first  time  for  which  S(t)  = R , then 

dS(t)/dt  < —rmR(Ao  - R)  + A = rmR2  - AarmR  + A, 

where  rm  = min0i  <Sa>  r(t).  If  rm  > 0,  A > 0,  and 

A = A2a2rm2  - AArm  = Arm(Arma2  - 4)  > 0, 

that  is,  for  Armo2  > 4,  we  see  that  for  any  R between  Rx  and  R2,  where  R{ 
and  R2  are  (positive)  solutions  of  rmx2  - Aarmx  + Armx  + A = 0, 
dS/dt  < 0,  which  means  that  the  set  K = {</>  e C|0  < 4>(0)  < R}  is  positively 
invariant,  and  so  the  equation  has  an  co-periodic  solution.  For  measles, 
a = 2 days,  and  the  condition  above  reduces  to  Arm  > 1. 


Definition.  Equation  (R)  is  said  to  be  uniformly  ultimately  bounded 
(U.U.B.)  if  there  are  a number  R0  and  functions  a(R)  and  T(R)  such  that 
for  any  </>  e C,  1 4>  \ < R,  we  have 


|*i(W)l 


< la(/?) 

~\Ro 


for  t > t0, 

for  t > t0  + T(R), 


Remark.  If  uniqueness  of  solution  does  not  hold,  in  the  definition  above 
xf(r0 , </>)  means  any  solution  through  ( t0 , </>). 


Theorem  2.  Assume  uniqueness  of  solution  holds  for  Lipschitzian 
initial  conditions  and / maps  bounded  sets  of  R x C into  bounded  sets  of  Rn. 
If  Eq.  (R)  is  U.U.B.  then  it  has  an  w-periodic  solution. 

This  theorem  is  a slight  modification  of  a result  of  Hale  [3]. 

Example  2.  We  are  going  to  consider  the  state-dependent  lag  equation 

(2)  x(r)  = -ax(t  - r(x,  t))  + f(t), 

where  0 < r(x,  t)  < q,  r(x,  t)  and  f(t)  are  continuous  and  co-periodic  in  t. 
We  assume  also  that  r(x,  t)  is  locally  Lipschitzian  in  x.  This  ensures 
uniqueness  of  solution  for  Lipschitzian  initial  conditions. 
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Theorem  3.  IfO  < aq  < f,  then  Eq.  (2)  is  U.U.B.  In  particular,  it  has  an 
cu-periodic  solution. 

The  proof  depends  on  some  lemmas. 

Lemma  4.  If  0 < s(r)  < q is  a continuous  function  and  0 < aq  < then 
there  exist  constants  K and  a > 0 that  depend  just  on  a and  q [not  on  the 
function  s(t)  itself]  such  that  the  solution  of  the  linear  equation 

y(t)=  ~ ay(t-s(t )) 

satisfies 

\y,\  <Kexp[-a(r-  t0)]\yto\.  (3) 

Lemma  5.  If  the  solutions  of  a homogeneous  linear  equation  x = L(t,  xf) 
satisfy 

|x,|  <Kexp[-a(f-  f0)]|*J,  t>t0, 

then  for  any  bounded  continuous  function  /(f),  the  solutions  of  the  forced 
equation 

x(r)  = L(t,  x,)  + f(t) 

satisfy 

£ 

|x,|  <Kexp[-a(f- f0)]|xj  + — sup  |/(u)|,  t>t0.  (4) 

a t0^u<,t 

Lemma  4 follows  a result  of  Yorke  [4]  and  Lemma  5 from  the  variation 
of  constants  formula  [5]. 

Proof  of  Theorem  3.  Let  x(f)  be  a solution  of  (1)  and  define  s(f)  = 
r(t,  x(t)).  Consider  the  forced  linear  equation 

y(t)  = - «y(t  - «(0)  + /(0-  (Li ) 

According  to  Lemmas  4 and  5,  we  can  write 

£ 

|yr|  < K exp[-a(t  - t0)]|.yj  + — sup  |/(f)|,  t>t0, 

a 0£t£(o 

for  any  solution  y(t)  of  (Lj).  However,  x(t)  is  a solution  of  (Lj),  and  so 
|xj | < K exp[  — a(f  - f0)]|xj  + - sup  |/(f)|, 

® OSISw 


which  finishes  the  proof.  Q.E.D. 
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If  R0  is  the  number  in  the  definition  of  U.U.B.,  let  L = L(R0)  be  such 
that 

I r(x,  t)  - r(y,  f)|  < L\x  - y|  for  |x|,  \y\  < R0.  (5) 

Using  the  so-called  Razumikhin-Liapunov  method  we  can  prove  that  the 
following  condition  is  sufficient  for  global  uniform  asymptotic  stability  of  the 
periodic  solution : 

aq  < 1/1  + L(ocR0  + F),  (6) 

where  F = sup|/(u)|,  ue  R. 

The  following  estimate  for  R0  can  be  obtained : 

R0  < F(  1 + aq)l(  1 - aq),  if  aq  < 1. 

Using  a result  of  Miller  [6]  we  can  prove  that  if  condition  (6)  holds  and 
r(x,  y)  and  f(t)  are  almost  periodic  in  t,  then  there  is  an  almost-periodic 
solution. 
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Exact  Solutions  of  Some  Functional 
Differential  Equations 


CLEMENT  A.  W.  McCALLA 
Department  of  Mathematics 
Howard  University.  Washington,  D.C. 


1.  Representations  of  Solutions  of  Linear  Functional 
Differential  Equations 


Representations  of  solutions  of  linear  functional  differential  equations  can 
be  found  in  Banks  [1]  and  Delfour  and  Mitter  [2].  In  particular,  from  [2] 
we  have  that  the  solution  to  the  scalar  equation 


N 0 

x(t)  = £ A, x(t  + 0t)  + f A{0)x(t  + d)dd  + f(t),  t > 0, 

i = 0 J-0  (1) 

x(t)  = h(t),  -a  < t <0, 

where 


-a  = dN  < •••  < 0,  < 0O  =0,  A i = const,  i = 0,...,JV, 

Ae  l}(  — a,  0),  /eLfJ 0,  oo),  heLp{~a,  0),  p > 1, 

where  Ai(0)  is  given,  is  provided  by 

N min(0,  t + 9,) 

x(t)  = 0(r)fi(O)  + X I da  <J>(r  - a + 6t)A(  h( a) 

i=l  J6t 

0 a f 

+ | da  f dp  0(r  - a + P)A(P)h(a)  + [ 0(r  - s)f(s)  ds,  (2) 

-a  Jm«x(-a,  a-t) 

where  0(f),  the  Green’s  function,  satisfies  (1)  with  /=  0 and  the  initial 
condition 

0(f)  = 0,  f < 0,  0(0)  = 1. 

In  the  case  where  Ax  = 0,  / = 0, . . . , N,  define 

1 0,  f < 0, 

j/(f)  = < A(-t),  0 < t < a, 

1 0,  f > 0. 
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Then  d>(t)  satisfies  the  Volterra  integrodifferential  equation  of  convolution 
type 

x(f)  = I si(s)x(t  - s)  ds,  t > 0,  x(0)  =1.  (3) 

' Jo 

g 

In  other  words,  the  Green's  function  of  a linear  autonomous  retarded  functional 
differential  equation  satisfies  an  integrodifferential  equation  of  convolution  type 
with  kernel  of  compact  support. 

r If  At  # 0 for  some  i,  then  we  construct  a function  of  bounded  variation 

si(t)  as  follows:  si(t)  = 0 if  f<0;  si(t)  is  absolutely  continuous  on 
( — 0,,  -0f+1)  with  derivative  A(-t ) and  with  jumps  A(  at  t = —0,;  .tf(t)  is 
constant  for  t > a.  Then  <D(r)  satisfies  the  Volterra-Stieltjes  integrodifferential 
equation  of  convolution  type 

x(f)  = [ dsi(s)x(t  — s),  t > 0,  x(0)  =1.  (4) 

•’o 


2.  Solution  of  Integrodifferential  Equations 

Consider 

x(r)  = [ si(s)x(t  — s)  ds,  t>  0,  x(0)  = 1,  (5) 

Jo 

where 

si  e LM 0,  oo ). 

Define  a sequence  sin  by  the  relation  sin  = si  ^ * si x for  n > 1 and  define 
sit  to  be  si . Here  f * g denotes  the  convolution  of  the  two  functions  / 
and  g. 

Theorem  1.  The  solution  of  (5)  is  given  by 

0(f)  = 1 + f i f - s)H  ds.  (6) 

n=l  n!  J0 

Proof.  Let  T < oo  and  |«^i(s)l  ds  = c.  Then  |<^n(s)|  ds  < c",  and 
|<D(f)|  < ecT  for  t e [0,  T].  Hence,  the  series  (6)  converges  absolutely  and 
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uniformly  for  0 < r < T.  The  series  (6)  can  be  differentiated  term  by  term 
since  the  series  of  derivatives 

<m-  i 

„=i  (n  - 1):  -'o  (7) 

|d>'(r)|  < cecT,  for  0 <t<T, 

is  uniformly  convergent  on  0 < t < T. 

The  series  (6)  satisfies  the  initial  condition  of  (5)  and  differentiating 
term  by  term  it  can  be  shown  to  satisfy  the  differential  equation  (5). 
Hence,  (6)  is  a solution  of  (5).  The  uniqueness  of  solutions  of  (5)  can  be 
established  by  applying  Gronwall’s  inequality  to  an  integral  version  of  (5). 
Hence  (6)  is  the  solution  to  (5). 

Consider 

x(t)  = f d.o/(s)x(t  - s),  t>  0,  x(0)  =1,  (8) 

• o 

where 

.5/  e BTloc(0,  oo ). 

Define  a sequence  of  measures  d. c/„  by  the  relation  d.a/„  = d.tf  t * d$4n-x 
for  n > 1 and  define  d.^t  to  be  d. rf.  Here  d/r  * dv  denotes  the  convolution 
of  the  two  measures  dji  and  dv. 

Theorem  2.  The  solution  of  (8)  is  given  by 

«•(')=  i+ 1 <9> 

Remark.  On  the  practical  side,  it  may  be  preferable  to  compute  the 
convolution  of  functions  and  distributions  rather  than  of  measures.  In 
computing  the  Green’s  function  0(r)  for  Eq.  (1),  if  we  let 

= A(-t)  + + 

<=  i 

be  the  zero-order  distribution,  then  is  also  a zero-order  distribution 
corresponding  to  the  nth  convolution  of  the  measure,  and  we  can  use 
expression  (6)  rather  than  expression  (9). 
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3.  Examples 


Example  1 


1 


x(f)  = Ax(t),  s i/(t)  = A S(t),  <S>(t)  = 1 + X , y4"f"  = exP  At. 

»l=l  ™ * 


Example  2 


X(t)  = X A,  x(t  + et),  s/(t)  = X A,  d(t  + 0,), 

1=0  i=0 


0(0  = 1 + x X 


1 

I •••  r..l 


n = 1 r0  + ■ • ■ + r„  = n r0  ■ ' ' ’ • 

X Ar0°--  - Arfi{t  + ro0o  + •••  + rN0N)nH(t  + ro0o  + •••  + r*#*), 

where  //(r)  is  the  unit  Heaviside  step  function  and  r,  > 0,  i = 0,  N. 
Note  that  for  fixed  t,  we  have  a finite  sum  if  /10  = 0. 


Example  3 


x(0=|  A{0)x(t  + 0)  dQ,  A(0)  = <Xj,  0e  (Oj,  0;.,),  j=l,...,N. 


Let 


A0  = <xl,  Aj  = (<xj+ , — oij),  j=l...N-l,  Ay  = —aN. 


Then 

0(0=1+  I I — r— — 

n = i r0+ . ‘4?r,.nr0!---rJV!2n! 

x (f  + r0  0O  + ■ ■ • + /•*  0N)2nH(t  + ro0o  + ■■■  + rN  0N). 

Again,  note  finite  summation  for  the  case  /40  = 0. 


Example  4 


x(r)  = | /Cs"x(t  — s)  ds,  m positive  integer, 
• o 
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If  m = 0, 


d>(f)  = 


cosh^/zC  t. 


COS. 


K > 0, 
K <0. 


4.  Generalizations 

The  Green’s  function  corresponding  to  a nonautonomous  functional 
differential  equation  will  satisfy  an  integrodifferential  equation  not  of 
convolution  type. 

Let  us  consider  the  Volterra  integrodifferential  equation 

x(f)  = | Aft,  t)x(t)  dx,  t > s,  xfs)  = 1,  (10) 

J 3 

where  Aft,  t)  = 0 for  r > t and  A e L'([.v,  T]  x [s,  T])  for  any  T,  with 

s < T < oo. 


Theorem  3.  The  solution  of  (10)  is  given  by 


<D(f,  s)  = 1 + 


^2n-l 


X 


M*2n-U*2n)- 


(11) 


Let  us  consider  the  Volterra-Stieltjes  integrodifferential  equation 

x(f)=|  dx  Aft,  t )x(t ),  t > s,  x(s)=l,  (12) 

J 3 


where  Aft,  t)  is  measurable  in  t,  of  bounded  variation  in  t for 
s < t,  t < T,  and  constant  for  r > t,  and 


| dt  | drAft,  t) 


< oo, 


for  any  s < T < oo. 


Theorem  4.  The  solution  of  (12)  is  given  by 

•m-  i + i f 

n - 1 • » J t 

..  TJ»-1  .tJ«-I 

x|  *2.-,  ^ >4(t2„_  1,  t2„). 

3 ‘ J 


(13) 
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Theorems  1 to  4 hold  for  n-vector  functional  differential  equations  with 
appropriate  modifications. 
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Chapter  5 : TOPOLOGICAL  DYNAMICAL  SYSTEMS 


Extendability  of  an  Elementary  Dynamical  System 
to  an  Abstract  Local  Dynamical  System 

TARO  URA 

Department  of  Mathematics,  Faculty  of  Science 
Kobe  University,  Kobe,  Japan 


1.  Introduction 

In  the  theory  of  differential  equations,  we  first  construct  a family  of  small 
solution-curves,  in  assuming  some  continuity  of  the  system  of  differential 
equations,  and  next  proceed  to  prove  that  this  family  uniquely  determines  a 
family  of  large  solution-curves  nonextendable  in  the  sense  that  each  of  the 
large  solution-curves  comes  from  and  goes  to  the  boundary  of  the  domain  of 
definition  of  the  system.  Proposing  to  himself  the  problem  of  clarifying 
the  axiomatic  foundation  of  this  process,  the  author  introduced  a concept 
of  an  F-family  of  curves  based  on  fundamental  properties  of  small  solution- 
curves  of  an  autonomous  system  of  differential  equations  and  showed  that  an 
F-family  determines  a unique  family  of  curves,  denoted  by  F,  satisfying  the 
nonextendability  condition  [6].  Later  Hajek  introduced  concepts  of  a 
(continuous)  local  dynamical  system  (generalization  of  a classical  dynamical 
system)  (cf.  also  [5])  and  its  germ  [2-4]  for  the  same  purpose  as  the 
author’s,  the  equivalence  of  which  to  F and  F was  intuitively  clear  and 
was  strictly  proved  by  Ahmad  [1].  In  the  sequel,  we  shall  use  Hajek’s 
axioms  and  terms,  because  they  are  easier  to  explain  than  the  author’s. 
However,  we  shall  omit  the  qualifiers  “dynamical”  and  “local  dynamical” 
for  simplicity  of  exposition. 

Hajek’s  axioms  are  expressed  in  terms  of  the  topological  structure  of  the 
phase  space  and  of  the  topological-algebraic  structure  of  the  topological 
abelian  group  of  the  real  numbers.  Thus  our  problem  is  considered  as 
solved  by  topological-algebraic  terms.  On  the  other  hand,  to  develop  the 
study  of  continuous  systems,  it  is  natural  to  research  purely  algebraic 
properties  of  continuous  systems  apart  from  those  depending  on  their 
topological  structure.  In  the  author’s  opinion,  this  is  why  Hajek  introduced 
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and  studied  the  concept  of  an  abstract  system  [2,  4].  Corresponding  to  the 
germ  of  a system,  an  elementary  system  was  defined  by  the  same  author  [4]. 
However,  an  elementary  system  does  not  play  its  role  sufficiently  for  our 
purpose;  more  precisely,  it  determines  at  most  one  abstract  system,  but  it 
may  not  determine  any  abstract  system.  Thus  Hajek  suggested  the  question 
of  finding  reasonable  conditions  on  an  elementary  system  for  the  existence 
of  at  least  one  such  abstract  system. 

The  purpose  of  this  paper  is  to  give  a complete  answer  to  this  question, 
in  other  words,  to  solve  our  problem  without  use  of  topological  properties 
of  the  phase  space.  The  answer  is  the  no-intersection  axiom  explained  in 
Section  2,  and  is  complete  in  the  sense  that  an  elementary  system  determines 
an  abstract  system,  iff  the  former  satisfies  this  axiom. 

Because  of  the  nature  of  our  problem,  our  results  obviously  hold  for 
a nonautonomous  (and  so  a general)  system  of  differential  equations,  if 
we  consider  the  classical,  so-called  parametrized  system  corresponding  to 
the  given  nonautonomous  system.  However,  Theorem  1 in  its  form  is  not 
applicable  to  an  abstract  local  semidynamical  system,  which  is  suggested  by 
Theorem  2.  Although  we  completely  omit  proofs,  examples,  and  detailed 
explanations  (which  together  with  the  discussion  of  related  problems  in 
wider  categories  will  be  published  in  [7]),  we  hope  the  main  steps  in  the 
proof  of  Theorem  1 are  made  clear  by  the  lemmas  and  propositions. 


2.  No-Intersection  Axiom 


Before  explaining  the  no-intersection  axiom,  we  shall  recall  some 
definitions  and  state  some  fundamental  remarks.  R will  denote  the  set  of 
real  numbers  with  or  without  the  usual  topology. 


Definition  1. 

expressed  as 


Let  X be  an  abstract  set  and  D a subset  of  X x R 

D=  (J  {x}  x Dx , 

x e X 


where  for  every  xe  X,  Dx  is  an  open  interval  containing  0.  A mapping 
it:  D-*  X or  the  triple  (X,  D,  n)  is  called  an  elementary  system  on  the 
phase  set  X with  domain  D,  iff 


(AI)  For  every  x e X,  7i(x,  0)  = x; 

(All)  If  (x,  f),  (x,  t + s),  (n(x,  t),  s ) e D,  then  ;r(x,  t + s)  = 7i(7r(x,  t),  s). 
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Definition  2.  An  elementary  system  (X,  D,  n)  is  called  an  abstract 
system  iff  it  satisfies  further: 

(AH')  (Nonextendability  Axiom)  If  (x,  r)e  D,  then 

Dx  = Dn(x.t)  + 

Definition  3.  Let  X be  a topological  space.  An  elementary  system  ( X , 
D,  n)  is  called  a continuous  germ  on  the  phase  space  X iff 

(CO')  D is  a neighborhood  of  X x (0)  in  the  product  space  X x R and 
n:  D -*  X is  continuous. 

An  abstract  system  (X,  D,  n)  is  called  a continuous  system  iff  it  satisfies 
further: 

(CO)  (Openness  Axiom)  D is  an  open  subset  of  X x R and  n:  D -*  X 
is  continuous. 

Remark.  In  the  definition  of  a continuous  system,  the  nonextendability 
axiom  (AH')  can  be  equivalently  replaced  by: 

(CIII)  (Nonextendability  Axiom)  For  x g X,  put  Dx  = (ax , bx).  If  bx  (or 
ax)  is  finite,  then  the  cluster  set  of  7t(x,  t)  as  t f bx  (or  [ax)  is  empty. 

The  following  is  known: 

(1)  Let  (A\  C/,  g)  be  a continuous  germ;  then  there  exists  a unique 
continuous  system  (A\  D,  n)  such  that  n\y  = p. 

(2)  Conversely,  if  a continuous  system  (X,  D,  n)  is  given,  then  for  every 
neighborhood  fj  of  X x {0}  contained  in  D expressed  as  1/  = (Jxcx  {*}  x 
i/x,  every  x being  an  open  interval  containing  0,  (X,  n\y)  is  a 
continuous  germ. 

Now  we  introduce  the  no-intersection  axiom. 

Definition  4.  An  elementary  system  (X,  t/,  p)  is  called  a germ  of  an 
abstract  system  (abbreviated  as  an  abstract  germ)  iff  it  satisfies: 

(AIII)  (No-Intersection  Axiom)  If  (xi,  t),  (x2,  t)e^f  and  p(xt,  t)  = 
p(x2,  t),  then  x,  = x2. 

Proposition  t.  An  abstract  system  is  an  abstract  germ. 
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Lemma  1.  Let  (X,  3,  n)  be  an  elementary  system.  Then  for  every  pair 
(xt,  rt),  (x2,  r2)e  3,  the  set 

A = {se(3Xl  - n (3Xl-  t2)|//(x„  + 5)  = n(x2,  t2  + s)} 

is  open  in  R,  and  n is  an  abstract  germ  iff  every  A is  closed. 

Proposition  2.  Let  (X,  3,  n)  be  an  elementary  system  on  a Hausdorff 
space  X.  If  for  every  xe  X,  ji(x,  • ):  3X  -*  X is  continuous,  then  every  A 
in  Lemma  1 is  closed,  so  that  n is  an  abstract  germ. 

Proposition  3.  A continuous  germ  is  an  abstract  germ. 

(No  separation  assumption  of  the  phase  space  is  necessary.) 


3.  Main  Theorems 

Proposition  4.  Let  <1>  be  the  set  of  all  abstract  germs  on  a fixed  phase 
set  X.  Define  a relation  < in  O by 

(X,  3\  nl)  < (X,  32,  n2)  or  nl  iff  3l^32,  n k = r2\s1' 

Then  the  relation  < is  a partial  order  in  <I>. 

Proposition  5.  Let  /i°  be  an  abstract  germ,  and  <J>°  the  set  of  all  n such 
that  n°  < n.  Then,  0°  is  a complete  lattice. 

Lemma  2.  Every  maximal  element  in  O is  an  abstract  system. 

Theorem  1.  For  every  abstract  germ  n,  we  have  a unique  abstract 
system  n (generated  by  n)  such  that  n<n- 

Theorem  2.  Let  (X,  D,  n)  be  the  abstract  system  generated  by  (A\  3,  n). 
For  every  x0eX,  one  can  fix  a pair  of  chains  in  3,  {(xk,  tjk)}keZ, 
{(**,  °k)}keZ’  satisfying  /i(x*_ x,  r*_  J = ^(xk,  rk)  such  that  for  every 
t e DXo , there  exist  k e Z and  t e 3Xk  that  satisfy  tt(x0 , t)  = n(xk , r).  Here  Z 
denotes  the  set  of  integers. 

Compare  this  to  the  following  known  theorem:  If  n and  n in  Theorem  2 
are  continuous,  then  for  every  x0  e X,  one  can  fix  a chain  in  3,  {(xk,  Tk)}k6Z 
satisfying  /i(xk_ rk_  J = xk,  such  that  for  every  r e DXo , there  exist  ke  Z 
and  t e 3Xk  that  satisfy  7r(x0,  t)  = n(xk,  r). 
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One  can  verify  by  an  example  that  Theorem  2 can  not  be  strengthened 
as  the  theorem  recalled  here. 
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1.  Introduction 

The  skew-product  flow  is  the  appropriate  setting  for  studying  many  of 
the  qualitative  properties  of  nonautonomous  ordinary  differential  equations, 
functional  differential  equations,  finite  difference  equations,  and  mappings 
of  manifolds.  Its  appropriateness  derives  from  the  fact  that  many  important 
questions  can  be  treated  within  the  framework  of  the  dynamics  of  compact 
spaces  while  retaining  a setting  in  which  one’s  geometric  intuition  can  freely 
play  a role.  The  idea  of  the  skew-product  flow  appeared  earlier  in  the  paper 
of  Miller  [4], 

Abstractly,  a skew-product  flow  consists  of  a pair  of  flows 

n\  XxYx$~-*XxY,  and  cr.  Y x & -+  Y, 

where  the  natural  projection  p:  X x Y -*•  Y commutes  with  the  action  of  the 
flows.  Here  F is  a topological  group  (usually  the  reals  R or  the  integers 
Z).  The  commutativity  means  that 

n{x,  y,  t)  = {(p(x,  y,  t),  a{y,  t)). 

For  ordinary  differential  equations,  we  consider  the  space  R"  x Y (or 
C"  x Y),  where  Y is  an  appropriately  topologized  space  of  functions  / = 
f(t,  x),  i.e.,  / : R x Rn  -*  Rn,  which  is  invariant  with  respect  to  the  flow 
<x(/,  t)  = /t,  where  /t(„,  x)  = f(t  + t,  x).  On  the  product  we  put  the  flow 
tt(£,  / t)  = (</>(£,  f t),  /t),  where  q>{ f r)  is  the  solution,  at  time  t,  of 
the  initial  value  problem 

x = f(t,  x),  x(0)  = 

We  assume  that  / satisfies  conditions  guaranteeing  existence,  uniqueness, 
and  all  solutions  under  consideration  can  be  continued  to  the  whole  real 
axis.  Other  possibilities  are  discussed  in  the  paper  of  Miller  and  Sell  [5]. 

* This  research  was  supported  in  part  by  U.S.  Army  Contract  DAHC04-74-G-0013. 
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For  functional  differential  equations  of  retarded  type  we  consider  the  pro- 
duct space  C x Y,  where  C is  the  Banach  space  of  continuous  functions 
from  [ — r,  0]  to  Rn  with  the  sup  norm  and  Y a space  of  functionals 
/ : R x C -*•  R".  As  above,  the  flow  a on  Y is  given  by  cr(/,  t)  = ft  but 
now  7i(v,  /,  t)  = (<p(v,  /,  t),  /t),  where  <p(v , /,  t)  is  the  (r  - r,  t)-profile  of 
the  solution  of  x = f(t,  xf)  satisfying  the  initial  condition  x0  = v.  In  the 
notation  of  Hale  [2;  p.  33],  <p(v,  /,  t)  = T(t,  0)v.  Even  when  / satisfies 
conditions  guaranteeing  uniqueness  and  continuation  to  the  positive  reals 
of  a bounded  solution,  it  may  still  be  the  case  that  such  a solution  cannot 
be  extended  to  the  negative  reals.  Thus,  in  general,  n is  just  a semiflow 
that  projects  to  a flow  a. 

For  finite  diiierence  equations 

xj+i~Xj  =f(j,  Xj),  Xj  e Rn, 

we  consider  the  product  space  Rn  x Y,  where  Y is  a space  of  functions 
f:ZxRn->Rn  and  the  flow  er  on  Y is  given  by  the  same  formulas  as 
before.  In  the  expression  for  n,  </>(x0,  /,  r)  is  obtained  by  iterating  the 
difference  equation  t times  with  initial  condition  x0 . If  the  equation  cannot 
be  iterated  in  the  backward  direction,  then  as  in  the  case  of  functional 
differential  equations  we  obtain  a semiflow  that  projects  to  a flow. 

In  discussing  mappings  of  manifolds  one  must  replace  the  skew-product 
flow  by  its  generalization,  the  fiber-preserving  flow  on  a vector  bundle.  If 
F:  Y -»  V is  a diffeomorphism  of  a smooth  compact  manifold  Y,  then 
one  obtains  a flow  a : Y x Z ->  Y on  Y by  setting  a(y,  n)  = F"(y),  the  nth 
iterate  of  F applied  to  y (or  the  -nth  iterate  of  F~ 1 if  n < 0).  If  x e Yy, 
the  tangent  space  of  Y at  y,  then  we  define  the  flow  n on  the  tangent 
bundle  TY  by  setting  7t(x,  y,  n)  = ( DF"(y)x , Fn(y)),  where  DFn(y)  is  the 
derivative  of  F"  at  y. 

It  is  shown  by  Sacker  and  Sell  [7,  8]  that  if 

(1)  for  each  yeY  the  vector  x = 0 is  the  only  vector  for  which 
||DF"(y)x||  is  bounded  uniformly  for  neZ,  and 

(2)  the  collection  of  minimal  (compact)  subsets  of  Y is  dense  in  Y, 

then  F is  an  Anosov  diffeomorphism,  i.e.,  the  tangent  bundle  admits  a global 
invariant  splitting  TM  = Sf  + ^ (Whitney  sum)  into  the  stable  and  unstable 
bundles  and  the  rates  of  decay  are  exponential.  Diffeomorphisms  satisfying 
(1)  are  called  quasi- Anosov  by  Mane  [3]  (see  also  Robinson  [6]).  Re- 
cently Sacker  and  Sell  [9]  have  shown  that  hypothesis  (2)  can  be  replaced 
by  the  assumption  that  the  flow  a on  Y is  chain-recurrent.  For  parallel 
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results  along  these  lines  see  Selgrade  [10].  The  concept  of  chain-recurrence 
is  due  to  Conely  and  others  (its  history  is  uncertain)  and  is  discussed  in  [1], 
For  a discussion  of  integral  equations  and  local  semiflows  see  [5].  Also 
see  [5]  for  further  discussion  of  skew-product  flows  and  some  recent  results 
of  Sacker  and  Sell  concerning  existence  of  almost-periodic  solutions  of 
nonlinear  almost-periodic  ordinary  differential  equations  and  the  existence 
of  dichotomies  and  invariant  splittings,  together  with  a related  spectral 
theory  for  linear  differential  systems.  See  also  [12]. 


2.  Bounded  Solutions  of  Linear  Systems 


In  this  section  we  will  present  some  very  recent  results  of  Sacker  and 
Sell  [9]  giving  estimates  on  the  number  of  independent  bounded  orbits 
for  linear  skew-product  systems.  We  will  content  ourselves  with  specific 
cases  of  more  general  theorems  given  in  [9]  and  [13]. 

Let  3d  denote  the  linear  subspace  of  Rn  consisting  of  initial  conditions 
giving  rise  to  solutions  of 

x = A(t)x,  x e Rn, 

that  are  bounded  on  the  entire  t axis.  Here  A is  assumed  to  lie  in  some 
translation  invariant  space  V of  n x n matrix-valued  functions  defined  on  R 
such  that  the  mapping  a(A,  t)  = Az  is  a flow  on  Y [as  usual,  At(f)  = 
A(t  + t)].  For  definiteness  let  us  consider  the  space  Y of  all  n x n matrix- 
valued functions  that  are  continuous  with  the  topology  of  uniform  con- 
vergence on  compact  subsets  of  R.  For  other  examples  see  [8,  p.  439]  and 
the  lectures  of  Sell  [11,  Chap.  3]. 

Theorem  1.  Assume  lim,_±00  A(t)  = A±  , where  A±  have  no  purely 
imaginary  eigenvalues.  Let  d+  and  denote  the  number  of  eigenvalues 
of  A + and  A _ , respectively,  having  negative  real  parts.  Then 

dim  & > d+  — . 

Moreover,  the  norm  of  each  solution  <p(t)  having  initial  conditions  in  & 
approaches  zero  as  |f  | — *>  oo. 

The  next  theorem  is  more  general  and  does  not  require  the  evaluation 
or  even  the  existence  of  the  limits  of  A. 
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Theorem  2.  Let  A + * and  A _ * be  constant  n x n matrices  having  no 
purely  imaginary  eigenvalues  and  let  d+*  and  d_ * denote  respectively  the 
number  of  eigenvalues  having  negative  real  parts.  Then  there  exists  an 
e > 0 with  the  following  property:  Suppose  there  exists  a T > 0 such  that 

||y4(r)  - 4 + *||  < £ for  all  t > T, 

||/l(f)  — A_*\\  < £ for  all  t < - T. 

Then  the  same  conclusions  of  Theorem  1 hold. 

For  the  linear  difference  equation 

xj  + 1 -Xj  = C{j)xj, 

the  above  theorems  hold  with  the  following  modifications:  A(j)  = / + C(j), 
the  condition  “no  purely  imaginary  eigenvalues,”  must  read  “no  eigenvalues 
of  unit  modulus,”  and  d±  should  denote  the  number  of  eigenvalues  of 
A±  having  modulus  <1.  The  variable  t is  of  course  now  an  integer  and 
£ denotes  the  subspace  of  values  x0  such  that  the  sequence  {xj/jl  x is 
bounded. 

When  the  equation  arises  as  the  finite  difference  approximation  with 
uniform  net  spacing 

[x{tj+i)  - x{tj)\/h  = P(tj)x(tj) 

of  the  ODE  x = P(t)x  with  bounded  P,  then  for  0 < h < (sup||P(f)||)~  \ A 
is  invertible  and  the  difference  equation  can  be  iterated  in  the  backward 
direction  thus  defining  a flow. 
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Introduction 

In  this  paper  we  present  a general  principle  that  contains,  in  the  most 
universal  form  possible,  the  basic  idea  underlying  the  notion  of  a Liapunov 
function  (abbreviated  L-function).  The  objects  of  our  theory  are  abstract 
systems  consisting  of  a set  (the  “state”  or  “event  space”)  endowed  with  a 
binary  relation,  usually  a preorder  (or  quasi-order,  the  “flow”),  and  two 
collections  of  subsets,  called  “quasifilters”  (generalized  neighborhood  filters, 
corresponding  to  initial  and  subsequent  states  of  a motion,  respectively). 
The  concept  of  Liapunov  stability  can  be  extended  to  this  class  of  systems 
in  a natural  way.  In  the  spirit  of  the  comparison  principle  for  differential 
equations,  we  consider  pairs  of  such  systems  together  with  mappings  from 
one  state  space  to  the  other.  Assuming  stability  of  one  of  the  two  systems 
(serving  as  the  comparison  system),  we  formulate  sufficient  conditions  for 
stability  of  the  other.  These  conditions  still  show  a strong  similarity  to 
Zubov’s  conditions  for  Liapunov  stability  in  the  context  of  dynamical  sys- 
tems in  metric  spaces;  we  therefore  call  the  functions  satisfying  them 
“Liapunov  mappings.” 

If  the  state  space  of  the  comparison  system  is  linearly  ordered  (in 
particular,  if  it  is  a subset  of  the  real  line),  we  obtain  a class  of  generalized 
(scalar)  L-functions,  in  which  the  condition  of  monotonicity  is  replaced  by 
a weaker  one,  which  amounts  to  stability  of  a scalar  comparison  system. 
Functions  of  this  type  were  called  “para-Liapunov”  by  Hajek  [2].  Yorke 
proved  [8],  for  the  case  of  an  autonomous  differential  equation,  that 
stability  of  the  origin  implies  the  existence  of  a continuous  para-L-function, 
while  under  the  same  conditions  a continuous  L-function  (not  depending 
explicitly  on  the  time)  does  not  exist  necessarily.  The  theory  of  L-functions 
at  this  level  of  generality  was  presented  in  [5-7]. 
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Here  we  sketch  only  the  basic  part  of  the  theory,  limiting  ourselves  to 
the  statement  of  sufficient  conditions  for  stability,  while  the  question  of 
inverse  theorems,  in  the  case  of  a scalar  L-functions,  is  treated  by  Salzberg 
in  Chapter  5 of  this  volume  [4],  The  general  problem  of  existence  of  L- 
mappings  is  at  present  completely  open. 

By  appropriate  specializations  and  adaptations,  our  theory  can  be  applied 
to  a wide  range  of  special  cases  and  related  problems.  For  instance,  by  a 
mere  change  of  the  formalism,  one  obtains  results  on  “weak  stability”  in 
the  sense  of  Roxin  [3],  which  may  be  interpreted  as  controllability.  This 
facet  of  the  theory  is  sketched  in  Section  4.  By  defining  the  system  in  a 
product  space  with  the  real  line  as  one  factor  (“state- time”  or  “event 
space”),  one  can  retrieve  the  classical  theorems  on  Liapunov  stability  in 
nonautonomous  systems  using  time-dependent  L-functions,  including  such 
variants  as  eventual  stability  (cf.  [6]).  Finally,  by  a suitable  adaptation  of 
the  main  theorem  on  boundedness  (the  “dual”  concept  to  stability),  one 
gains  an  alternative  approach  to  Liapunov-type  theorems  on  attraction. 


1.  General  Definitions  and  Notations 

We  will  denote  by  X a set  (the  “state”  or  “event  space”),  by  3C  the 
collection  of  all  nonvoid  subsets  of  X,  and  by  O a binary  relation  on  X 
(the  “flow”).  A quasifilter  on  X is  a non  void  subset  of  3C.  Throughout,  binary 
relations  will  be  denoted  by  capital  Greek  letters  and  quasifilters  by  capital 
script  letters.  If  sd  and  M are  two  quasifilters  on  the  same  set,  we  say 
“sd  is  coarser  than  JS,"  in  symbols  sd  — < .if,  if  every  element  of  sd  contains 
an  element  of  if. 

We  give  some  notational  conventions:  If  / is  a (possibly  set-valued)  func- 
tion defined  on  X,  we  also  denote  by  / the  function  defined  on  3C  by 

f(A)  = U {/(x)lx  e 

If  sd  is  a quasifilter  on  the  domain  of  the  function  /,  we  define  the 
quasifilter  / sd  as  {f  A | A e sd}. 

Moreover,  in  order  to  avoid  a proliferation  of  parentheses  indicating 
variables  of  functions,  we  will  usually  omit  these.  For  a similar  reason, 
we  will  write  compositions  of  functions  without  connecting  symbols. 

Finally,  instead  of  (x,  y)  e <D,  we  will  write  y e d>(x),  or  y e <Dx. 

By  a system  we  mean  a quadruplet  Sx  = (X,  O,  9,  S ),  where  X denotes 
a set,  O a binary  relation  on  X,  and  9 and  6 quasifilters  on  X. 
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The  system  Sx  = (X,  <D,  2,  8)  is  called  stable  if  8 — <0^;  explicitly,  if 
every  element  of  8 contains  the  set  <t>D  for  some  D e 2. 

Example  1.  If  X is  a topological  space,  O the  positive  semiorbit  relation 
of  a dynamical  system  on  X,  M c X compact,  and  denotes  the  neigh- 
borhood filter  of  M,  then  stability  of  (X,  O,  J8M , jVm)  is  Liapunov  stability 
of  Af. 

Example  2.  If  X is  a metric  space,  M c X closed,  O and  JfM  as  in 
Example  1,  and  JtM  denotes  the  quasifilter  of  e-neighborhoods  of  M (e>  0), 
then  (X,  d>,  , Jt M)  is  “stability”  in  the  sense  of  Bhatia  and  Szego  [1, 

Chap.  V],  a concept  modeled  on  nonuniform  stability  of  the  origin  in  a 
nonautonomous  system. 


2.  Liapunov  Mappings 

We  now  consider,  simultaneously,  two  systems 

Sx  = (X,  <D,  2, 8),  and  SY  = ( Y,  ¥,  38,  V). 

The  idea  is  this:  One  supposes  SY  is  known  to  be  stable,  and  asks  for 
conditions  guaranteeing  stability  of  the  system  in  question,  Sx  ■ To  this  end 
we  consider  mappings  v from  X into  Y and  define  t;:  X -*■  Y as  a Liapunov 
mapping  from  Sx  to  SY  if  it  satisfies  the  following  conditions: 


v '38  and  v are  quasifilters;  (2.0) 

8-^v'XcS  (2.1) 

(2.2) 

v-uY38-+<bv-'&.  (2.3) 


Theorem  1.  If  there  exists  a Liapunov  mapping  from  the  system  Sx  to 
a stable  system  SY,  then  Sx  is  also  stable. 


3.  Para-Liapunov  Functions 

We  now  focus  our  attention  on  the  important  special  case  where  Y is  the 
real  line  R,  'P  is  the  relation  <,  and  3?  coincides  with  the  quasifilter  & 
defined  by 


& = { F ^ | fie  R such  that  F /J<  / 0}, 


(A) 
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where 

(B) 

To  simplify  the  notation,  wc  put  v~  this  is  the  quasifilter 

consisting  of  the  (nonvoid)  sets  on  which  v is  smaller  than  a given  value. 
In  this  case  conditions  (2.0)-(2.3)  reduce  to  the  following: 

v is  not  a constant,  (3.0) 

(3.1) 

(3.2) 

(3.3) 

We  call  a function  from  X into  R,  with  these  properties,  a para-L-function 
with  respect  to  (X,  O,  2,  &). 

Corollary  1.  The  existence  of  a para-L-function  with  respect  to  the 
system  Sx  = (X,  0,  2,  8)  implies  the  stability  of  Sx . 

Remark.  Condition  (3.3)  obviously  holds  if  v is  nonincreasing  under  O, 
i.e.,  if  y e <l>(x)  implies  v{y)  < d(x).  Under  this  stronger  condition  and  with 
(3.0)-(3.2)  as  before,  we  call  v a Liapunov  function  ( L-function ). 

A necessary  and  sufficient  condition  for  the  existence  of  an  L-function 
is  given  by  Salzberg  and  the  author  in  [5]  (summarized  in  [4]). 


4.  Weak  Stability  or  Controllability 

In  his  studies  of  stability  in  dynamical  polysystems  [3],  Roxin  considered, 
besides  the  usual  concept  of  stability,  also  a weak  form  that  may  be 
interpreted  as  controllability  if  the  system  is  considered  as  a control 
system. 

Given  a preordered  set  (X,  $),  we  say  a subset  y c X is  a semiorbit 
starting  at  x0  if  it  is  a maximal  set  with  the  properties  that  x e <D(x0),  for 
every  x e y,  and  y is  totally  preordered  by  O.  The  set  of  all  semiorbits 
starting  at  x will  be  denoted  by  T(x). 

Supposing  2 and  8 are  quasifilters  on  X,  we  say  the  system  (X,  O,  2,  8) 
is  controllable  if  for  any  E e 8 there  exists  a De  2 such  that  for  each 
x e D there  exists  aye  T(x)  contained  in  £. 


LIAPUNOV  FUNCTIONS  AND  THE  COMPARISON  PRINCIPLE 


185 


We  introduce  a selection  function  o from  sets  A a X into  FA,  which 
assign  to  every  xe  A a semiorbit  yCT(x)  e T(x),  and  denote  by  I.A  the  set  of 
all  <x’s  with  domain  A.  Next,  we  define  for  every  set  A e 3C  and  every 
er  e ZA  the  set  Q>„  = (J  (yCT(x)|x  e A },  and  for  every  quasifilter  .rf  in  X the 
quasifilter  <bc$i  = {<!>„  A \<r  e I. A,  A e .*/},  which  is  the  collection  of  all  sets 
attainable  from  sets  of  .5/  by  some  selection. 

Now  the  definition  of  controllability  may  be  formulated  more  concisely 
by  the  condition  & — < <I>C  Q>. 

We  call  a function  v : X -*  Y a weak  L-mapping  from  Sx  to  SY  (defined 
as  in  Section  2)  if  it  satisfies  conditions  (2.0)-(2.3),  with  O replaced  by  O, 
and  4*  by  'i,c  (defined  analogously)  in  (2.3). 

Theorem  2.  If  there  exists  a weak  L-mapping  from  Sx  to  a controllable 
system  SY,  then  Sx  is  also  controllable. 

The  same  specialization  as  in  Section  3 yields  a result  analogous  to 
corollary  1.  The  analog  of  condition  (3.3)  is  satisfied,  in  particular,  if  every 
point  of  X is  the  starting  point  of  a semiorbit  along  which  v is  nonincreasing. 
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R.  Ellis  has  studied  the  so-called  distal  transformation  groups  [1,  2].  In  [1] 
he  introduced  the  closure  of  the  set  of  transitions  and  proved  the  same  to 
be  a semigroup,  the  so-called  enveloping  semigroup  [2].  If  all  trajectory 
closures  are  compact,  then  a transformation  group  is  distal  if  and  only  if 
its  enveloping  semigroup  is  a group  ([1,  Theorem  1]  or  [3]). 

In  the  case  of  dynamical  systems,  i.e.,  transformation  groups  where  the 
action  is  via  the  reals  or  the  integers,  one  can  introduce  the  notions  of 
positively  (and  negatively)  distal  dynamical  systems,  as  is  the  case  with 
mar  y other  notions.  However,  one  can  show  that  positively  distal  dynamical 
systems  are  distal  whenever  all  positive  trajectory  closures  are  compact. 
It  is  therefore  obvious  that  almost  all  known  results  on  distal  flows  [1-3] 
are  available  for  positively  distal  dynamical  systems. 

In  the  case  of  semidynamical  systems  [4—6]  where  only  forward  unique- 
ness is  assumed  and  generally  there  is  nonuniqueness  in  the  backward 
direction,  logically  only  the  notion  of  positive  distality  can  be  introduced. 
It  is  also  not  obvious  as  to  which  of  the  known  results  on  distal  flows  may 
be  carried  over  to  this  case.  Here  we  study  (positively)  distal  semidynamical 
systems  and  show  that  major  results  on  distal  flows  are  carried  over  to  this 
case.  We  actually  show  that  (positively)  Lagrange  stable  distal  semi- 
dynamical systems  are  indeed  dynamical.  This  circumstance  results  in  the 
generalization  of  a result  of  Bhatia  and  Chow  [4],  namely,  that  any 
positively  almost-periodic  point  of  a semidynamical  system  on  a complete 
metric  space  has  a compact  positive  trajectory  closure  and  the  restriction 
of  the  semisystem  to  this  set  is  dynamical.  Finally,  we  develop  an  analytic 
characterization  of  distal  semidynamical  systems  that  appears  to  be  a 
completely  new  result  even  for  dynamical  systems. 

1.  Notation,  Definitions,  and  Some  Known  Results 

X denotes  a Hausdorff  space,  G+  denotes  the  nonnegative  reals  or  the 
nonnegative  integers,  and  G denotes  the  reals  or  the  integers. 

Preceding  page  blank 
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A semidynamical  system  on  X [4-5]  is  a continuous  map  n from  X x G + 
into  X satisfying  X7t0  = x and  ( xnt)ns  = xn(t  + s)  for  all  x s X and  t,  s in 
G + . A dynamical  system  on  X is  defined  by  replacing  G + by  G in  the 
foregoing  statement. 

We  assume  given  a semidynamical  system  on  X. 

Definition  1.1.  n is  positively  distal  (or  simply  distal)  if  (xnti  -*  z<—ynti) 
implies  x = y for  any  net  in  G + and  x,  y,  z in  X. 

Definition  1.2.  7t  is  positively  Lagrange  stable  (or  simply  Lagrange 
stable)  if  the  closure  of  every  positive  trajectory  xnG+  is  compact.  Here 
xnG+  = {xnt : t e G + } for  any  x e X. 

Definition  1.3.  [4].  Let  X be  metric  with  distance  d.  A point  x in  X is 
said  to  be  positively  almost  periodic  if  for  every  e > 0 there  is  a relatively 
dense  subset  D cz  G+  such  that  d(xnt,  xn{t  + r))<£  for  all  t in  G+  and  t in 
D. 


Definition  1.4.  A set  M is  positively  invariant  if  M = (J{x7rG+  : x e M}. 
It  is  called  positively  minimal  if  it  is  closed  and  positively  invariant  and 
contains  no  proper  nonempty  closed  positively  invariant  subset.  We  say  n 
is  pointwise  minimal  if  every  positive  trajectory  closure  is  positively 
minimal. 

Xx  denotes  the  topological  space  of  all  transformations  of  X into  X 
endowed  with  the  topology  of  pointwise  convergence.  Given  a semi- 
dynamical system  n on  X and  feG+,  the  transition  n,  from  X into  X 
given  by  xnt  = 7r,(x)  = xnt  for  every  x e X is  continuous.  The  set  of  transi- 
tions T = {rc,:  t e G+}  and  X are  both  semigroups  under  the  operation  of 
composition  of  maps,  and  the  transition  7t0  is  an  identity  for  both.  The 
closure  of  T in  Xx  is  denoted  by  E and  following  Ellis  one  can  show 
that  E is  a semigroup  too,  the  so-called  enveloping  semigroup. 


2.  The  Main  Results 

As  proved  for  transformation  groups  by  Ellis  we  have 

Lemma  2.1.  If  n is  Lagrange  stable  and  distal,  then  the  closure  E of  T 
(i.e.,  the  enveloping  semigroup)  is  a compact  group.  Moreover,  the  maps 
fp:  E->  E given  by  fp(q)  = p ° q are  continuous  for  each  p in  E. 
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Lemma  2.2.  If  n is  Lagrange  stable  and  distal,  then  every  positive 
trajectory  closure  is  positively  minimal. 

Theorem  2.3.  Let  n be  Lagrange  stable.  Then  the  following  are 
equivalent: 

(2.3.1)  £ is  a compact  group. 

(2.3.2)  For  every  cardinal  a > 0,  the  semidynamical  system  on  Xa 
is  pointwise  minimal. 

(2.3.3)  The  semidynamical  system  n2  on  X2  is  pointwise  minimal. 

In  addition  to  carrying  over  Ellis’s  results  to  the  case  of  semidynamical 
systems  we  have 

Theorem  2.4.  If  n is  Lagrange  stable  and  distal,  then  there  is  a unique 
abstract  dynamical  system  n*  on  X (i.e.,  n*  satisfies  all  but  the  continuity 
hypothesis  of  a dynamical  system)  that  is  dynamical  on  every  compact 
invariant  set.  Moreover,  7r*  is  dynamical  on  X if  X is  locally  compact. 

Theorem  2.5.  Let  X be  complete  metric.  If  every  x e X is  positively 
almost  periodic,  then  n is  Lagrange  stable  and  distal. 

And  finally  we  have  the  following  characterization: 

Theorem  2.6.  Let  n be  Lagrange  stable.  Then  n is  distal  if  and  only  if 
for  every  net  in  G + , one  has  X = {z  e X : xntj  -*■  z for  some  x e X and 
some  subnet  tj  of  f,}. 

The  proofs  of  Lemmas  2.1  and  2.2  and  Theorem  2.3  may  be  constructed 
as  in  [1],  and  those  of  Theorems  2.4  and  2.5  as  in  [4].  We  summarize 
the  proof  of  Theorem  2.6. 

Proof  of  Theorem  2.6.  Let  n be  distal.  Then  £ is  a compact  group.  Let 
f,  be  any  net  in  G + . Since  n,t  is  in  T and  £ is  compact,  there  is  a subnet 
tj  such  that  nt/->  pe  £.  Since  £ is  a group,  there  exists  p~  1 in  £.  Let  z e X. 
Set  x = zp~l,  so  that  z = xp.  This  shows  that  xn,.  = xntj  -»  xp  = z.  The 
“if”  part  is  proved.  For  the  “only  if”  part,  notice  first  that  Lagrange 
stability  implies  that  the  enveloping  semigroup  £ is  compact.  Moreover,  the 
maps  fp  from  £ to  £ given  by  fp(q)  = p ° q are  continuous.  Using  Lemma 
1 in  [1],  there  is  an  idempotent  u in  pE  = {p  ° q : q e £}  for  any  p e £.  Thus 
there  is  a q in  £ such  that  p ° q = u.  There  is  then  a net  f,  in  G + such 
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that  Ti,  —*  u.  Let  zeX.  By  assumption  there  is  a subnet  tj  of  /,  and  an 
v e X such  that  xn,  — xntj-*  z.  This  implies  that  xu  = z.  Consequently, 
zu  = (xu)u  — x(u2)  = xu  = z.  Thus  u is  an  identity  transformation  in  £.  We 
have  in  fact  shown  that  £ is  a group.  Hence  n is  distal. 

The  following  example  shows  that  a Lagrange  stable  distal  semidynami- 
cal  system  on  an  arbitrary  metric  space  need  not  be  dynamical. 

Example  2.7.  Consider  the  subset  X of  the  euclidean  plane  consisting 
of  the  points  of  the  open  unit  disc  and  the  point  (1,  0).  The  following 
differential  system  (polar  coordinates)  defines  a Langrange  stable  distal 
semidynamical  system  on  X , which  is  not  dynamical: 

r = 0 9 = | 1 if  n < 9 < 2tt, 

1 1 — r if  0 < 0 < n. 

Note  that  the  right-hand  side  is  necessarily  discontinuous. 
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Introduction 

Semidynamical  systems  (sds)  are  continuous  flows  defined  for  all  future 
time.  Natural  examples  of  sds  are  furnished  by  functional  differential 
equations  for  which  existence  and  uniqueness  conditions  hold.  Though  a 
substantial  part  of  the  theory  of  dynamical  systems  (ds)  extends  to  sds,  many 
new  and  interesting  notions  (e.g.,  a start  point  and  a singular  point  [2-4]) 
arise  in  sds. 

Prolongations  in  ds  have  been  studied  by  numerous  authors  (Auslander 
and  Seibert  [1],  Hajek  [6-7],  Ura  [11])  and  are  useful  in  stability  prob- 
lems. However,  prolongations,  when  defined  as  in  ds,  lose  some  of  their 
basic  properties.  In  this  paper,  we  define  another  system  of  prolongations, 
examine  which  of  the  lost  properties  are  restored,  and  state  some  results  on 
prolongations  and  their  limit  sets. 


Preliminaries 

An  sds  is  a pair  (X,  7r)  where  A"  is  a Hausdorff  topological  space,  and 
n:  X x R*  -*  X is  a continuous  map  satisfying  the  following  conditions: 

(a)  n(.x,  0)  = x,  x e X (identity  axiom). 

(b)  7r(7r(x,  t),  s)  = n(x,  t + s),  x e X,  t,  s e R + (semigroup  axiom). 

( R+  denotes  the  set  of  nonnegative  reals  with  the  usual  topology.)  For 
brevity,  n(x,  t)  will  be  denoted  by  xt.  If  M is  a subset  of  X and  K a subset 
of  /?  + , then  the  set  {xt : x e M c X,  t e K c R + } will  be  denoted  by  MK. 
Positive  trajectory  y+(x)and  positive  invariance  are  defined  as  in  dynamical 
systems  [I,  5].  A point  x in  X is  said  to  be  (positively)  critical  if 
y + (x)  = {x\. 

Throughout  this  paper,  (A\  n)  denotes  a semidynamical  system.  A net  in 
X will  be  denoted  by  x,  , where  i is  an  element  of  the  directed  set. 
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For  any  x in  X,  define  positive  limit  set  A(x),  positive  prolongation  D(x), 
and  positive  prolongational  limit  set  J(x)  as  follows: 

A(x)  = {y  e X : there  exists  a net  t,  in  R + , t,  -+  oo  such  that  xf,  -»  y}. 

D(x)  = {y  e X : there  exists  a net  x,  in  A",  x,  -»  x,  and  a net  /,  in  R f 
such  that  x,  /,  -»  y). 

J(x)  = {y  e A'  : there  exists  a net  x,  in  X,  x,  -*  x,  and  a net  r,  in  R + , 

/,  -*•  oo  such  that  x,  r,  -+  y}. 

Remark.  The  definitions  of  £>(x),  J(x)  being  the  same  as  in  dynamical 
systems,  the  observation  that  sds  are  continuous  maps  defined  for  all  non- 
negative t (i.e.,  for  future  time)  tempts  one  to  believe  that  their  properties 
in  dynamical  systems  will  also  hold  in  sds.  This,  however,  is  not  true  as 
the  following  illustration  shows. 

Example.  The  equations 

dr  r d()  I 

dt  1 + r ’ dt  1 -I-  r ' 

(in  polar  coordinates)  represent  for  r ^ 0,  a family  of  equiangular  spirals, 
r = 0 being  a critical  point. 

On  using  the  transformation  x = u/(\  — u2),  y = v,  where  |u|  < 1, 
du/dt  and  dv/dt  are  easily  obtained  [9,  p.  343].  Now  we  complete  our  space 
by  addition  of  the  lines  u — ±1,  and  {(u,  0) : u < — 1}  with  the  limiting 
equations: 

du  |0  for  u = ±1, 

dt  1 1 for  u < — 1, 

, (1  for  u = 1, 

dv'  ' 

= ■ — 1 for  u — — 1, 

dt  (0  for  u < — 1. 

This  defines  a semidynamical  system. 

Let  p be  the  point  (-2,  0),  and  q the  point  (-1,  - 1)  in  the  »,  v plane. 
Then  q = p. 2,  J(p)  is  the  empty  set,  J(q)  is  the  set  {(w,  v) : u = 1 j so  that 
J(pt)  / J(p)  for  t > 1.  For  t > 1,  even  D(pt)  c D(p)  does  not  hold.  Examples 
can  be  constructed  to  show  that  even 

J(x)t  = J(x),  teR  + , and  J(x)  = Q{Z)(xf) : 1 6 R*}, 

do  not,  in  general,  hold  in  sds.  Thus  we  are  led  to  the  following: 
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Definitions.  Let  ( X , rc)  be  an  sds.  Define  maps  B and  L on  X with 
values  in  the  set  of  subsets  of  X by 

B(x)  = {y  e X : there  exists  a net  x,  in  X,  x,  -*  xs,  for  some  s in  R + , 
and  a net  I,  in  R + such  that  x,  f,  -*  y }, 

L(x)  = (y  e X : there  exists  a net  x,  in  X,  x,  -»  xs,  for  some  s e R + , 
and  a net  f,  in  R + , t-,-*  + oo  such  that  x;  ff  -» y}. 

It  is  clear  from  the  definition  that 

(a)  B(x)  = \J{D(xt) : t e R + } =>  D{x), 

(b)  L(x)  = lJ{J(xr) : r € R + } =>  J(x), 

(c)  B(xt)  a B(x)  whenever  t e R + . 

Theorem.  Let  ( X , 7t)  be  a semidynamical  system.  Let  x e X,  teR+. 
Then  L(xt)  = L(x). 

Proof.  Notice  that  J(x)  c J(xt)  whenever  t e R + . 

Theorem.  Let  ( X , 7r)  be  a semidynamical  system.  Then 

(a)  B(x)  = L(x)uy+(x), 

(b)  Cl(B(x))  = Cl(L(x))uy+(x). 

In  general,  B(x)  and  L(x)  are  not  closed.  The  above  theorem,  however, 
states  that  set  theoretic  maps  B and  L,  and  also  their  closures,  satisfy  a 
relation  similar  to  D(x)  = J(x)  u y + (x). 

Theorem.  Preserving  the  notation, 

L(x)=  f]{B(xt):teR  + }. 

Remark.  Out  of  the  properties  stated  in  the  example  to  have  been  lost 
by  the  usual  prolongations,  only  L(x)f  = L(x)  [the  analog  of  J(x)t  = 7(x)] 
remains  to  be  examined.  In  sds,  L(x)t  ^ L(x)  in  general.  Due  to  the  points 
with  finite  escape  time,  for  any  subset  K of  X,  we  cannot  expect  Kt  = K 
for  any  t e R+,  even  if  K is  positively  invariant. 

Theorem.  Let  (X,  n)  be  a semidynamical  system.  Let  X be  rim 
compact  [8,  10].  Let  x e X.  If  L(x)  is  relatively  compact,  then  A(x)  is  non- 
empty and  compact. 
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Theorem.  Let  (X,  n)  be  an  sds.  Let  x e X.  Let  x e A(x).  Then 
L(x)  = J(x). 

Proof.  For  simplicity  of  notation,  let  A"  be  a metric  space,  and  d a meter 
on  it.  Since  xe  A(x),  there  exists  a sequence  {/„}  in  R+,  t„-+  cc  such  that 
xt„  -*  x.  Let  ye  L(x).  There  exists  a sequence  {x„}  in  A",  a sequence  {.s„J  in 
R \ s„-+oo  such  that  xn  s„  -*  y and  xn  -»  xs  for  some  se  R + . By  making 
adjustments,  we  can  suppose  sn  — t„  > n for  every  n.  For  every  k fixed, 

xn(tk  - s)~>xs(tk  - s)  = xtk. 

Let 

d(xn(tk  — s),  xtk)  < \/k  for  every  n > k. 

Now,  >j 

d(x,  x„(tn  - s))  < d(x,  xt„)  + d(xt„,  xn(tn  - s))  j 

< d(x,  xtn)  + 1/n,  j 

and  so  x„(fn  — s)  ->  x.  Finally 

x„(t„  - .s)(s„  - tn  + s)  = xns„  y, 

i 

and  so  y e J(x ),  etc. 

In  particular,  if  x is  periodic,  then  J(x)  = L(x). 

Remark.  In  the  above  theorem,  if  we  weaken  the  hypothesis  x e A(x) 
to  x e J(x).  then  in  general  L(x)  and  J(x)  are  not  the  same. 

Theorem.  Let  (A\  n)  be  an  sds.  Let  x e X.  Let  o e A(x).  Then 

(a)  J(x)  c:  J((„ ), 

(b)  L(x)czJ(oj ), 

(c)  J(  (»)  = D((d). 
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When  Do  Lyapunov  Functions  Exist  on  Invariant 
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The  theory  of  characterization  via  Lyapunov  functions  of  compact  asymp- 
totically stable  sets  of  dynamical  systems  defined  on  locally  compact 
metric  spaces  is  essentially  complete  [1].  Krasovskii  [2]  extended  such 
characterization  of  asymptotically  stable  critical  points  of  differential  sys- 
tems to  include  the  more  general  situation  where  a critical  point  has  a 
neighborhood  containing  no  other  complete  trajectories  [2,  Chap.  1], 
Further  notable  developments  in  these  directions  have  been  obtained,  for 
example,  in  [3]  for  autonomous  differential  systems  and  in  [4]  for  dynami- 
cal systems  on  locally  compact  spaces.  The  basic  characterization  of  isolated 
compact  sets  of  dynamical  systems  via  Lyapunov  functions  is  contained  in 
Theorem  1.3  (see  also  [5],  where  it  was  reported  first).  However,  in  contrast 
to  the  situation  for  asymptotically  stable  sets  the  characterizing  Lyapunov 
functions  are  generally  not  available  on  any  invariant  neighborhoods  of  an 
isolated  compact  invariant  set.  (See  [5]  for  an  example.)  In  this  direction 
Theorem  1.4  was  reported  in  [5].  Here  we  have  eliminated  the  condition 
of  invariance  on  the  compact  isolated  set  to  obtain  a generalization  of 
Theorem  1.4.  Our  results  even  include  results  on  the  existence  of  tubes  and 
oo-tubes  as  neighborhoods  of  noncritical  points  that  form  the  basis  of  the 
theory  of  parallelizable  dynamical  systems  [1,  Chap.  IV].  We  believe  that 
our  results  bring  the  characterization  of  isolated  compact  sets  via  Lyapunov 
functions  to  a certain  completion  and  can  form  the  basis  of  classification 
of  such  sets. 


1.  Notation,  Definition,  and  Some  Known  Results 

X denotes  a locally  compact  metric  space  and  R the  set  of  real  numbers. 
A dynamical  system  or  continuous  flow  on  X,  namely,  a continuous 
function  n from  X x R into  X satisfying  xO  = x and  (xf)s  = x(f  + s)  for 
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all  xe  X and  t , s e R,  is  assumed  given.  (See  [1]  for  this  and  related  nota- 
tion.) A set  M in  X is  called  invariant  if  M = MR  = {xt : x e M and 
teR\. 

The  following  definition  is  indeed  Definition  2.2  of  [5]. 


Definition  1.1.  A compact  set  M in  X is  said  to  be  isolated  if  there  is 

a neighborhood  U of  M such  that  for  every  x e U — M at  least  one  of  the 

following  holds: 

(1.1.1)  There  is  a t > 0 such  that  xt  $ U and  ,v[0.  (]n!W=0; 

(1.1.2)  There  is  a t < 0 such  that  xt  £ JJ  and  x[0,  t]  o M — 0. 

For  compact  invariant  sets  the  above  definition  is  equivalent  to  the  one 
given  in  [4],  namely,  that  a compact  invariant  set  is  isolated  if  it  is  the 
largest  invariant  set  in  one  of  its  neighborhoods.  To  show  the  generality 
of  the  above  definition  note  the  following. 

Lemma  1.2.  A noncritical  point  x e X is  isolated.  (This  is  the  “only  if” 
part  of  Lemma  2.3  in  [5];  the  “if”  part  does  not  hold.) 

The  following  results  were  reported  in  [5], 

Theorem  1.3.  A compact  set  is  isolated  if  and  only  if  there  is  a 
neighborhood  U of  M and  a continuous  function  (p  from  U into  R 
satisfying 

(i)  (p  '(0)  = {x  e U : <p(x)  = 0}  =3  M, 

(ii)  <p(xt)  < (p(x)  if  t > 0 and  x[0,  *]<=([/  — M). 

For  compact  invariant  sets  we  had  moreover  reported  the  following 
theorem  [5,  Theorem  3.8], 

Theorem  1.4.  A compact  invariant  set  M possesses  an  invariant 
neighborhood  V of  M and  a continuous  function  (p  from  U into  R 
satisfying  conditions  (i)  and  (ii)  of  Theorem  1.2  if  and  only  if  M is  isolated 
and  there  is  a neighborhood  V of  M such  that 

(l/-M)nJt(M)nT(M)  = 0. 

(Here  for  any  xe  X , Jf(*)  and  J~(x)  denote  the  positive  and  negative 
prolongational  limit  set  of  x,  respectively  [1].) 
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2.  Remarks 

2.1.  If  M is  a singleton  {x}  and  x is  not  critical,  then  by  Lemma  1.2  x 
is  isolated.  The  “only  if”  part  of  Theorem  1.3  is  then  essentially  the 
Bebutov  result  on  the  existence  of  a tube  containing  x [1,  Theorem  2.9], 

2.2.  It  is  known  that  for  wandering  points  x,  i.e.,  if  x<£J  + (x),  there 
exists  an  oo-tube  [1,  Theorem  2.12].  However,  this  result  is  not  contained 
in  Theorem  1.4  as  M is  invariant  and  for  a noncritical  point  x,  the 
singleton  {xj  is  not  invariant.  At  first  sight  it  may  appear  that  Theorem  1.4 
cannot  be  strengthened  beyond  requiring  that  M is  either  compact  invariant 
or  a singleton,  as  is  shown  by  the  following  example. 

Example  2.3.  Consider  a dynamical  system  on  X = R containing 
exactly  two  critical  points,  say  —1  and  +1.  Let  M = {x,  y),  where 
— 1 < x < y < +1.  One  can  easily  see  that  M is  a compact  isolated  set 
aad  that  for  any  neighborhood  V of  M that  does  not  contain  the  critical 
points  the  condition  (V  - M)  n J + (M ) n J ~ (M ) = 0 holds.  However,  as 
may  easily  be  seen  a continuous  function  ip  satisfying  conditions  (i)  and 
(ii)  of  Theorem  1.3  does  not  exist  on  any  invariant  neighborhood. 

2.4.  One  can  even  give  examples  of  connected  compact  sets  M (neces- 
sarily not  invariant)  that  are  isolated  and  for  which  the  condition  of  the 
“if  part”  of  Theorem  1.4  holds,  but  a continuous  function  on  an  invariant 
neighborhood  U of  M with  the  requisite  properties  does  not  exist. 

2.5.  The  proofs  of  Theorems  1.3  and  1.4  may  be  constructed  by  using 
methods  used  in,  say,  [4]  and  [6], 


3.  New  Results 

Definition  3.1.  A set  M in  X is  said  to  be  /-convex  (short  for  tra- 
jectory convex)  if  for  any  xeX  and  /,,  t2  e R.  /,  < t2 , the  trajectory 
segment  x[/,,  t2]  c=  M,  whenever  its  endpoints  x/,  and  x/2  are  in  M. 

One  can  easily  verify  that  an  invariant  set  is  /-convex.  In  fact,  one  has 
the  following  characterization: 
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Lemma  3.2.  A set  M in  X is  /-convex  if  and  only  if  M = MR  T n MR  . 
Here  MR  ~ = {xt:  x e M and  t > 0}  and  MR"  = {xf:  xeM  and  t < 0). 

Proof.  The  inclusion  M cz  (MR  + n MR  ) holds  for  arbitrary  sets  M in 
X.  First  let  M be  /-convex.  Let  x e (M  R*  n M R~ ).  There  is  then  a 

< 0 and  /2  > 0 such  that  xt j e M and  xt2  e M.  By  /-convexity,  we  have 
x[fj,  t2]  <=  M.  Since  x = xO  e x[/t,  f2],  we  conclude  x e M.  This  proves  the 
“only  if”  part.  Now  let  M = MR*  n MR" . If  x e X and  < t2  in  R are 
such  that  xtleM  and  x/2  e M,  then  indeed  x[/l5  t2\  z (M R*  n M R ). 
Hence  x[t,,  f2]  c:  M and  M is  f-convex.  This  concludes  the  proof. 

The  interior  of  a /-convex  set  is  /-convex.  It  is  not  true  that  the  closure 
of  an  arbitrary  or  even  an  open  /-convex  set  is  f-convex.  However,  an 
arbitrary  positively  invariant  set  is  f-convex  and  so  are  its  closure,  interior, 
boundary,  and  complement.  One  can  also  see  that  a singleton  {x}  consisting 
of  a noncritical  nonperiodic  point  x is  /-convex  and  hence  also  a wandering 
point  is  /-convex. 

We  report  now  the  following  generalization  of  Theorem  1.4. 

Theorem  3.3.  A compact  set  M in  X has  an  invariant  neighborhood 
U and  a continuous  function  from  U into  R satisfying  conditions  (i) 
and  (ii)  of  Theorem  1.2  if  and  only  if  M is  /-convex,  isolated,  and  has  a 
neighborhood  V such  that  (V  — M)  n D"(M)  n D~(M)  = 0. 

Remark  3.4.  It  would  appear  from  Theorem  3.3  that  the  sections  of  an 
x-tube  containing  a wandering  point  are  /-convex. 

Theorem  3.3  can  be  proved  by  the  same  technique  as  Theorem  1.4. 
The  only  new  element  is  the  assertion  in  the  “only  if”  part  that  M is 
/-convex.  To  see  this,  assume  that  there  is  an  invariant  neighborhood  U of 
M with  a continuous  function  (p  on  U satisfying  conditions  (i)  and  (ii)  of 
Theorem  1.3.  Let  x e X and  /,  < t2  in  R be  such  that  xf,  and  x/2  are  in  M. 
Then  by  the  invariance  of  (7,  we  have  x[/,,  /2]  <=  U.  Conditions  (i)  and 
(ii)  on  (p  now  imply  that  ip(xt ) = 0 for  tx  < / < f2 . If  for  some  / e (fj,  f2) 
one  had  xt  4 M,  then  there  would  exist  an  e > 0 such  that  /,  < / < / + e < t2 
and  x[/,  / + e]  <=  U — M (this  follows  from  compactness  of  M).  But  then 
condition  (ii)  implies  <p(x(t  + *;))  < cp(xt).  This  contradicts  the  earlier  con- 
clusion that  (p(xt)  = 0 for  f,</</2.  Hence  x[f,,  f2]  c M and  M is 
f-convex. 
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1.  Introduction 

Perhaps  the  simplest  “dynamical  process”  is  obtained  by  iterating  a 
function  F:  J-*J,  where  F is  a continuous  function  and  J an  interval. 
When  we  iteratively  define  Fn  + 1 (a)  as  F(Fn( a)),  we  ask  questions  about  what 
we  can  expect  of  the  long-term  or  asymptotic  behavior  of  {F"(a0)}  for 
a0  e J.  These  questions  are  particularly  interesting  because  of  the  rich  and 
surprisingly  complex  structure  that  is  revealed  in  the  investigation  of 
these  questions.  Our  purpose  here  is  to  describe  some  of  the  general 
results  we  have  proved  and  more  importantly  to  describe  our  observations 
(results  of  simple  computer  studies)  concerning  the  simplest  case 

Fa(x)  = ax(\  - x),  XeJ  = [0,  1]. 

for  various  values  of  a e [0,  4],  (These  are  the  values  of  a for  which 
Fa:  J-rJ.)  Our  purpose  in  studying  how  we  may  expect  the  sequence 
{F"( a)}  to  behave  is  to  get  a new  glimmer  of  understanding  of  the  possible 
analytic  regularities  in  the  chaotic,  turbulent,  unstable,  irregular  processes 
of  such  greater  complexity  that  surround  us. 


2.  Applications 

Our  initial  investigations  were  stimulated  by  a fascinating  series  of 
Loren/  fl  4],  who  found  that  certain  turbulent  (or  irregular)  tluid  flows 
could  be  reduced,  through  a series  of  careful  approximations,  to  studies  of 
the  scalar  problem  of  studying  sequences  {/’"(a)|  as  we  do  here.  In  his 
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case  F"(x ) can  be  thought  of  as  being  the  magnitude  of  the  nth  wave  to 
pulse  through  the  system.  He  found  that  these  sequences  often  behaved 
irregularly  in  much  the  same  manner  as  had  been  reported  for  the  original 
experimental  situations.  We  feel  that  studies  of  these  sequences  can  give 
significant  insight  into  the  nature  of  turbulence. 

Sequences  of  this  type  are  also  quite  important  in  the  study  of 
mathematical  ecology.  For  example,  recent  investigations  of  Oster  et  ai 
have  shown  that  discrete-time  models  can  give  excellent  descriptions  of  the 
interactions  of  insect  populations  in  laboratory  environments.  To  understand 
the  behavior  of  systems  it  is  necessary  to  understand  the  dynamics  of  a 
single  population,  which  we  show  can  at  times  be  expected  to  be  very 
complicated. 


3.  Predicting  Chaos 

The  following  theorem  (which  we  prove  elsewhere  [5])  shows  that  if 
certain  simple  qualitative  hypotheses  are  satisfied,  then  the  asymptotic 
description  of  sequences  {Fn(x)}  is  necessarily  complicated.  First  we  state 
the  result  in  terms  of  a population.  Suppose  that  under  certain  laboratory 
situations,  the  size  (denoted  xn)  of  the  nth  generation  is  a continuous 
function  of  the  previous  generation  size,  that  is, 

x„  = F(x„_ ,). 

Suppose  further  that  when  we  start  with  a first  generation  of  size  .v,  for 
some  x j > 0 we  find  the  population  grows  for  two  successive  generations, 
that  is,  x,  < x2  < x3,  but  then  the  population  drops  to  a level  lower  than 
the  initial  level,  that  is,  x4  < x,.  With  no  additional  hypotheses  the 
following  result  shows  that  there  must  be  an  uncountable  set  S of  initial 
population  levels  with  “irregular”  behavior.  For  example,  for  y e S,  the 
sequence  Fn(y)  is  not  periodic  in  n and  does  not  tend  asymptotically  to 
a periodic  point.  Here  we  call  x e J a periodic  point  of  period  k if  Fk(x ) = x 
and  Fm(x)  ^ x for  all  1 < m < k.  We  say  x e J is  asymptotically  periodic 
if  there  is  a periodic  point  p for  which 

F"(x)  — F"(p)  -*■  0 as  n -*  oo. 

Theorem.  Let  J be  an  interval  and  let  F:  J -*  J be  continuous.  Assume 
there  is  a point  a e ./  for  which  the  points  b = F(a ),  c = F2(a).  and  d = F3(a) 
satisfy 

d < a < b < c (or  d > a > b > c). 
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Then 

(1)  For  every  k = 1,  2,  ...  there  is  a period  point  in  J having  period  k. 
Furthermore, 

(2)  There  is  an  uncountable  set  Sc  J (containing  no  periodic  points), 
which  satisfies  the  following  conditions: 

(A)  For  every  />,  q e S with  p ^ </, 

lim  sup|F"(p)  - Fn(q)\  > 0,  lim  inf|F"(/>)  - Fn(q)\  = 0. 

n-»x  n -*  x 

(B)  If  y e S then  y is  not  asymptotically  periodic. 

Remark.  Notice  that  if  there  is  a periodic  point  with  period  3,  then  the 
hypothesis  of  the  theorem  will  be  satisfied. 


4.  Computation  Observation 

Consider  the  simplest  nonlinear  function 

FJx)  = ux(  1 - x),  x e J = [0,  1 ], 

for  a e [0,  4],  The  asymptotic  behavior  of  Fa  is  not  well  understood  but 
it  can  be  shown  that  Fa  has  asymptotically  stable  periodic  points  for  a 
large  set  of  a (see,  for  example,  Li  and  Yorke  [5]  for  a discussion  of  this 
stability  condition).  For  instance,  there  is  a set  of  values  an  | 4 for  which 
i is  an  asymptotically  stable  point  of  period  n with  F,]  ({)  > | and 

Fi({)  < Fa,(\)<  ••  < ^„(i)  = i 

It  can  be  seen  that  whenever  j is  a periodic  point  of  Fa.  it  is  an 
asymptotically  stable  periodic  point  since  (d  dx)Fm{x)  0 for  v = ^ and  so 
(d/dx)Fan(x)  = 0 for  x = j.  From  continuous  dependence  of  /-u‘(j)  on  a,  it 
can  be  shown  for  n > 2 that 

an  = infill  > 3 : F/(})  < i for  each  k = 2.  . ..  nj. 

Let  La  denote  the  attracting  limit  set  for  hjx)  uv(  1 v)  Professor 
Robert  May  pointed  out  to  us  that  La  consists  of  a periodic  orbit  of  period 
2"  (so  La  has  2"  points)  for  low  values  of  a and  that  n increases  to  x as  a 
approaches  some  critical  value  a , Through  an  intensive  computation  we 
constructed  Fig.  I to  obtain  a more  graphic  view  of  this  behavior.  This 
figure  represents  our  findings  based  primarily  on  computer  experiment 
rather  than  rigorous  proof. 
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Suppose  that  G is  a continuous  transformation  from  E1 2 3 4  into  E2.  T is  a 
dynamical  system  that  solves  G means  that  Tis  a continuous  transformation 
from  £'  x E2  onto  E2  such  that  if  each  of  x and  y is  a number  and  p is  a 
point  of  the  plane,  then 

T(x,  T(  y,  p))  = T(x  + y , p)  and  T(p)  = G(p). 

Anatol  Beck  has  given  an  example  of  a continuous  transformation  G from 
the  plane  into  itself  such  that  there  exist  uncountably  many  dynamical 
systems  on  the  plane  that  solve  G.  The  purpose  of  this  paper  is  to  define 
a continuous  transformation  G from  the  plane  into  itself  with  the  property 
that  if  p and  q are  two  points  of  the  plane,  then  there  is  a dynamical 
system  T with  the  property  that  there  is  a trajectory  ip  of  T such  that 
both  p and  q are  in  cl(i p)  and  T solves  G. 

Let  S denote  the  square  with  vertices  (0,  0),  (0,  1),  (1,  0),  and  (1,  1) 
and  let  / denote  the  interior  of  S.  Suppose  that  a is  a point  of  S on 
either  the  bottom  or  left  side,  /i  a point  of  S on  either  the  top  or  right 
side,  and  y a point  of  / above  and  to  the  right  of  a and  below  and  to  the 
left  of  /f.  Suppose  that  for  each  w e (0,  1),  tw  is  a positive  number  and 
Fw  a continuous  transformation  from  [0,  fw]  into  / u S.  F denotes  the 
collection  of  all  Fw.  Now  suppose  that  G is  a continuous  transformation 
from  luS  into  E 2 such  that  for  each  point  p of  S,  G(p)  = 0.  F is  said  to 
be  an  [a,  /f,  y,  G ] collection  if  and  only  if  F satisfies  the  following  seven 
conditions: 

( 1 ) For  each  w e (0,  1 ),  Fw[ 0,  fM,]  is  a strictly  increasing  continuous  graph ; 

(2)  For  each  w e (0,  1),  Fw( 0)  is  a point  of  S on  the  same  side  of  S as  x, 
||FW(0)||  = 0,  and  Fw(tw)  is  a point  of  S on  the  same  side  of  S as  /L 

(3)  There  is  a w e (0,  1)  and  a t e (0,  tw)  such  that  Fw( 0)  = z,  FJ/W)  = [i, 
and  FJt)  = y; 

(4)  If  r is  a point  of  / or  a point  on  the  a or  (i  side  of  S,  then  there 
is  exactly  one  pair  (w,  t)  such  that  Fw(t)  = /•; 
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(5)  If  w e (0,  1),  t e (0,  tw ),  and  e > 0,  then  there  is  a S > 0 such  that  if 
| w'  - w | < S and  |r'  - t \ < 6,  then  t ' e (0,  tw)  and  HFjr)  - Fw.(r')||  < g; 

(6)  If  r is  a point  of  S not  on  the  same  side  as  y.  or  fi,  J > 0,  and 
t > 0,  then  there  is  a S > 0 such  that  if  Fw(t)  is  a point  of  / and 
|j  Fw(t)  — r | < S then  0<f  — J < t + J < tw  and  ||Fw(f')  — r||  < <;  for  each 
t'  e (t  — J,  t + J);  and 

(7)  For  each  point  FJt)  of  /,  Fw(t)  = G(Fjt)). 

Suppose  that  G is  a transformation  from  / uS  into  E2.  G is  said  to  be 
acceptable  if  and  only  if  for  each  point  (x,  y)  of  /,  there  exist  four 
numbers  A,  B , C,  and  D such  that 

max[0,  x — < A < x,  max[y  — i^]  < B < y, 

x < C < min[x  + 1],  y < D < min[v  + 115,  I], 

and  such  that  if 

a e [(0,  0),  (A,  0)]  u [(0,  0),  (0,  B)],  fle[(C,  1),  (1,  1)]  u [(1,  D),  (1,  1)]. 

then  there  exists  an  [a,  / i , (x,  y),  G]  collection  F. 

In  order  to  define  an  acceptable  G,  it  will  be  necessary  to  establish  certain 
notation.  Let  K denote  the  “middle  jq"  Cantor  set  in  [0,  lj.  Let  g denote 
a function  on  [0,  1]  such  that: 

(1)  g'"  exists; 

(2)  g(x)  = 0 for  each  xeK; 

(3)  </(x)  > 0 for  each  x e [0,  1 ]\K ; 

(4)  For  each  nondegenerate  component  of  [0,  1 ]\/C,  §hag  < and 

(5)  fis=l. 

Set  f (x)  = Jq  g.  This  /is  of  the  type  first  introduced  by  Beck.  For  each 
(x,  y)  e / and  each  number  t such  that 

[/(/-'(*) + t),  /(/-‘(y)  + 0]e/uS, 

set 

<p(t 1 (x,  y))  = (/(/~‘(x)  + t),  f(f~l(y)  + t )). 

For  each  pel,  let  t(p)  > 0 and  r(p)  < 0 be  such  that  <p(t,  p)  and  </>(  r,  p)  are 
on  S.  Set  T(p)  = min(|/(p)|,  | r(p) | ).  For  each  point  pe  I u S,  set 

r,  , |v(p)  if  IvWII  £ 2(r(p))l,!. 

\(2(T(p))u2/\\vip)\\)ip{p)  if  2(r(p))1,!  < ||v(p)||. 
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It  can  be  shown  that  G is  acceptable.  It  is,  however,  beyond  the  scope 
of  this  work  to  establish  this  fact.  Define  G,  and  G2  to  be  the 
transformations  from  E2  into  £'  such  that  for  each  pe/uS,  G(p)  = 
(GAP),  G2(p )). 

G will  now  be  extended  to  the  entire  plane  as  follows:  If  each  of  J and  K 
is  an  integer  and  (x,  y)  e /,  then  set 

G(x  + 2 J,  y + 2 K)  = G(x,  y), 

G(x  + 2J  + l,y  + 2K)  = (G2(l  - y,  x),  -G,(l  - y,  x)), 

G(x  + 2J,  y + 2K  + 1 ) = ( — G2(y,  1 - x),  G,(y,  1 - x)), 

G(x  + 2J  + 1,  y + 2K  + 1)  = (-G,(l  - x,  1 - y),  -G2(l  - x,  1 - y)). 

One  can  think  of  G as  a vector  field  induced  on  the  plane  by  covering 
the  plane  with  squares  of  area  one,  each  of  which  contains  a picture  of  a 
translation  and  rotation  of  the  vector  field  induced  on  / u S by  G. 

Suppose  now  that  p and  q are  two  points  of  the  plane.  There  is  a 
dynamical  system  T and  a trajectory  ip  of  T such  that  both  p and  q are  in 
d(ip).  An  outline  of  the  construction  of  such  a Twill  now  be  given.  Assume, 
without  loss  of  generality,  that  p is  in  / or  p is  on  the  lower  side  of  S. 

Let  a,  h,  and  c denote  three  points  of  the  plane  such  that  if  /,  is  the 
line  interval  with  endpoints  a and  h and  l2  is  the  line  interval  with  endpoints 
b and  c,  then  the  following  five  conditions  are  satisfied: 

(1)  Each  of  a,  fi,  and  c has  integral  coordinates; 

(2)  /,  is  horizontal  and  l2  is  vertical; 

(3)  || a - p\\  > 5,  ||a  - q\\  > 5,  ||b  - p||  > 5,  and  ||b  - q\\  > 5; 

(4)  The  distance  from  p to  /j  u l2  is  less  than  one  and  the  distance 
from  q to  /,  u l2  is  less  than  one;  and 

(5)  The  abcissa  of  h is  odd. 

Let  kLdenote  the  collection  of  all  squares  in  the  plane  to  which  s belongs 
if  and  only  if  the  area  of  s is  one  and  each  corner  of  s has  integral 
coordinates.  Let  w,  denote  the  subcollection  of  W to  which  the  square  s 
belongs  only  in  case  there  is  a point  of  /,  u l2  on  s.  For  each  integer 
n > 1,  inductively  define  wn  to  be  the  subcollection  of  fT\(w,  uw2u--- 
uw„.|)t°  which  .s  belongs  only  in  case  there  is  a point  of  a member  of 
w„_j  on  s.  For  each  integer  n,  let  V„  denote  the  set  of  all  points  r such 
that  r is  on  a member  of  Vn  or  r is  in  the  interior  of  a member  of  Vn. 
Let  Yn  denote  the  interior  of  V„  and  let  Zn  denote  the  boundary  of  V„. 
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Notice  that  there  is  a dynamical  system  Tsuch  that: 

(1)  If  neither  p nor  q is  in  /,  u /2,  then  q is  on  the  positive  semi- 
trajectory of  />; 

(2)  If  p is  not  in  /,  u l2  and  q is  in  /,  u l2 , then  there  is  a trajectory 
of  T that  contains  p and  has  /,  u l2  as  its  Q-limiting  set; 

(3)  If  p and  q are  both  in  lx  u /2,  then  there  is  a trajectory  of  T that 
has  /,  u l2  as  its  Q-limiting  set; 

(4)  Each  point  of  (/,  u /2)  u ({ J„'=1  Z„)  is  a rest  point  of  T ; 

(5)  Either,  for  each  point  r of  Vj,  /t  u l2  is  the  a-limiting  set  of  r and  Z, 
is  the  Q-limiting  set  of  r,  or  vice  versa; 

(6)  Either,  for  each  point  r of  Yn  (n  > 1),  Zn_,  is  the  a-limiting  set  of 
r and  Zn  is  the  Q-limiting  set  of  r,  or  vice  versa. 

Consider  the  family  of  theorems  of  the  following  form:  There  exists  a 
continuous  transformation  G from  the  space  S into  S such  that  if  p and  q 
are  points  of  5,  then  there  is  a dynamical  system  T such  that  T solves 
G and  T has  a trajectory  i/f  such  that  both  p and  q are  on  cl(i I/).  The 
following  questions  are  open: 

(1)  In  case  S = £2,  can  “cl(i^)”  be  replaced  by  "ip"  (the  author  once 
incorrectly  claimed  that  he  could  solve  this  problem)? 

(2)  In  case  the  answer  to  (1)  is  false,  can  “cl(i J/)"  be  replaced  by  "i//" 
for  some  other  space  S? 

(3)  Is  there  an  S such  that  the  phrase  “with  no  rest  point”  can  be 
inserted  after  the  phrase  “dynamical  system  T”? 
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Introduction 

Liapunov’s  original  “second  method”  has  been  varied  in  several  ways, 
for  instance,  (a)  with  respect  to  regularity  conditions  imposed  on  the 
Liapunov  function,  like  continuity,  differentiability,  etc.;  (b)  with  respect  to 
the  monotonicity  condition,  which  can  be  replaced  by  weaker  ones;  (c)  with 
respect  to  the  properties  of  the  system  under  investigation,  such  as 
stability  of  various  types,  boundedness,  etc.  In  addition,  there  has  been  a 
proliferation  of  ramifications  of  the  original  theory  and  very  often  we  have 
so  many  requirements  on  the  functions  that  we  lose  completely  the  notion 
of  the  exact  role  of  each  of  the  conditions.  So,  it  is  time  to  analyze  what 
is  the  underly  ing  idea  of  the  notion  of  a Liapunov  function,  and  it  seems  to 
us  that  a unified  theory  should:  (1)  involve  a minimal  number  of  objects, 
which  should  be  simple  and  related  among  themselves  in  a simple  way,  and 
(2)  cover  a maximal  number  of  stability  or  other  notions. 

The  first  step  in  this  direction  is  due  to  Bushaw  [1],  Later,  inspired  by 
Bushaw’s  paper,  two  other  more  refined  theories  appeared  simultaneously, 
namely  those  by  Pelczar  [2]  and  Seibert  [3].  In  what  follows,  we  shall 
refer  to  Seibert's  version  because  it  is  the  closest  to  requirements  (1)  and  (2). 

The  context  is  that  of  a set  X (the  phase  space)  endowed  with  a 
preorder  tp  (the  flow),**  and  two  nonempty  collections  of  sets  y, 
t c 2X  — {0}  (which  generalizes  the  notion  of  neighborhood  filters). 

Summarizing,  we  call  I = (X,  ep,  C/,  A)  a system. 

Now  we  say  the  quasifilter  A is  coarser  than  y and  write  A < y if 
VE  e A,  ID  g y such  that  D <z  E.  If  A < y and  y < A we  say  that  A and  ry 

* Present  address:  Departmento  de  Matematicas.  Universidad  Simon  Bolivar,  Caracas. 
Venezuela. 

**  We  use  the  symbol  <p  both  for  the  preorder  and  for  the  mapping  from  X into  2* 
defined  by  xipy  iff  y e (j>{x). 
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are  equivalent  and  denote  this  fact  by  In  this  general  framework  we 

introduce  stability  as  follows: 

Definition.  Let  there  be  given  a system  E = ( X , 0,  rs,  A).  We  say  that 
I is  stable  if  A < <p(rs). 

To  explain  within  this  setting  what  is  meant  by  a Liapunov  function, 
let  v : X -» [0,  oc]  and  define  for  each  r > 0,  the  set  SJ  = {xe  X|p(x)  < r }, 
and  for  every  function  v,  the  collection  of  sets  y;  = {s/|s//o},  which 
is  a quasifilter  unless  v is  identically  oc. 

Definition.  The  function  v is  called  a Liapunov  function  (or  briefly  an 
L-function)  for  a given  system  E = ( X , 0,  A)  if  the  following  conditions 


are  satisfied : 

(L-1) 

a < //;, 

(L.2) 

•f/;  -< 

(L.3) 

0(5/)  CZ  svr  (r  > 0). 

1.  On  the  Existence  of  Liapunov  Functions 

The  first  main  result  of  the  theory  was  presented  in  a joint  paper  by 
the  author  and  Seibert  [4]  and  can  be  formulated  as  follows: 

Theorem  1.  The  following  condition  is  necessary  and  sufficient  for  the 
existence  of  an  L-function  for  ( X , 0,  &>,  A):  There  exists  a quasifilter  .7 
satisfying  the  conditions: 

(I) 

(II)  3P  is  equivalent  to  a nested  and  countable  quasifilter  (admissibility 
condition),  and  at  least  one  of  the  following: 


(Ilia) 

(X,  0,  3>,  .7)  is  stable, 

(Illb) 

( X , 0,  .7,  S ) is  stable, 

(IIIc) 

(A\  0, . 7 , 7)  is  stable. 

Moreover,  if  the  function  in  question  exists,  one  can  always  find  a 
quasifilter  .7  satisfying  (I),  (II),  and  (IIIc). 
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The  reader  is  referred  to  the  papers  cited  above  for  details  and 
examples. 

Although  the  admissibility  condition  is  essential  here  (to  handle  only 
one  L-function),  it  can  be  relaxed.  The  references  in  this  direction  are  the 
papers  by  Auslander  [5]  and  by  the  author  and  Seibert  [6], 

2.  Semicontinuity  and  Continuity  of  Liapunov  Functions 

In  the  preceding  section,  we  defined  for  each  function  v:  X -*R#*  an 
admissible  quasifilter  and  realized  how  Liapunov-type  properties  of  v 
can  be  naturally  phrased  in  terms  of  f/’v.  Conversely,  given  an  admissible 
quasifilter  .7  indexed  by  some  function,  say  F:  R#  -» .7,  two  dual  functions 
were  introduced  in  [3,  Sections  4,  5],  one  of  which,  vF:  X '-*R#,  was 
defined  by 

| oc,  if  {r|0(x)«=  F(r)}  is  empty, 
l>  |inf{r|</>(x)  c:  F(r)},  otherwise. 

Again,  Liapunov-type  properties  of  vF  are  implied  by  suitable  conditions 
on  .7.  We  have  thus  established  a correspondence  between  functions  and 
quasifilters  that  is  the  core  of  the  unified  theory  developed  in  the  papers 
cited  above. 

Our  next  concern  shall  be  to  analyze  closely  the  transference  of  properties 
among  the  elements  involved  in  this  correspondence  when  X is  endowed 
with  a topology.  In  particular,  we  will  look  for  those  properties  on  the 
quasifilter  that  yield  (semi-)  continuity  of  the  associated  L-functions. 

Unfortunately,  since  (2.1)  furnishes  the  bridge  from  quasifilters  to  L- 
functions,  the  required  properties  will  depend  on  the  order  structure  of  the 
nested  countable  quasifilter  equivalent  to  7 that  we  choose,  rather  than 
on  the  quasifilter  .7  itself.  Therefore,  we  need  a suitable  notation  for 
nested  countable  quasifilters  that  also  reflects  its  order  structure  This  will 
be  provided  by  the  following 

Lemma.  A quasifilter  .7  is  admissible  if  and  only  if  there  exists  a 
function  F:  I <z  R*  -*  .7  satisfying  the  following  conditions: 

(2.2)  7 = R* , 

(2.3)  F(l)  —4  .7, 

(2.4)  Vr,  r'  e /,  r < r'  implies  F(r ) cz  F(r  ). 

• K*  = (0.  x j. 
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The  function  F appearing  in  the  lemma  is  called  a base  of  >r 
Now,  given  an  admissible  quasifilter  ■'* , we  say  a base  F of  F is 
invariant  under  0 if 

(2.5)  0 F(r)  c F(r),  Vrel. 

Let  X be  endowed  with  a topology  (we  assume  all  topological  spaces 
are  Hausdorfij. 


Definition.  Given  an  admissible  quasifilter  , we  call  a base  F of  .F 
upper  normal  ( lower  normal),  if  condition  (2.6)  [resp.  (2.7)]  holds: 

(2.6)  Vr,  r'  e I,  r < r =>  F(r)  c=  int(F(r')), 

(2.7)  Vr,  r'  e I,  r < r'  =>  F(r)  cz  F(r') 

(where  F(r)  denotes  the  closure  of  F(r)). 

Furthermore,  F is  normal  if  both  (2.6)  and  (2.7)  hold. 

To  illustrate  the  notions  just  introduced,  we  shall  exhibit  some  elementary 
but  clarifying  examples. 


Example  1.  Let  v:  X -*•  R*  be  any  function.  A natural  base  function  of 
yv  is  given  by  S(r)  = SJ.  Hence,  we  shall  refer  to  ?/'v  as  being  invariant 
or  (upper,  lower)  normal  when  S has  the  property  in  question. 

Example  2.  Set  X = R2  and  let  = . < 0 be  the  neighborhood  filter  of 
the  origin.  Then  the  base  F of  F defined  by  F(r)  = {(■*, y)\\x\  \y\  ^ r) 

is  normal. 

We  may  now  formulate  the  main  results  of  this  paper. 

Theorem  2.  There  exists  an  upper  semicontinuous  L-function  for  (A\  0, 
ry,  ) iff  it  is  possible  to  find  a quasifilter  that  simultaneously 
satisfies 

(2.8)  <.?  <fs, 

and 

(2.9)  .?  admits  an  invariant  and  upper  normal  base. 

In  duality  to  theorem  2,  we  claim: 
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Theorem  3.  There  exists  a lower  semicontinuous  L-function  for  (X,  cp, 

V,  A)  ill  it  is  possible  to  find  a quasifilter  .¥  that  simultaneously  satisfies 

] 

(2.10)  A </*<&,  * 

and 

i 

(2.11)  .'A  admits  an  invariant  and  lower  normal  base. 

Theorem  4.  There  exists  a continuous  L-function  for  (X,  (p,  V,  A)  iff 
there  exists  a quasifilter  .A  admitting  an  invariant  and  normal  base,  that  J 

moreover  satisfies  6 < A <,  rs . 

Example  3.  Consider  the  plane  autonomous  system 

x = 0,  y = y(x  - y)(x  + y)  \ 

(Fig.  1).  Here  ( R2 , (p)  is  . 1 0 stable.  A normal  and  invariant  base  of  . 1 0 

is  given  in  Example  2.  Hence,  there  exists  a continuous  L-function  with  1 

respect  to  (R2 , </>,  ■ 1 0)- 


Fig.  I 

Example  4.  Consider  the  dynamical  system  on  the  planar  half  strip 

X ={(x,y)eR2  |x>0,  |>-|  < 1) 

as  suggested  by  Fig.  2,  where  dots  denote  critical  points  and  arrows 
indicate  the  direction  of  the  flow  along  the  regular  orbits.  This  flow  (0) 
furnishes  an  example  of  stability  in  the  sense  of  Liapunov  for  which  it  is 
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possible  to  find  both  upper  and  lower  semicontinuous  L-functions,  but  there 
exists  no  continuous  one.  Indeed,  let  Y = {(0,  >)|  | y\  < 1}  [which  is  stable  in 
the  sense  of  Liapunov,  i.e.,  (/?2,  0,  .V y)  is  stable].  Now,  since  the  interior 
of  each  square  (in  Fig.  2)  is  open  and  invariant,  one  may  easily  find  an 
invariant  upper-normal  base  of . t v . To  this  effect,  take  for  instance 

F(P)  = {{x,  y)e/?2|0<x<  \ |>-|  < 1}  if  ' < [1  < 1 , 

n (n  + 1 ) n 

for  n = 1,2,...,  and 

F(P)  = {(x,  y)e  /?2|0  < x < 1,  \y\  < 1}  if  (i  > 1. 

[Analogously,  an  invariant  lower-normal  base  of . 1 Y is  defined  by  F'(/i)  = 
/•(/i),  /f  e /?".]  Hence,  by  Theorems  2 and  3 there  exist  both  an  upper-  and 
a lower-continuous  L-function  with  respect  to  (A\  0, . 1 y).  In  order  to  prove 
that  there  exists  no  continuous  L-function,  simply  observe  that  any  such 
function  should  be  constant  on  the  boundary,  which  contradicts  . 1 cfv 
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Chapter  6:  ORDINARY  DIFFERENTIAL  AND 
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Stability  under  the  Perturbation  by  a 
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Among  stabilities  under  the  perturbation  by  a class  of  functions,  total 
stability  has  been  well  studied.  One  of  these  stability  properties  is  integral 
stability,  and  another  is  M-stability,  that  is,  stability  under  the  perturbation 
that  is  small  in  the  sense  of  the  norm  • M defined  by 

i+i 

h m = sup  | \h(s)\  ds. 

i>  o • i 

The  purpose  of  this  chapter  is  to  discuss  relationships  among  totally 
asymptotic  stability  (hereafter  called  TAS  for  brevity),  integrally  asymptotic 
stability  (IAS).  M-asymptotic  stability  (MAS),  and  uniformly  asymptotic 
stability  (UAS). 

The  relations  MAS  ^ TAS,  MAS  =*  IAS,  TAS  =>  UAS,  and  IAS  =>  UAS 
will  be  clear  from  the  definitions  given  later,  where  =>  stands  for  "implies.” 
However,  the  relation  UAS  =>  TAS  or 

UAS  =>  TS  (1) 

has  been  unsolved  for  a long  time,  where  TS  means  total  stability,  while 
it  is  well  known  by  the  aid  of  Liapunov's  second  method  that  (1)  is  true 
under  the  uniform  Lipschitz  condition.  For  almost-periodic  systems.  ( 1 ) is 
verified  under  the  condition  that  for  every  system  in  the  hull,  solutions  are 
unique  for  initial  value  problems  [3].  We  shall  call  this  condition  uniqueness 
in  the  hull.  In  [2],  uniqueness  in  the  hull  has  been  weakened,  and  Kato 
has  shown  that  (I)  holds  true  if  uniformly  asymptotic  stability  is  uniform 
in  the  hull  in  some  sense  (U  ASH ; see  Definition  6).  Furthermore,  Yoshizawa 
[4]  and  Kato  [2]  have  shown  that  UAS=>UASH  for  periodic  systems 
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without  any  additional  condition  and  for  almost-periodic  systems  with 
uniqueness  in  the  hull.  We  can  also  find  an  example  in  [2]  that  shows 
that  (1)  is  not  necessarily  true  even  for  an  almost-periodic  system.  These 
results  were  obtained  for  functional  differential  equations. 

On  the  other  hand,  for  ordinary  differential  equations,  recently  Chow  and 
Yorke  [1]  have  constructed  a Liapunov  function  that  gives  a necessary  and 
sufficient  condition  for  IAS  and  by  using  this  Liapunov  function,  they  have 
shown  that 

IAS  =>  MAS,  (2) 

and  hence  IAS  is  equivalent  to  MAS.  However,  the  method  of  construction 
of  the  Liapunov  function  employed  in  [1]  is  not  effective  for  functional 
differential  equations.  Here  we  shall  give  a different  proof  for  (2)  that  is 
also  effective  for  functional  differential  equations.  Now  we  shall  consider  a 
system 

x'  = /(r,.x),  x,feR\  (3) 

where  Rn  denotes  the  n-dimensional  vector  space  and  f(t,  x)  is  continuous 
on  / x Sc,  I = [0,  oo)  and  Sc  — {x;  |x|  < c}.  Denoting  by  C(I . Rn)  the  set 
of  all  continuous  functions  on  / with  values  in  Rn,  let  B be  a Banach 
space  cC(/,  Rn)  with  the  norm  ||  ||B.  In  the  following,  cp(t)  is  a solution 
of  (3)  such  that  sup, > 0 1 <p(r)  | < c*  < c,  and  y(t,  t0 , y0)  denotes  a solution 
through  (f0,  y0)  of  the  system 

/ = f(t,  }’)  + h(t),  h e B.  (4) 


Definition  1.  The  solution  <p(f ) of  (3)  is  said  to  be  stable  under  B 
perturbations  (called  BS),  if  for  any  e > 0 there  exists  a f)(e)  > 0 such  that 
t0  > 0,  |<p(f0)  - y0 1 < <5(4  and  \\h\\B<  c5(e)  imply  \q>(t)  - y(r.  t0 , y0)\  < e 
for  all  t > t0. 

Let  T,  L,  and  M be  the  Banach  spaces  c=C(7,  Rn)  with  the  norms 
||  • ||  r,  ||-||L,  and  ||*||M,  respectively,  where 

||M|r  = sup|/,(t>|. 

r^O  *0 

Then  stability  under  B perturbations  with  B = (0},  B = T,  B = L,  or  B = M 
corresponds  to  uniform  stability  (US),  total  stability  (TS),  integral  stability 
(IS),  or  M-stabi!ity  (MS). 
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Definition  2.  The  solution  (p(t ) of  (3)  is  said  to  be  attracting  under  B 
perturbations,  if  there  exists  a 60  > 0 and  for  any  r.  > 0 there  exists  a 
r(c)  > 0 and  an  >/(/;)  > 0 such  that  t0  > 0,  \(p(t0)  - y0 1 < c50 , and  h B < r/(c) 
imply  | (p{t)  - y(t , t0,  y0)|  < e for  all  t > t0  + r(e). 

Definition  3.  The  solution  (p(t)  of  (3)  is  said  to  be  asymptotically 
stable  under  B perturbations  (called  BAS),  if  it  is  stable  under  B 
perturbations  and  is  attracting  under  B perturbations.  If  B = {0},  B = T, 
B = L or  B = M,  this  gives  the  definition  of  UAS,  TAS,  IAS,  or  MAS, 
correspondingly. 

Moreover,  we  shall  give  the  following  two  definitions,  which  characterize 
asymptotic  stability  under  B perturbations. 

Definition  4.  We  say  that  (p(t ) has  uniform  continuous  dependence  under 
B perturbations,  if  for  any  i:  > 0 and  any  T>  0 there  exists  an  ^(e), 
which  is  independent  of  T,  and  an  rj2((-,  T)>  0 such  that  t0  > 0, 
k('o)-yo|  <rh (4  and  h „<rj2(e,  T)  imply  \q>(t)  - y(t,  t0,  >0)|  <e 
on  t0  < t < t0  + T. 

Definition  5.  We  say  that  cp(t)  has  uniform  finite  time  attracting  under 
B perturbations,  if  there  exists  an  rj0  > 0 and  for  any  r.  > 0 there  exists  a 
T,(e)>0  and  an  rj3(r.)>  0 such  that  if  f0  > 0,  |<p(f0)~.Vo|  <rlo^  an^ 
h t^1en  >'(h  fo»  >’o)  's  continuable  on  [f0,  f0  + Ti(f;)]  anc^ 

satisfies 

\(pUo  + *,(£))  - yUo  + t,(e),  f0,  >’o)|  < «• 

Theorem  1.  If  the  solution  (p(t ) of  (3)  has  uniform  continuous 
dependence  under  B perturbations  and  uniform  finite  time  attracting  under  B 
perturbations,  then  (p(t)  is  BAS. 

The  proof  of  BS  is  analogous  to  the  proof  of  Theorem  1 in  [2j. 
Letting  i/0,  rj ,,  r/2,  rj3,  and  t,  be  the  numbers  in  Definitions  4 and  5, 
it  is  sufficient  to  set 

(5(c)  = min{p(c),  r/2(c,  T,(p(c))),  ri3(p(z))'b 

where  p(c)  = min{r;0,  ^,(e)}.  The  rest  of  the  proof  follows  from  uniform 
finite  time  attracting  under  B perturbations  by  setting  S0  = r]0,  r](r.)  = 
min{(5(c),  r?j(<5(£))},  and  r(c)  = t,((5(c)).  The  converse  of  Theorem  1 is 
evident  from  the  definitions. 
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Theorem  2.  If  the  solution  cp[t)  of  (3)  is  IS,  then  it  has  uniform 
continuous  dependence  under  M perturbations. 

For  a given  e > 0 and  T > 0,  let  rji(f-)  = <5(e)  and  rj2(c,  T)  = S(k)/(T  + 1), 
where  (5(-)  is  the  number  in  the  definition  of  IS.  Then  we  can  see  that  if 
y(t,  t0,  y0)  is  a solution  of  (4)  with  ||fi||M  < rj2(i ;,  T)  and  if  \(p(t0)  - y0|  < 
t]  ,(c),  we  have 

MO  ~ y{u  tQ,  y0)|  < £ on  t0  < t < t0  + T. 

Theorem  3.  If  the  solution  (p(t ) of  (3)  is  integrally  attracting,  then  it 
has  uniform  finite  time  attracting  under  M perturbations. 

Thus  the  following  theorem  is  an  immediate  result  from  Theorems  1-3. 

Theorem  4.  If  the  solution  <p(t)  of  (3)  is  IAS,  then  it  is  MAS,  and 
consequently  IAS  is  equivalent  to  MAS. 

As  easily  seen.  Theorems  1-4  are  valid  for  the  functional  differential 
equation 

x(t)  = f(t,  x,),  (5) 

where  f(t,  <p)  is  continuous  and  / takes  closed  bounded  sets  of 
/ x C([  — r,  0],  Rn)  into  closed  bounded  sets  of  R". 

Now  we  shall  consider  almost-periodic  systems  or,  more  generally, 
systems  with  the  compact  hull.  For  u e C(I  x S,  Rn),  where  S denotes  the 
space  of  parameter  p in  u,  let  H(u ) be  the  closed  hull  of  u in  the 
compact-open  topology,  that  is,  v e H(u)  if  and  only  if  there  exists  a sequence 
{rk},  Tke  I,  such  that  u(t  + zk,  p)  converges  to  v(t,  p)  uniformly  on  any 
compact  subset  of  I x S.  Clearly,  if  cp  is  a solution  of  (3),  for  every 
(» A,  (j)  e H(<p, /),  i//  is  a solution  of  the  system 

x'  = g(t,  x).  (6) 

Here  we  should  note  that  if  H(f)  is  compact  in  the  compact-open 
topology  on  / x Sc,  then  for  the  solution  (p(t)  such  that  |<p(f)|  < c*  < c 
for  all  t > 0,  H((p)  and  consequently  H((p , /)  are  compact.  Refer  also  to 
[2,  Proposition  2],  As  before,  we  assume  that  system  (3)  has  a bounded 
solution  (p(t)  such  that  supr20 1 </>(/)  | < c*  < c. 

Definition  6.  The  solution  (p(t)  is  asymptotically  stable  in  the  hull  under 
B perturbations  (called  BASH)  or  the  solutions  in  H(<p ) are  BAS  with 
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common  (<5(-),  S0,  t(),  /;(•)),  if  for  every  («//,  g)e  H((p,  f),  0(f)  is  BAS  and 
the  numbers  (<5(),  f>0,  t(),  rj(  ))  in  the  definition  of  BAS  can  be  chosen 
independently  of  (0,  g). 


Theorem  5.  Assume  that  H(f)  is  compact.  Then  if  the  solution  cp(t ) 
of  (3)  is  uniformly  stable  in  the  hull,  it  has  uniform  continuous 
dependence  under  M perturbations.  Moreover,  if  the  solution  <p(t ) of  (3) 
is  UASH.  it  has  uniform  finite  time  attracting  under  M perturbations. 
Thus,  if  H(f)  is  compact,  UASH  =>  MAS. 

The  first  part  of  the  theorem  corresponds  to  Lemma  2 and  the  second 
part  to  Lemma  3 in  [2].  This  theorem  can  be  proved  by  the  same 
arguments  as  in  the  proofs  of  those  lemmas  by  noting  that  if  zk(t)  is  a 
solution  of 

x'  = J(t  + Tk,x)  + hk(t  + rj, 

and  if 

z*(0)-z0,  /(f  + rk,x)^g{t,x),  ||Mm  0, 

as  k -*  x,  then  there  exists  a subsequence  of  \zk(t))  that  converges  to  a 
solution  of  (6)  through  (0,  z0). 

Finally,  we  shall  give  the  following  theorem. 

Theorem  6.  Assume  that  H(f)  is  compact.  If  the  solution  (p(t)  of  (3) 
is  TAS,  then  it  is  TASH,  and  consequently  it  is  UASH.  If  <p(r)  is  MAS, 
then  it  is  MASH,  and  consequently  it  is  IASH  and  also  TASH. 

If  (p(t)  is  TAS,  we  can  show  that  (p(t)  is  totally  stable  in  the  hull,  that  is, 
for  any  e > 0,  any  t0  > 0,  any  (0,  g)  e H((p,  J ),  and  any  h e T,  if 

|0(fo)  - >’('o)|  < and  1%  < 

then  |0(f)  - >•( f ) | < f.  for  all  t > f0,  whenever  y(f)  is  a solution  of 

y'  = g(t,y)  + MO-  (7) 

where  ^>(  ) is  the  number  for  TS  of  cp(t)  and  we  can  assume  that 
k < (c  - c*)/2.  If  we  let 

S0*  = min{  j2>0 , {S((c  - c*)f 4)}  and  g*(K)  = min{^(^e),  %6{(c  - c*)/4)}, 

then  we  can  see  that  |0(f)  - y(f)|  < sforallf  > f0  + x(2f;)  if  |0(fo)  — >’(fo)|  < 
(’io*  and  ||fij!r  < r}*(c),  where  >/(•)  and  t(  ) are  the  numbers  for  TAS. 
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Thus  if  //(  / ) is  compact,  the  following  relation  is  an  immediate  result  of 
Theorems  4 6: 


IAS0MAS0TAS  UAS, 

0 (8) 

IASH  ~ MASH  oTASH  o UASH. 

Corollary.  If  system  (3)  is  a periodic  system  or  if  system  (3)  is  an  almost- 
periodic  system  and  for  each  equation  in  the  hull  solutions  are  unique  for 
initial  conditions,  then  we  have  relation  (8)  with  UAS^UASH. 

Notice  that  under  the  assumption  in  the  corollary,  UAS  implies  UASH 
(see  [2,  4]). 

Remark  1.  Theorem  6 shows  that  TAS  and  MAS  are  inherited. 

Remark  2.  Uniformly  asymptotic  stability  does  not  necessarily  imply 
integrally  asymptotic  stability.  See  the  example  in  [2]. 

Theorems  5 and  6 can  be  extended  to  functional  differential  equation  (5) 
by  the  same  arguments  as  used  in  the  proofs  of  Lemmas  2 and  3 in  [2], 
where  / (t,  <p)  in  (5)  is  bounded  on  1 x <Tf  and  uniformly  continuous  in 
(f,  (p)  on  / x S for  any  compact  set  S in  <Tf,  Cc  = {q>  e C;  ||<p||  < c}. 
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Next  we  state  a more  general  existence  theorem. 


Theorem.  Equation  (1)  possesses  a 7-periodic  solution  if 
0 < h ^ g(x)/x  ^ k < oj2,  |x  | ^ H. 

Proof.  Let  us  consider  the  auxiliary  equation 

x"  + (1  - k)kx  = X{p(t)  - g(x)  - f{x)x'},  O^A^l.  (2) 


Its  periodic  solutions  can  be  represented  as  x(t)  = A'2l{x(/)},  '21  a completely 
continuous  transformation  of  the  Banach  space  {x(f)eC°[0,  T]:x(0)  = 
x(T) | supplied  with  the  supremum  norm.  According  to  Leray-Schauder, 
there  exists  at  least  one  fixed  point  of  '21  [which  is  a periodic  solution  of 
Eq.  (1)]  provided  that  the  fixed  points  of  A '21,  Og  A<  I,  are  uniformly 
bounded.  The  a priori  boundedness  is  an  immediate  consequence  of  some 
simple  statements  concerning  the  oscillatory  behavior  of  the  solutions  of 
Eq.  (2). 

Let  x(f),  a <;  t <;  h be  such  a solution  satisfying  the  boundary  conditions 


x(0 


b 

a 


= 0, 


= 0. 


(3) 


Multiplying  Eq.  (2)  by  x(r)  and  integrating  over  [ a , b ] we  obtain  an  estimate 

Mi. 6 ^ lb  + (b-  a)1  2M||x||aih,  (4) 

where  ||x||a  h means  the  L2-norm  of  x(r),  a <;  t ^ b,  and  M denotes  an 
appropriate  constant  depending  on  g(x)  and  p(t). 


First  special  case:  x(a)  = x(b)  = 0.  Evidently,  in  this  case 

ML*,  a)/7t||x'||a,fc. 

Hence 

{(n/(b  - a))2  - /c}||x||a  „ g (b  - a)x  2M. 

In  case  b - a < nk~112,  uniform  bounds  are  attainable  for  ||x||a  h,  ||x'||fl  b. 
as  well  as  for 


. r . t 

x(t)  = j x(s)ds  and  x'(f)  = | x"(s)  ds. 

* a 'a' 

Second  special  case:  x(f)  ^ 0 ( <;0)  on  [a,  b].  Introducing 

x(t)  = (b  — a)~  1 | x{t )dt, 

* a 
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we  find  by  means  of  integration  of  Eq.  (2), 

|x(t)|  + h~  l(b  - ay1  \x'(b)  - x'(a)|. 

This  estimate  is  taken  into  account  when  the  following  well-known  con- 
nection between  the  L2-norms  of  x and  x'  is  evaluated: 

||x||2  b ^(b-  a)x2(t)  + {{h  - a)l2n)2\\x'\\lb. 

Assuming 

0 < l -^b  - a < 2nk~  1/2 

and  having  regard  to  (4),  we  may  deduce  uniform  bounds  for  ||x||a  b, 
||x'||a  b,  and  x(f)  = x(t)  + j'  x'(.s)  ds,  which  are,  however,  linear  functions  of 
\x'(b)-x'{a)\. 

Finally,  let  x(f)  be  a T-periodic  solution  of  Eq.  (2).  If  permanently 
x(f)  ;>  0 ( <;0),  then  a = 0,  b = T [2n/(b  - a)  = w]  is  chosen  and  the  second 
result  with  x'(b)  — x'(a)  = 0 is  applied. 

The  remaining  solutions  x(f)  have  at  least  three  zeros  within  each  compact 
interval  of  length  T where  x = 0 at  the  endpoints.  Consider  such  an  interval 
[to<  lo  + ^]- 

Suppose  that  it  can  be  subdivided  into  at  most  three  intervals  also 
bounded  by  zeros  and  having  lengths  that  do  not  exceed  T/2.  The  first 
result  holds  for  each  of  these  subintervals. 

Suppose  on  the  contrary  that  there  is  a subinterval  [a,  b],  t0  < a < b 
^t0  + T with  length  h - a > T/2  and  with  x = 0 only  at  the  endpoints. 
The  first  result  is  applied  to  [r0,  a],  [ b , a -I-  T],  which  leads  to  an  estimate 
of  | x'(b)  - x'(u)  | . Subsequently,  the  second  result  is  applied  to  [ a , b],  where 
/ = T/2. 

Note  that  the  indicated  results  may  be  extended  to  the  higher-order 
equation 

x(2«>  + /(x)x'  + g(x)  = p(t),  n ^ 1 integer. 


1 

1 


4 


J 


1 


1 
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A number  of  the  results  on  the  stability  of  periodic  linear  systems  of 
ordinary  differential  equations  hinge  on  special  cases  of  the  following 
general  question.  Let  G be  a Lie  group  and  g its  Lie  algrbra.  Let  k be  a 
subspace  of  g and  let  c c k be  a cone  in  k.  Suppose  ||-||  is  any  norm 
on  the  space  of  Lebesgue  measurable  functions  F = {f\f:  [0,  T]-»/c}. 
Given  a subset  <5  in  G find  the  infinum  of  ||/||  over  all  J'eF  with 
the  property  that  G(T)  e G for 

G(t)  = f(t)G(t),  G(  0)  = identity,  • = d/dt. 

This  kind  of  variational  problem  on  a Lie  group  has  apparently  never  been 
studied  explicitly  but  examples  occur  frequently  in  various  contexts. 
Special  features  that  make  the  question  interesting  include  the  fact  that  k 
is  just  a subspace,  and  not  a subalgebra,  of  g and  the  cone  condition, 
which  gives  the  problem  a semigroup  flavor. 

It  is  known  that  given  a matrix  equation 


there  exists  a set  of  functions  {uj(  • )}  that  steer  the  system  to  X , if  and 
only  if  A'1e{exp{/4,}/  /1}G;  that  is,  Xx  must  belong  to  the  smallest  group  of 
matrices  that  contains  expj/l,}^,  where  {Ai}LA  indicates  the  Lie  algebra 
generated  by  A(  (see  [1]).  If  the  u,  are  restricted  to  lie  in  a cone  then  the 
problem  becomes  more  complex,  and  less  satisfactory  resolutions  are 
available.  However,  if  there  exists  a control  that  steers  X to  a given  desired 
state  then  we  can  inquire  about  controls  that  accomplish  the  same  task  and 
are  optimal  with  respect  to  some  criterion. 

In  their  beautiful  paper  on  the  stability  of  linear  periodic  canonical 
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systems,  Gel’fand  and  Lidskii  [2]  investigate  certain  aspects  of  the  geometry 
of  the  group  of  symplectic  matrices.  They  show  that  the  interior  of  the 
subset  of  the  2 n x 2n  symplectic  matrices  (Sp(n)).  which  consists  of  those 
matrices  similar  to  orthogonal  ones,  has  2"  connected  components — a 
particular  component  being  characterized  by  the  distribution  of  Floquet 
multipliers  of  first  and  second  type  in  the  sense  of  Krein  [3],  K rein’s  work 
(see  [4]  for  a survey)  establishes  that  for  Hill’s  equation  one  of  these 
connected  components  plays  a particularly  important  role  and  he  was  able 
to  generalize  the  classical  result  of  Liapunov  on  the  stability  of  x(r)  + 
p(t)x(t)  = 0 in  an  elegant  way.  Our  purpose  here  is  to  consider  further 
the  geometric  content  of  the  Liapunov- Krein  theorems  in  the  context  of 
the  theory  of  Lie  groups.  The  idea  is  to  observe  that  many  results  on 
the  stability  of  Hill’s  equation  have  an  interpretation  in  terms  of  a 
variational  problem  of  the  above  type  on  the  symplectic  group.  At  the  same 
time,  we  have  observed  earlier  [5]  that  boundedness,  asymptotic  stability, 
etc.,  are  properties  of  linear  systems  of  differential  equations  that  are 
preserved  under  tensoring  and  reduction.  Since  the  tensor  product  of  two 
symplectic  systems  yields  an  orthogonal  system  we  are  able  to  extend  further 
the  scope  of  these  results. 


Theorem  1.  Let  a and  (i  be  Lebesgue  measurable  and  nonnegative 
functions  defined  on  [0,  T].  If  X(t)eSp(l)  is  the  unique  absolutely  con- 
tinuous solution  of 


X(t)  = 


0 a(f) 

-m  o 


*(«),  *(0)  = /, 


and  if  — 1 is  an  eigenvalue  of  X(T),  then 


2) 


a(f)  + (i(t)dt  > 


| z{t)dt\  fi(t)  dt 
• o -o 


1/2 


> 2, 


<+) 

(*) 


Proof.  If  — 1 is  an  eigenvalue  of  X(T)  then  there  is  some  vector  x0  such 
that  X(T)x0  = — x0.  Moreover,  ,Y(f)x0  satisfies  the  vector  version  of  the 
given  equation.  Describing  the  vector  equation  in  polar  coordinates  gives 


r(t)  = (a  - fi)r(t)  cos  0(t)  sin  0(t), 

0(0  = a(f)  cos2  0(f)  + p(t)  sin2  0(f)  = <[a(f),  P(t )],  [cos2  0,  sin2  0]>. 


From  the  second  equation  we  see,  after  a calculation,  that  to  increase  0 
from  0(0)  to  0(0)  + n we  must  have 


. r 

I a(f)  + P(t)  dt  > 4. 


• o 
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The  effect  of  the  similarity  transformation 

i)x<‘>(‘o  i) 

is  such  as  leave  all  aspects  of  the  problem  invariant  except  a -» pa 
fi  -» ( 1 /p)fl.  Thus  we  see  that  for  all  p > 0, 

‘ Cm>)+  Vi<">2- 

z • o P 

This  fact  allows  us  to  reverse  the  usual  arithmetic-geometric  mean 
inequality  and  to  conclude  (*). 

Theorem  1 is  equivalent  to  Liapunov’s  inequality  stating  that  for 
x(0)  = x(T)  = 0 and  x(t)  > 0 for  f e (0,  T), 

r 

| \x/x\dt  > 4/7. 

• o 

Both  allow  one  to  conclude  easily  that  x(t ) + p(t)x(t ) = 0 is  stable  for 
p(i  + T)  = p(t)  and  jo  p(0  dt  < 4/T.  Thus  Theorem  1 captures  the  content 
of  Liapunov’s  inequality  in  terms  of  the  geometry  of  the  group  Sp(l)  and 
should  be  compared  with  other  work  in  this  direction  (see  [6]  and 
references  therein). 


Theorem  2.  Let  A(t)  = A'(t)  and  B(t)  = B'(t)  be  n x n matrix-valued 
functions  of  time  whose  entries  are  defined  and  Lebesgue  measurable  on 
[0.  T]  and  are  nonnegative  definite  there.  If  X(t)  e Sp(n)  is  the  unique 
absolutely  continuous  solution  of 


*(/)  = 


0 A(t) 
~ B(t ) 0 


*(0,  *(0)  = /, 


and  if  - 1 belongs  to  the  sprectrum  of  X(T),  then 


2 ! 
z • 0 


^.x  Mt)  + ^ B(t)  dl  > 


A(t)dt 


I 1/2 


^max  B(t)dt 


>2.  (**) 


* o 


^ 0 


Proof.  The  given  equations  can  be  regarded  as  the  state-costate  pair 
for  the  variational  problem  defined  by  the  constraints  x(t)  = N(t)u(t), 
x(0)  = x(T)  = 0,  and  the  performance  functional 

, T 

r\  = min  | u'(t)u(t)  — x'(t)B{t)x(t)  dt. 
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where  N'(t)N(t)  = A(t)  (see,  e.g.,  [7,  p.  158]).  Now  if  A(t)  is  actually 
positive  definite  on  [0,  T]  then  u(t ) = N '(f).x(f)  and 

•1  > f (AminM"  '(')])*  (0*(0  - UmaxWM'MO  ^ 

• 0 

Using  the  known  disconjugacy  results  for  scalar  problems  and  Theorem  1, 
the  integral  on  the  left  has  a minimum  if  (**)  holds.  An  appropriate 
limiting  argument  omitted  here  lets  us  take  A(l)  nonnegative  definite  as 
well.  This  disconjugacy  allows  us  to  conclude  that  — 1 is  not  in  the 
spectrum  of  X(T). 

Theorem  2,  when  applied  to  the  stability  problem  yields  the  following 
theorem  of  Krein. 


Theorem  3.  Let  A(t)  = A'(t)  and  B(t)  = B'(t)  be  positive  definite, 
Lebesgue  measurable,  and  periodic  on  (— oo,  cc)  with  period  T.  Then  the 
differential  equation 


*(0  = 


o 

-B(t) 


A(t) 

0 


x(t) 


is  strongly  stable  if 


' KJiA(t)]dt 


■ o 


• 0 


1/2 

< 2. 


We  mention  one  further  example  of  this  type  due  to  Neigauz  and 
Lidskii  (see  [4,  p.  242]). 


Theorem  4.  Let  M(t)  = M'(t)  be  a 2 n x 2 n matrix-valued  function  of 
time  whose  entries  are  denned  and  Lebesgue  measurable  on  [0,  7 ] and  which 
is  nonnegative  definite  there.  If  X(t)  is  the  unique  absolutely  continuous 
solution  of 


X(t)  = 


0 

-/ 


/ 

0 


M(t)X(t), 


X(0)  = /, 


and  if  - 1 belongs  to  the  spectrum  of  X(t ),  then 


I'1  ||M(t)||  dt  > n. 

■ o 

Incidently,  related  results  imply  that  if  X(t)  is  to  be  periodic  of  period  T 
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for  an  equation  of  this  type  on  Sp(n ),  then 

I'  ||M(f)||  dt  > 2n. 

■ o 

We  illustrate  the  related  facts  on  SO{p , q)  via  an  example,  omitting 
generalizations  for  lack  of  space.  Equation  (+)  becomes  under  Kronecker 
squaring  (zx  = x2x2,  z2  = 2xx,  r3  = x2  + x2) 


2 AO 

0 7(0 

0 

zA0 

Z2(0 

= 

-7(0  0 

<5(0 

MO 

MO. 

<5(0 

0 

M0 

where  y (/)  = a (t)  + //(/),  d(t)  = a(t)  — / j(t ).  We  see  then  that  the  content  of 
Liapunov’s  inequality  on  50(2,1)  is  that  for  any  nontrivial  periodic  solu- 
tion of  this  equation  with  y(t)  > 0 and  |(5(f)|  < y(t)  we  have  Jo  "AO  <It  > 4. 
Generalizations  to  higher-dimensional  versions  follow  by  a systematic  use 
of  the  representation  theory  of  Lie  algebras.  Specific  results  in  this  direction 
may  be  seen  in  [5,  Section  5]. 
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Suppose  M is  a complex  manifold;  let  3?  be  the  collection  of  holomorphic 
time-dependent  vector  fields  of  (fixed)  period  co.  So  / e y when  / maps 
M x U continuously  into  TM,  the  tangent  bundle  of  Af,  in  such  a way  chat 

(1)  /(x,  t + to)  = f(x,  t), 

(2)  / is  holomorphic  in  x, 

(3)  /(•,  f)  is  a section  of  TM  for  each  t. 

y is  given  the  topology  of  uniform  convergence  on  compact  sets  of 
M x \ R.  The  orbits  of  / are  given  locally  by  the  solutions  of  an  ordinary 
differential  equation 

f =/*('>  4 

Let  the  orbit  of  / satisfying  z(t0)  = z0  be  denoted  zf(t ; t0,  z0). 

Suppose  £3  is  a closed  subset  of  y.  If  there  are  sequences  /„,  <!;„  in  £/’, 
M,  respectively,  with  /„  -+  /,  £n  -*  and  a real  number  t such  that  each 
Zfn(t\  r,  <^n)  is  of  period  mto,  then  z/(t;  r,  <^)  is  either  of  period  mto  or  is 
undefined  for  0 < t < mto.  In  the  latter  case,  we  say  that  zf(t;  t,  is  an 
moo-singular  periodic  solution  of  f relative  to  £3  (written  mao- sps). 

Two  particular  cases  are  of  special  interest:  (i)  M compact,  (ii) 
M = CN.  When  M is  compact  there  are  no  singular  periodic  solutions,  and 
the  difficulties  lie  elsewhere.  Here  we  deal  with  the  case  M = C*;  so  we 
consider  the  family  of  equations 

z = f(t,z)  (1) 

with  / holomorphic  in  z and  of  period  oo  in  t. 

Let  <lm\f  c)  = zf(mao  + t;  t,  c)  - c;  write  qm  for  q^\  If  tp(t)  is  an 
isolated  mco-periodic  solution  of  (1),  define  the  multiplicity  of  tp  to  be  the 
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local  degree  of  qm(f , •)  at  zero  relative  to  cp( 0).  The  multiplicity  so  defined 
is  always  at  least  + 1. 

By  using  the  fact  that  compact  analytic  sets  in  O'  are  finite,  it  is  possible 
to  prove  the  analog  of  Rouche's  theorem: 

Theorem  1.  Let  D be  a bounded  domain  in  C‘v  and  let  /,  g be 
holomorphic  maps  of  Z)  into  CN  with  \g\  < \ f\  on  dD.  If  / has  finitely 
many  zeros  in  D , then  / and  f + g have  the  same  number  of  zeros  in  D. 
counting  multiplicity. 

Using  this  result,  the  following  may  be  proved. 

Theorem  2.  Let  nm(f ) be  the  number  of  isolated  mco- periodic  solutions 
of  /.  If  nm(f)  < oc,  there  is  a neighborhood  U of  f such  that  for  geU, 
nm(g)  > nm(f),  again  counting  multiplicity. 

For  every  integer  m,  it  is  convenient  to  define  the  following  sets: 
j$m=  {/  e Zf\  / has  mco-sps}, 

Jm  = {/  / has  infinitely  many  mw-ps}, 

U ./J. 

As  / changes,  periodic  solutions  are  lost  only  when  an  sps  occurs,  and 
that  happens  when  the  amplitudes  of  those  periodic  solutions  become 
infinitely  large.  An  mco-sps  tends  to  infinity  both  as  t increases  and  as  t 
decreases.  Formally,  we  have 

Lemma  1.  (a)  An  mw- sps  is  defined  for  a time  less  than  mco. 

(b)  If fe  Jjm,  there  are  sequences and  r e IR  such  that 

<’(/„.  *J  = 0,  a„-^oo. 

Singular  periodic  solutions  are  comparatively  rare,  in  the  sense  that  it 
can  be  shown  that  .c/m  u ,f  m is  dense  in  Zf  for  all  m.  The  aim  is  to  replace 
the  inequality  in  Theorem  2 with  equality.  To  do  so.  however,  it  is 
necessary  to  introduce  a condition  on  the  equations  considered;  this  condi- 
tion has  the  effect  of  controlling  the  behavior  of  solutions  near  infinity. 

Hypothesis  A.  There  is  a function  p:  Zf ->  U such  that  every  mco-ps 
of  / meets  the  ball  fl(0,  p(/)),  and  every  / has  a neighborhood  Uf  in  Zf 
such  that  p[U f]  is  bounded. 

Suppose  Zf  satisfies  this  hypothesis,'  we  then  have  the  following  results. 
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Lemma  2.  (a)  The  converse  of  Lemma  1 (b)  holds. 

(b)  ,/m  c Jtm  (for  every  m). 

(c)  .ci/m  is  open  (for  every  m). 

We  can  now  obtain  the  result  we  have  sought. 

Theorem  3.  Let  Sf  satisfy  Hypothesis  A and  let  fe.o/m.  There  is  a 
neighborhood  U of  / such  that  njg)  = nm(f)  for  all  g e U. 

Corollary.  For  fe  let  CJf ) be  the  component  of  / in  dm.  For 
g e CJf),  *Ad)  = nxU)  for  k\m. 

Remark.  Both  the  theorem  and  the  corollary  take  account  of  multiplicity. 

We  give  the  proof  of  the  theorem.  First  / From  Theorem  2, 

nm(g)  > *m(/)  = M if  g is  near  enough  to  /.  If  f„  - /,  njf„)  > M,  there 
are  mio- ps  i pn  of  fn  bounded  away  from  the  ma>-ps  of  / (again  by 
Theorem  2).  So  there  is  a subsequence  of  {iA„(0)}  that  tends  either  to  infinity 
or  to  a point  y with  zf(t;  0,  y)  not  periodic.  Thus/e  in  both  cases — by 
Lemma  2(a)  in  the  former  case,  by  definition  in  the  latter.  But  it  was 
supposed  that  fe  hence  all  g near  enough  to /have  exactly  M mw- ps. 
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1 


Consider  the  differential  equation 

dx/dt  = X(x,  t),  (1) 


where  x and  X(x,  t ) are  real  n-dimensional  vectors  and  A^x,  t)  is  defined 
and  twice  continuously  differentiable  with  respect  to  x in  the  region  D of 
the  tx-space  intercepted  by  two  hyperplanes  t = a and  t = b (a  < b).  In  this 
paper,  we  present  a method  of  obtaining  a solution  x = x(f)  of  (1)  on  the 
interval  / = [a,  b]  such  that 


M 


I 


N 


I Lijx(tj)  - /, 
J=  i 


min. 


(2) 


where  L0  are  the  given  n x n constant  square  matrices,  tj  the  given  points 
on  the  interval  /,  /,  the  given  n-dimensional  constant  vectors,  and  the 
symbol  ||-||  denotes  the  Euclidean  norm  of  vectors. 

An  iterative  method  of  obtaining  a solution  to  the  above  problem  has 
been  given  recently  by  Banks  and  Groome  [1]  by  the  use  of  the  quasi- 
linearization of  differential  equation  (1).  However,  as  will  be  shown  in 
Section  2,  the  problem  is  reduced  to  the  solution  of  a boundary  value 
problem  with  a nonlinear  boundary  condition.  For  such  boundary  value 
problems,  the  author  showed  in  his  paper  [3]  that  the  Newton  method 
can  be  used  effectively  for  obtaining  a desired  solution.  Here,  we  will  show 
that  the  method  established  in  [3]  can  be  readily  applied  to  the  present 
problem  and  that  by  doing  so  one  obtains  two  methods,  one  more 
efficient  and  the  other  simpler  compared  with  the  method  proposed  by 
Banks  and  Groome  in  their  paper  [3]. 


237 


Preceding  page  blank 


238 


MINORU  l 'KAMI- 


2 


In  this  section,  we  shall  show  that  the  problem  of  finding  a solution  of 
(1)  satisfying  condition  (2)  is  reduced  to  a boundary  value  problem  with 
a particular  nonlinear  boundary  condition. 

Write  an  arbitrary  solution  of  (1)  existing  on  / and  lying  in  D as 
x = x(t,  c),  where  c is  a value  of  the  solution  at  an  arbitrary  fixed  point 
t = t0  e I.  Consider  the  function  J(c)  defined  by 


A c)  = 


N 


X.  L ij  *{tj  , r ) /, 

j=  1 


12 


(3) 


Then  for  the  gradient  vector  J'(c ) of  J{c)  with  respect  to  c,  we  readily 
have 


J(c) 


Vf 


= x 


X L(jXe(tj  , c ) 


j=  1 


N 


X Ltjx{tj,  c ) - /,], 

j=  i 


(4) 


where  xc(t,  c)  denotes  the  Jacobian  matrix  of  x(t,  c)  with  respect  to  c and 
the  symbol  * denotes  transpose  of  vectors  or  matrices.  Clearly  the  extremal 
value  of  J(c)  is  attained  at  c = c0  satisfying  the  equation 


J'(c)  = 0, 


(5) 


and  conversely,  as  is  seen  easily,  c = c0  satisfying  (5)  really  minimizes  J(c) 
locally  if  the  matrix  XJ=i  C,;Xc(^,  c0)  is  nonsingular  for  at  least  one  i and 

N 

X Lux(tj ,c0)~  li 

)=  i 


are  sufficiently  small  for  all  i.  The  latter  condition  means  that  the  solution 
x = x(/,  c0)  satisfies  the  boundary  conditions 

X Ltjx(tj)  — /,  = 0,  i=l,2 M,  (6) 

i 

approximately  and,  by  [2],  the  former  condition  means  that  the  solution 
x = x(f,  c0)  is  isolated  for  some  of  the  boundary  conditions  (6).  Both 
conditions  are  natural  requisites  for  our  problem,  which  is  thus  reduced  to  the 
problem  of  finding  c = c0  satisfying  Eq.  (5).  However,  xc(t,  c)  is  clearly  a 
fundamental  matrix  of  the  first  variation  equation  of  (1)  with  respect  to  the 
solution  x(f,  c ).  Therefore,  as  is  seen  from  (4),  our  problem  is  reduced  to  the 
problem  of  finding  a solution  x = x(f)  of  (1)  satisfying  the  nonlinear 
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boundary  condition  as  follows: 


/<*)■=  X 


i = 1 


]•  i 


I LijX(tj)  - /, 
7 = 1 


= 0, 


(7) 


where  Ou,(r)  is  the  fundamental  matrix  of  the  linear  homogeneous 
differential  equation 

dy/dt  = A’Jt[.x(f),  f]>-  (8) 


satisfying  the  initial  condition  <I>(x)(t0)  = £ for  a certain  fixed  f0  e /.  In  (8), 
Xx(x,  t ) denotes  the  Jacobian  matrix  of  X(x , t)  with  respect  to  .x.  In  what 
follows,  the  problem  of  finding  a solution  of  (1)  satisfying  boundary 
condition  (7)  will  be  called  the  problem  (P). 


3 


In  this  section,  we  shall  give  an  iterative  procedure  for  our  problem 
obtained  by  applying  the  Newton  method  established  in  [2]  to  the  problem 

(P)- 

The  iterative  procedure  obtained  by  which  a solution  of  (1)  satisfying  (2) 
is  successively  calculated  is 

X(p+"(t)  = C (x.„,(f)  - <V,)(f)[Q(x<'')  + K(*(P,)r  1 

X [p(x("')  + <x(x('>)],  P = o,  1,  2 (9) 

where 


£(„(')  = OwOW*o)  + <*>(*>(0  | o,;J(s) 


x {2f[x(s),  s]  - Arx[x(.s),  s]x(s)}  ds. 


QW  = I 

(= i 
M 

«M=X 

i = 1 

P(X)  = I 

i=  1 

<*(*)  = X 

i*=  I 


7 = > 

N 

X Lijx(tj)  - /, 

7=1 

N 

X LijQ(x)Oj) 

7=  l 

X (%*,(£,*>  - *)(<,) 

7=1 


X^wW 

7=1 

x , 

7=1 

X^7Cu)(0)-4 

7=1 

IV 

X LijX{tj)  - li 

7=1 
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and  ¥u,(f)  is  the  third-order  tensor  defined  by 

I’l'uiW)  - <W0  i V,/ <■*)*„[*<•*).  is,  (10) 

*0 

for  an  arbitrary  n-dimensional  vector-valued  function  h(t)  continuous  on  I. 
In  (10),  Xxx(x,  t)  denotes  the  third-order  tensor  whose  components  are 
the  second-order  derivatives  of  X(x,  f)  with  respect  to  x. 

The  iterative  procedure  (9)  is  the  Newton  iterative  procedure  applied  to 
the  problem  (P);  therefore  it  is  quadratically  convergent  if  the  starting 
approximate  solution  x,0,(f)  is  sufficiently  accurate  and  is  isolated  in  the 
sense  that  the  matrix  Yj=i  is  nonsingular  for  at  least  one  i. 

If  we  apply  the  generalized  Newton  method  to  the  problem  (P)  replacing 
the  derivatives  appearing  in  the  Newton  method  by  some  suitable  functions, 
then  we  have  various  linearly  convergent  iterative  procedures,  among  which 
the  typical  ones  are 

x,p+,,(<)  = W)-«)(^'V(x,1  (11) 

x,p+ *>(o  = C(W0  - <vw  (i2) 

In  (11),  <D(f)  is  the  fundamental  matrix  of  a linear  homogeneous  differen- 
tial equation 

dy/dt  = A(t)y 


satisfying  the  initial  condition  O(f0)  = £,  where  A(t)  is  a continuous 
square  matrix  close  to  A'JC[x,0,(t),  r] ; C(x)(0  is  a vector-valued  function 
obtained  from  ( (x){t)  by  replacing  <b{x)(t)  and  A’JC[x(.v),  s]  by  <l>(r)  and  /4(.s), 
respectively;  Q is  a constant  square  matrix  obtained  from  Q(x ) by  replacing 

^w(0  by  <*>(0; and 


M 

(>(x)  = I 

(=1 

M 

+ 1 

i = 1 


I L,j  <Htj) 

j-i 


I L„*UM 


I Mia  - 

7=  l 


I Lijx(tj)  - li 

j=l  \ 


(13) 


The  iterative  procedure  (12)  is  the  same  one  established  by  Banks  and 
Groome  [1]. 
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A Study  on  Generation  of  Nonuniqueness* 
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Introduction 

Under  certain  assumptions  on  stability  of  a bounded  solution,  it  can  be 
shown  that  a given  almost-periodic  system  has  an  almost-periodic  solution 
(ef.  Yoshizawa  [3,  4].)  In  such  a study,  some  differences  have  been  noticed 
between  the  two  cases: 

(i)  the  case  when  every  equation  in  the  hull  satisfies  a uniqueness 
condition  of  solutions  of  initial-value  problems,  and 

(ii)  the  case  when  some  equations  in  the  hull  do  not  satisfy  such 
conditions. 

Recently,  Sell  [2]  has  proposed  a new  method  that  is  applicable  to  both 
of  these  cases.  Through  an  examination  of  Sell’s  method,  it  was  noticed 
that  differences  between  cases  (i)  and  (ii)  are  largely  due  to  the  following 
fact:  Let  us  consider  a system 

dx/dt  = J (t,  x),  (S) 

and  its  perturbation 

dy/dt  = J (t,  y)  + </(/,  y).  (S') 

If  (S)  satisfies  a uniqueness  condition,  every  solution  of  (S)  can  be  approxi- 
mated by  solutions  of  (S').  However,  if  (S)  does  not  satisfy  such  a condi- 
tion, there  may  exist  a solution  of  (S)  that  cannot  be  approximated  by 
any  solutions  of  (S').  Keeping  this  fact  in  mind,  we  shall  investigate  the 
generation  of  nonuniqueness  through  perturbations.  Particular  attention 
will  be  paid  to  those  perturbations  that  preserve  important  properties  of 
solutions  such  as  boundedness,  periodicity,  almost-periodicity,  non-almost- 
periodicity,  and  various  stability  properties.  As  an  example  of  applications, 
a differential  equation  with  almost-periodic  coefficients  will  be  constructed 


* This  research  was  partially  supported  by  NSF  Cirant  GP-3X955. 
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so  as  to  show  clearly  that  uniform  asymptotic  stability  need  not  be 
inherited  by  the  solutions  of  differential  equations  in  the  hull.  Such  an 
example  was  given  also  by  Kato  [1],  Our  example  will  be  constructed 
more  systematically. 


1.  Preliminary  Observations 


Consider  a family  of  curves 

x = sin  (t  — c)  -+■  c,  (1.1) 

where  c is  a real  parameter.  We  shall  show  that  the  differential  equation 
for  family  (1.1)  admits  infinitely  many  singular  solutions 

x = t + 2nn,  ne  Z,  (1.2) 

where  Z is  the  set  of  all  integers.  By  eliminating  c,  we  derive  the  differential 
equation  for  family  (1.1).  Note  that  (1.1)  implies 

x — t = sin  (/  — c)  — (t  — c),  dx/dt  = cos  (t  — c).  (1.3) 

Let 

u = G( v)  - v (1.4) 

be  the  inverse  of 


v = sin  u — u.  (1.5) 

Then  G( v)  is  continuous  in  v,  G( v)  is  periodic  of  period  2 n in  v,  and 
G(2nn)  = 0 for  ne  Z.  Furthermore,  G(c)  is  smooth  except  at  v = 2nn 
(ne  Z).  The  differential  equation  for  (1.1)  is 

dx/dt  = cos  (G(x  — t)  — (x  — t)).  (1.6) 

It  is  easy  to  prove  that  (1.2)  satisfies  (1.6). 

Consider  next  a family  of  curves 

x = e sin  (t  - c)  + c,  (1.7) 

where  e is  a real  parameter  such  that  0 ^ e ^ 1 . Let 

u = g(v,e)-v  (1.8) 


be  the  inverse  of 


v = c sin  u — u. 


(1.9) 
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Then  g(v,  c)  is  continuous  in  v and  c for  — oo  < t < + x,  0 ^£  g 1; 
g(v,  c)  is  continuously  differentiable  with  respect  to  v if  0 g i:  < 1 ; 
g(v,  1)  = G(v),  g(v,  0)  = 0;  g(v,  c)  is  periodic  of  period  2n  in  v for  each  fixed 
c;  and  g(2nn,  <;)  = 0 for  neZ,  0 ^ £ <;  1-  The  differential  equation  for 
family  (1.7)  is 

dx/dt  = £ cos  (g(x  — r,  t)  — (x  — f)).  (110) 

As  long  as  0 < £ < 1,  differential  equation  (1.10)  satisfies  a uniqueness 
condition.  At  £ = 1,  differential  equation  (1.10)  becomes  differential  equa- 
tion (1.6).  Family  (1.7)  is  uniformly  stable  in  the  sense  of  Liapunov  if 
0 <;  £ < 1.  However,  at  £ = 1,  singular  solutions  (1.2)  appear.  Therefore, 
solutions  of  (1.6)  become  unstable. 


2.  Perturbation  of  a Differential  Equation 

Consider  a differential  equation 

dw/dt  = f(t,  w)  (2.1) 

and  the  transformation 

x = £ sin  (t  - w)  + w,  (2.2) 

where  w is  a real  unknown  quantity  and  c.  a real  parameter  such  that 
0 g £ g 1 . The  inverse  of  (2.2)  is 

w = x - g(x  - t,  £),  (2.3) 

and  the  differential  equation  for  x is  given  by 

dx/dt  = £ cos  (g(x  -t,e)-(x-  /)){ 1 - f(U  x - g(x  - t , £))}  (2.4) 

+ f(t,  x - g(x  - f,  £)). 

If  / is  smooth  in  w,  differential  equation  (2.4)  satisfies  a uniqueness  condi- 
tion for  0 g £ < 1.  At  £ = 1,  (2.4)  becomes 

dx/dt  = cos  (G(x  - t)  - (x  — r)){  1 — f(t,  x — G(x  — f))} 

+ /(/,  x - G(x  - /)), 

and  functions  (1.2)  satisfy  (2.5).  This  means  that  the  uniqueness  condition 
of  differential  equation  (2.4)  breaks  down  at  £=  1.  Note  that  at  £ = 0 
transformation  (2.2)  is  the  identity  transformation  x = w.  Furthermore,  (2.2) 
preserves  important  properties  of  solutions  such  as  those  listed  in  the 
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introduction.  Periodicity  of  period  In  and  almost-periodicity  of  the 
differential  equation  is  also  preserved.  At  i:  = 1,  solutions  of  differential 
equation  (2.4)  become  highly  unstable  because  of  singular  solutions  (1.2). 


3.  Construction  of  a Differential  Equation 
with  Almost-Periodic  Coefficients 

Consider  a differential  equation 

dw/dt  = J (t,  w),  (3.1) 

and  a transformation 

x = a(t)  sin  (r  — w)  + w,  (3.2) 

where  w is  a real  unknown  quantity  and  a(t)  a function  of  t.  If  0 <;  a(t)  g 1, 
the  inverse  of  (3.2)  is 

w = x - g(x  - t,  u(l)).  (3.3) 

Assume  that  a(t)  and  du{t)/dl  are  continuous  in  t for  - oo  < t < + oo. 
Then  the  differential  equation  for  x is  given  by 

^ = a(t)  cos  (g(x  - t , a(t))  - (x  - /)){ 1 - /(f,  x - g(x  - t , u(f)))j 
dt 

+ fit , x - g{x  - t , a(t)))  + sin  (g(x  - /,  a(t))  - (x  - /))•  (3.4) 

If  J is  smooth  in  w,  differential  equation  (3.4)  satisfies  a uniqueness 
condition  as  long  as  0 ^ a(t)  < I.  If  a(t)  =1  for  t e I = [r,,  r2].  then  (3.4) 
becomes 

dx/dt  = cos(G(x  - t)  - (x  - f)){  1 -/(f,  x - G(x  - f))[ 

+ f(t,  x - G(x  — t))  (3.5) 

in  the  interval  I,  and  functions  (1.2)  become  singular  solutions  of  (3.4) 
there. 

It  is  known  that  there  exists  a function  a(t ) such  that 

(i)  a(t)  and  da(t)/dt  are  continuous  in  i for  — x < t < + x ; 

(ii)  a(r)  and  da(t)/dt  are  almost-periodic  in  i ; 

(iii)  0 g u(f ) < 1 for  - x < f < + x ; 
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(iv)  There  exist  two  increasing  sequences  [nk\  and  of  integers  such 
that 

a*(t)  = lim  a(t  + 2nk  n)  and  da*(t)/dt  — lim  da(t  + 2nk  n)/dt 

k -.  + x k — + x 

exist  uniformly  in  f,  and 

a*(t)  = 1 for  |r  — 2wj7r|^7r,  j = 1,2, 

Let  f(t,  w)  be  continuously  differentiable  in  w and  almost-periodic  in  t 
uniformly  for  w.  Then  (3.4)  satisfies  a uniqueness  condition,  and  the  right- 
hand  side  of  (3.4)  is  almost-periodic  in  l uniformly  for  w.  Assume  that 

f*(t,w)=  lim  f(t  + 2nkn,  w)  (3.8) 

k -*  + or, 

uniformly  in  (f,  w).  Then  the  differential  equation 

.X  = a*(t)  cos  {g(x  - t , a*(f))  - (x  - /)){ 1 - /*(f,  x - y(x  - f.  </*(f)))J 
dt 

+ /*(/,  x - g(x  - t,  a*(t )))  + dU  ^ sin  (c/(x  - /,  «*(/))  - (x  - /)) 

(3.9) 

belongs  to  the  hull  of  (3.4).  Since  a*(l)  satisfies  condition  (3.7),  differential 
equation  (3.9)  admits  singular  solutions  (1.2)  in  the  intervals 

|t  — 2m,7r|  <;  ;t,  j = 1,2 (3.10) 

By  choosing  / (/,  w)  in  suitable  ways,  we  can  construct  examples  showing 
that  various  stability  properties  need  not  be  inherited  by  the  solutions  of 
differential  equations  in  the  hull.  In  particular,  if  we  choose  f(t,  w)  = — w, 
we  can  show  that  uniform  asymptotic  stability  need  not  be  inherited.  In 
this  case.  (3.4)  becomes 

dx 

j = «(0  cos  (<y(x  - I,  a(t))  - (x  - f)){  I T x - t/(x  - t, 

~ {x  - g(x  - /,  u(t))!  F sin  (<y(x  - I,  a(t))  - (x  - /)).  (3.1 1) 

The  solution 


(3.6) 

(3.7) 


x = a(t)  sin  t (3.12) 

is  uniformly  asymptotically  stable  in  the  sense  of  Liapunov  as  t -*  + go. 
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I.  Introduction 

In  this  chapter  we  shall  compare  the  solutions  of  the  linear  system 

y = A{t)y  (1) 

with  the  solutions  of  the  perturbed  linear  system: 

x = A(t)x  + f(t,  x)  (2) 

where  xe  X,  with  X = Rn  or  X = C",  A{t)  is  an  n x n matrix  continuous 
on  J = [t0,  oo ),  t0  >0,  and  f(t,  x)  is  an  n-dimensional  column  vector 
function  continuous  on  J x X. 

We  will  use  U-jj  to  denote  any  convenient  norm  on  X. 

Let  n > 0 be  a fixed  integer.  We  pose  the  following  problems: 

Problem  1.  If  y(r)  # 0 is  a solution  of  (1),  does  there  exist  a family  of 
solutions  x(t)  of  (2)  such  that: 

Hm  (*M0  - MII/lbMIl  = 0?  (a) 

t~*  00 

On  how  many  parameters  does  the  family  of  solutions  of  (2)  depend, 
under  the  above  conditions? 

Problem  2.  If  x(t)  is  a solution  of  (2),  x(t)  ^ 0 for  all  sufficiently  large 
f,  does  there  exist  a family  of  solutions  y(t)  of  (1)  such  that  (a)  is  true? 

On  how  many  parameters  does  the  family  of  solutions  of  (1)  depend? 
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In  this  work  we  generalize  the  results  of  Onuchic  [2]  and  Szmydt  [3].  Our 
work  is  strongly  dependent  on  a theorem  obtained  by  Hartman  and 
Onuchic  [1,  Theorem  1.1]. 


II.  Preliminary  Lemmas 

Lemma  1.  Let  A(t ) = (ay(f))  be  an  n x n continuous  matrix  on  J,  where 
the  following  conditions  are  satisfied: 


(a) 

au(0  = 0 if « <J'i 

(b) 

au(t)  = a + A(r),  with  a = 

const 

(c) 

aij(t)  is  bounded  on  J for 

i ± j\ 

(d) 

For  m = 2 

lim 

t 

| am,  m-l(fm-2 

)dt  m_ 

t~*  00 


I 2 


x a2  j(s)  ds 


— 1 


>0. 


Then  for  each  solution  y(f)  #0  of  y = A(t)y  there  is  an  integer  /, 
0 < l < n — 1,  such  that: 

o < lim  j[^]f  ^ Tim  00 

t—ao  1 e oo  1 c 

Lemma  2.  Let  A(t ) = diag(/l1(t),  ^(r)),  where  Aj(t),  j = 1,  N, 
are  rij  x rij  matrices  satisfying  the  hypotheses  of  Lemma  1.  Let  us  denote 
by  a j the  constant  element  in  the  diagonal  of  Aj(t).  Let  R(  oij)  > •••  > ^(a^). 
Then  for  each  solution  _y(t)  # 0 of  y = A{t)y,  there  are  integers  i,  /,  1 < i ^ N, 
0 < / < n,  — 1,  such  that 

mi 


0 < lim  -|4Sf  - Iim  T 
— tW  t‘i 


,R(ai)t 


< 00 


For  a proof  of  the  above  lemmas,  see  [2]. 


Theorem  1.  We  suppose  that  A(t)  satisfies  the  hypotheses  of  Lemma 
3.  Let  f(t , x)  be  continuous  and  || f(t,  x)||  < fi(t)|Jx)|  for  all  teJ  and 
xe  X,  where  h(t)  is  a continuous  function  satisfying  /i(f)rJ+'<  dt  < oo, 
where  s + 1 is  the  largest  dimension  of  the  blocks  of  A(t)  and  n > 0 is  a 
fixed  integer. 
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Let  y(t)  ^ 0 be  a solution  of  (1)  satisfying 

lim  ||y(f)||/f,eR(a«)'  < oo 

f-*oo 

Then  there  exists  a p parameter  family  of  solutions  x(t)  of  (2)  such  that 

lim  ||x(f)  — y(f)||/f'eR(*,)f  = 0 

f-»  00 

Remark  1.  The  proof  of  the  above  theorem  is  close  to  the  proof  con- 
tained in  [2,  Theorem  I],  replacing  the  space  L0°°  by  the  space  of  the 
measurable  functions  g taking  J into  X , such  that 

lim  = 0 


Remark  2.  If  p = 0,  then  we  still  use  the  expression  “p  parameter  family 
of  solutions”  to  mean  that  there  is  at  least  one  solution. 

Remark  3.  The  number  p of  parameters  is  specified  in  the  proof  and  it 
is  dependent  on  each  solution  y(t)  of  (1). 

The  following  theorem  gives  a positive  answer  to  Problem  1. 

Theorem  2.  We  suppose  the  hypotheses  of  Theorem  1 are  satisfied  and 
we  let  y(t)  ^ 0 be  a solution  of  (1).  Then  there  exists  a p parameter 
family  of  solutions  x(t)  of  (2)  such  that 

lim  fix(r)  - y(f)||/||y(f)||  = 0 

t—  <x> 

This  theorem  is  a consequence  of  Lemma  2 and  Theorem  1. 

Lemma  3.  We  suppose  the  hypotheses  of  Theorem  1 are  satisfied  with 
f(t , x)  linear  on  x.  Let  U(t)  = (y^t),  yn(t))  be  the  fundamental  matrix 
of  (1)  with  U(t0)  = I,  where  / is  the  identity  matrix.  Then  there  is  a matrix 
V(t)  = (xj(f), ...,  x„(f))  of  solutions  of  (2)  satisfying 

lim  fix,(t)  - yl(f)||/||yi(f)||  = 0 (3) 

00 

for  i = 1, ...,  n,  and  V(t)  is  a fundamental  matrix  of  (2). 

This  Lemma  is  an  obvious  consequence  of  [2,  Corollary  1]. 

Lemma  4.  We  suppose  the  assumptions  of  Lemma  3 are  satisfied  and 
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we  let  x(r)  be  a solution  of  (2),  x(f)  # 0 for  all  t e J.  Then  there  is  a solution 
y(t)  of  (1)  such  that 

li“  ~ MII/IMOII  = 0 


Proof.  Let  V(t)  be  the  matrix  of  Lemma  3.  Then  there  are  constants 
cl5 c„  such  that 

x(0  = c1x1(f)  + •••  + c„x„(r) 

We  take 

>'(0  = c1y,(t)  + ---  + c„>;„(r) 

This  solution  of  (1)  satisfies  our  thesis. 

The  following  theorem  gives  a positive  answer  to  Problem  2. 

Theorem  3.  We  suppose  the  hypotheses  of  Theorem  1 are  satisfied  and 
we  let  x(t)  be  a solution  of  (2),  x(r)  ^ o for  all  t e J.  Then  there  exists  a 
p parameter  family  of  solutions  y(r)  of  (1)  such  that 

lim  f"||x(r)  - y(f)||/||x(OI|  = 0 

t-*co 

We  consider  the  linear  system 

i]/  = A(t)ij/  + x*  jj).  f{U  x(r))  = + g(t,  i A)  (4) 

where  x*(r)  is  the  complex  conjugate  of  x(r)  and  g(t,  is  a linear 
function  of  \J/. 

System  (4)  satisfies  the  hypotheses  of  Lemma  4 and  x(r)  is  a solution  of 

(4). 

From  the  above  theorem  there  is  at  least  one  solution  y(t)  of  (1)  such 
that 

lim  f"||x(r)  - y(f)||/||y(r)||  = 0 (5) 

t-*a o 

It  is  easy  to  show  that  there  is  a p parameter  family  of  solutions  z(t)  of 
(1)  satisfying 

lim  f"||y(r)  - z(r)||/||y(f)||  = 0 

00 

From  (5)  and  (6)  it  follows  that 

lim  t"||x(t)  - z(f)||/MOII  =0 

t~*  00 


(6) 
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III.  Applications 

Definition.  Let  A{t)  and  B(t)  ben  x n matrices,  where  t e J.  We  say  that 
A(t)  is  r-similar  ( ~ ) to  B(t)  if  there  is  an  n x n S(t)  matrix  such  that 

(a)  S(t)  is  continuous  on  J; 

(b)  S(t)  and  S~  *(1)  are  bounded  on  J; 

(c)  S(t)  + S(f)/l(r)  - B(t)S(t)  = 0 for  all  t e J. 

Remark.  If  A(t)  ~ B(t),  the  change  of  variables  y = S(r)x  leads  the  system 
x = A(t)x  to  the  system  y = B(t)y. 

Definition.  A(t)  is  said  to  be  reducible  if  there  is  a constant  matrix  C 
such  that  A(t)  ~ C. 

Theorem  4.  Let  A(t)  be  an  n x n reducible  matrix,  that  is,  A(t)  ~ C. 
Let  J'  be  the  Jordan  canonical  form  of  C and  s + 1 the  largest  dimension 
of  the  blocks  of  J".  Let  f(t,  x)  be  a continuous  function  on  J x X such 
that 

ll/M)ll  ^MOWI 

where  h(t)  is  continuous  and 

00 

h{t)ts+*  dr  < oo 

*0 

with  n >0  a fixed  integer  number.  Then 

(i)  For  each  solution  y(t)  #0  of  (1)  there  exists  a p parameter  family 
of  solutions  such  that 

lim  r||x(f)  - y(r)||/||y(r)||  = 0 (7) 

I-*oo 

(ii)  If  x(r)  is  a solution  of  (2),  x(r)  # 0 for  all  f e J,  there  is  a q para- 
meter family  of  solutions  y(r)  of  (1)  satisfying  (7). 

Corollary  1.  Let  A(t)  be  an  a>-periodic  matrix  with  to  > 0 and  suppose 
that  /(r,  x)  satisfies  the  hypotheses  of  the  above  theorem.  Then  the  same 
conclusions  of  Theorem  4 are  satisfied. 
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Introduction 

The  concept  of  peeling  as  discussed  in  [1]  has  been  known  since  Poincare’s 
time.  The  recent  interest  in  the  field  of  bifurcations,  the  name  originally 
coined  by  Poincare,  focuses  on  restricted  application  of  the  concept  either 
theoretically  or  practically.  The  well-known  elements  discussed  are  singular 
points  and  limit  cycles  as  special  solutions  of  a given  dynamic  system.  It 
was  later  pointed  out  [1,  2]  that  one  can  expect  new  objects  constructed 
via  peeling. 

Decomposition  combined  with  peeling  leads  to  new  mathematical 
concepts.  An  example  resulting  from  decomposition  with  peeling  is  con- 
structed and  named  homoclinic  limit  cycle  [3].  In  short,  D-peeling,  de- 
composition with  peeling,  unravels  yet  another  possibility  resulting  from 
peeling,  which  can  be  properly  named  partial  peeling.  This  peeling  is  un- 
known in  two-dimensional  examples.  Partial  peeling  is  an  example  of  D- 
peeling  such  that  peeling  is  not  complete  along  all  the  manifolds  surround- 
ing the  singular  point  undergoing  peeling.  Here  we  would  like  to  discuss 
briefly  an  example  of  partial  peeling  in  a six-dimensional  space.  The 
example  is  constructed  for  a certain  chemical  reaction  scheme  with  six 
first-order  differential  equations  representing  its  kinetics  [4], 

Partial  Peeling  via  D-Peeling:  An  Example 

The  example  given  in  [4]  consists  of  the  following  equations: 
x,  = mx,  - (6x2  + x3)x1/(0.05  + x,)  -t-  7, 
x2  = 6x,  - lx2  + 3(xs  - x2), 
x3  = 0.03(x,  - x3), 
x4  = 0.03(x6  - x4), 
x5  = 6x6  - 7xs  + 3(x2  - Xj), 

♦ 

x6  = mx6  - (6x5  + x4)x6/(0.05  + x6)  + 7. 
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The  only  varying  parameter  m can  be  shown  to  be  a peeling  parameter. 
There  are  two  distinct  possibilities: 

(1)  m < 0,  there  is  one  stable  singular  point  at  x°. 

(2)  m > 0,  the  singular  point  at  x°  becomes  a saddle  point  and  a stable 
limit  cycle  is  created  around  this  saddle  point. 

By  setting  the  transformation  of  variables  as  y = x — x°  we  can  reduce 
the  equations  to  y = f(y).  The  characteristic  values  of  the  characteristic 
equation  for  y < e can  be  obtained  from  the  linearized  equations.  For 
example,  for  m = — 3.03,  the  characteristic  values  are 

A,  = A2  = - 3.03,  A3  = A4  = - 3.03,  As  = - 7,  A6  = - 13. 

All  A’s  are  negative,  and  thus  x°  is  a stable  node  located  at 

Xi°  = x3°  = x4°  = x6°  = 0.79462,  x2°  = x5°  = 0.681 1 1. 

Similarly  for  m = 3,  the  characteristic  values  of  the  characteristic  equation 
of  y = f(y)  are  found  to  be 

A,  = A2  = -0.03,  A3  = A4=+3,  A5  = — 7,  A6  = - 13. 

This  indicates  that  the  singular  point  is  a saddle  point  with  both  stable 
and  unstable  manifolds  corresponding  to  negative  and  positive  characteristic 
values.  The  saddle  point  is  located  at 

x,°  = x3°  = x4°  = x6°  = 2.3228,  x2°  = x5°  = 1.9910. 

In  this  case,  however,  there  is  a stable  limit  cycle  encircling  the  saddle 
point. 

The  15  projection  planes  can  be  studied.  Here,  only  x,  — x2,  x,  — x3, 
and  x,  — x5  are  shown.  On  the  x,  — x3  plane  the  stable  limit  cycle  can 
easily  be  seen.  On  the  other  hand,  the  Xj  — x5  projection  is  more  startling 
(Figs.  1-3). 

The  important  aspect  is  that  trajectories  can  be  found  to  approach  the 
limit  cycle  as  they  leave  from  a neighborhood  of  the  singular  point 

(Fig-  4)- 

The  existence  of  the  stable  and  unstable  manifolds  of  the  singular  point 
is  proved  by  the  characteristic  values  having  negative  and  positive  real  values. 
If  Pt  is  an  initial  point  of  a trajectory  reaching  the  singular  point  and  Pl+l 
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Fig.  5 


another  initial  point  for  a trajectory  reaching  the  limit  cycle  (Fig.  5),  it  can 
easily  be  detected  that  P,  is  the  intersection  point  of  the  line  segment 
P(_,  — Pi+1  with  the  stable  manifold. 
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1.  Introduction 

Consider  the  question  of  establishing  the  existence  of  a solution  of  the 
boundary  value  problem 

y = F(t,  y),  My(a)  + Ny(b)  = V,  (1) 

where  F is  a function  from  [a,  b]  x R"  into  Rn , M and  N are  n x n matrices, 
and  V is  in  Rn.  Suppose  further  that  F admits  a decomposition  into  the 
sum  of  two  functions 

F(t,  y)  = J U,y,  + g(t,  y), 

where  / is  such  that  the  solutions  4>(t,  r,  y,  k)  of  the  initial  value  problem 

x = /(r,  x, /),  x(r)  = y,  (2) 

are  known  for  each  appropriate  value  of  the  parameter  k in  Rm,  y in  Rn, 
and  a < r < t < b,  and  where  the  functions  y ),  y(t,  y)  map  [a,  b ] x Rn 

into  Z^and  /?",  respectively.  Under  appropriate  conditions  on  /,  \p;y  it  can 
be  established  that  a function  >(/)  is  a solution  of 

y = J (t , y,  i MO)  + y(t,  >’),  v(0)  = 'A  (3) 

if  and  only  if  y(t)  satisfies  an  integral  equation  of  the  form 

y(f)  = <K(r.  v)  + | 'h((,  v,  y(.v))  d.v,  (4) 

* 0 

where  the  functions  <l>,  H are  constructed  from  the  known  functions  <p,  y, 
and  ip.  The  prototype  of  such  an  integral  equation  is  the  variation  of  con- 
stants formula.  We  will  give  examples  later  of  typical  hypotheses  on  /,  1 1/, 
and  y and  the  resulting  functions  O,  H. 

From  this  representation  for  the  solutions  of  (3),  by  imposing  particular 
requirements  on  the  boundary  conditions  and  further  requirements  on  ip,  y 
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we  may  now  follow  a familar  path  to  establish  the  existence  of  a solu- 
tion of  (1 ).  Of  course,  the  case  M = - N = I,  V = 0,  and  the  functions  /, 
i !>,  y defined  and  periodic  for  all  i leads  to  the  existence  of  periodic 
solutions  of  (1 ). 


2.  Results 

We  will  first  place  requirements  on  the  functions  <I>,  //  in  (4)  that  are 
sufficient  to  furnish  the  existence  of  a solution  y(i ) of  (4)  such  that 

My(a ) + Ny(h ) = V . 

Then  we  will  give  hypotheses  on  /,  i j/,  y that  will  guarantee  that  these 
requirements  on  <I>,  //  are  satisfied. 

Hypothesis  H,.  Let  <1>  be  in  C([«,  b]  x R ",  Rn)  and  satisfy 
tya,y)  = y,  |o(i,  y)\<K\y\, 

for  some  K > 0,  a < t < b,  and  y in  Rn.  For  any  a in  Rn  suppose  the 
equation 

My  + N(<t>(h,  y)  + a)  = V 

has  a unique  continuous  solution  y — F( a)  and  |F(a)|  < L\<x\  +P.  For 
a<s<t<b  and  y in  Rn,  let  H(t,  s,  y)  be  continuous  into  Rn  and 
suppose  there  are  continuous  functions  ^,(t,  s),  ^2(t,  v),  rjd(t,  ,s)  for 
a < s < l < b and  a,(r),  a2(r), ajr)  for  r > 0 and  numbers  0t,  02,  ■■■,  0d 
such  that 

\H(t,s,y)\  < s>,(|y|), 

i = 1 

lim  (t i(r)/r  <0(,  i = 1,  2, . . . , d. 

r -*  '/> 

For  (>  > 0 let 

Sp  = \y  in  C([u,  b\  Rn ) : My(a)  + Ny(b)  = V , ||y||  < p), 
where  ||-||  is  the  uniform  norm;  for  y in  S define 

*(y)  =|  H(h,  s,  >’(.s))  ds, 

* a 

T y(t)  = <!>(/,  F(a(y)))  + | H(t , v,  y(.sj)  ds, 
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for  a < t <b\  and  for  i = 1,  2,  . . . , d let 

,b  , f 

Qi=  KL\  ri^b,  s)  ds  + sup  | s)  ds. 

'a  a<l<b‘a 

Theorem  1.  If  condition  Ht  is  valid  and  Ya=i  Qt^i  < 1 there  is  a p > 0 
such  that  T has  a fixed  point  y in  Sp. 

The  proof  of  this  theorem  uses  Schauder’s  fixed-point  theorem  and  is 
adapted  from  the  work  of  Fennell  and  Waltman  [1],  This  result  and  the 
other  related  material  is  discussed  in  detail  in  [4], 

We  will  now  give  some  conditions  of  /,  \J/,  g that  lead  to  an  integral 
equation  of  the  type  (4)  and  hypotheses  on  these  functions  that  will  imply 
H!  is  satisfied. 

Hypothesis  H2.  Let  f(t , x,  A)  and  the  matrices  of  derivatives  fx  and  fy  be 
continuous  for  ( t , x.  A)  in  [a,  b]  x Rn  + m with  f(t,  0,  A)  = 0 for  (f,  A)  in 
[a,  b]  x Rm , let  i//(t)  be  in  C‘([u,  b ],  Rm),  and  for  A in  Rm , a < s < b,  y in 
Rn , assume  that  the  solution  0(r,  s,  y,  A)  of  (2)  exists  for  s < i < b. 

Theorem  2.  Let  y be  in  Rn  and  let  H2  be  satisfied.  A function  y(t), 
a < i < b,  satisfies  (3)  if  and  only  if  y(t)  satisfies  (4)  with 

4>(f,  y)  = (j)(t,  a , y,  i Ha)), 

H(t , s , >’)  = s,  y,  \l/(s))i]/(s)+  (f>.,(t , s,  y,  ij/(s))g(s,  y). 

The  proof  of  this  theorem  appears  in  [3]. 

Hypothesis  H3.  For  a < s < t < b,  r > 0,  y in  Rn,  and  A in  Rm , there 
are  continuous  functions  s),  s),  and  o(r)  so  that 

\<f)x(t,  s,  y)|  < iu{t,  s) | y | , | &y(t,  s,  y,  A)|  < rj2(t,  s ), 

\g(t,  y)|  < <r(|y|),  lim  a(r)/r  = 0. 

r-*  x 

Theorem  3.  Let  H2  and  H3  be  satisfied  and  assume  that  for  any  a in 
Rn  the  equation 

My  + N(4>{b,  a , y,  i {/(a))  + a)  = V 

has  a unique  solution  y = F(a),  where  |F(a)|  < L|a|  + P for  P > 0,  L > 0. 
Then  if  |i/'(.s)|'  a < s < b,  is  sufficiently  small  there  is  a solution  of  (1). 
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The  proof  of  this  result  is  given  in  [4].  The  hypotheses  were  chosen  to 
include  the  case  f(t,  x,  X)  = A(t,  2)x,  where  A(t , 2)  is  an  n x n matrix. 

Other  conditions  on  i/f , /,  and  g also  give  that  a function  y(t)  is  a 
solution  of  (3)  if  and  only  if  y(t)  satisfies  an  equation  of  the  form  (3).  For 
example,  if  / has  continuous  first  and  second  derivatives  in  t,  x,  and  X and 
g has  continuous  derivatives  in  t and  g,  integration  by  parts  in  the  equation 
of  Theorem  2 gives 

t 

y(t)  = ${t,  a,  y,  i A(a))  + (f  - a)(p..{t,  a,  y,  tp(a))g(a,  y)  + | H*{t,  s,  y(s))  ds. 

* a 

Another  case  occurs  when  \jj(t)  is  piecewise  continuous  with  a piecewise 
continuous  derivative  i ]/(t)  except  at  a finite  number  of  values  of  t.  Finally, 

1 1/  may  depend  on  y as  well  as  t and  still  another  form  of  (3)  occurs. 

It  is  thought  that  these  ideas  carry  over  to  functional  differential 
equations  using  results  derived  by  Gustafson  [2]. 

REFERENCES 

[1]  R.  Fennell  and  R.  Waltman,  A boundary  value  problem  for  a system  of  nonlinear 
functional  differential  equations,  J.  Math.  Anal.  Appl.  26  (1969),  447-453. 

[2]  G.  B.  Gustafson,  An  integral  equation  for  perturbed  nonlinear  functional  differential 
equations  with  applications  to  periodic  solutions  and  nonlinear  boundary  value  problems, 
Univ.  of  Utah  Rep.  (1972). 

[3]  T.  G.  Proctor,  Perio  lie  solutions  for  perturbed  differential  equations,  J.  Math.  Anal.  Appl. 
47  (1974),  310-323. 

[4]  T.  G.  Proctor,  Two-point  boundary-value  problem  for  perturbed  differential  equations. 
Tech.  Rep.  174,  Dep.  of  Math.  Sci.,  Clemson  Univ.,  Clemson,  South  Carolina  (1974). 


On  Stability  of  Solutions  of  Perturbed 
Differential  Equations 


B.  S.  LALLI  * and  R.  S.  RAMBALLY 
Department  of  Mathematics 

University  of  Saskatchewan,  Saskatoon,  Saskatchewan,  Canada 


1 

We  study  the  systems  of  differential  equations  of  the  form: 

x'  = f(t,x),  (1) 

/ = f{U  y)  + D(t)g(t,  y),  (2) 

where  x,  y,  /,  and  g are  n-vectors  and  D(t)  is  a continuous  n x n matrix. 
We  assume  that  / and  g are  continuous  from  / x Rn  to  Rn,  where  / is  the 
interval  [0,  oo).  We  also  assume  that  / is  continuously  differentiable  on 
/ x D,  where  D is  a region  in  the  n-dimensional  x-space  and  that  / (f,  0)  = 0. 
We  denote  by  x(r,  r0,  x0)  the  solution  of  (1)  passing  through  ( t0 , x0). 
Similarly,  let  y{t,  t0,  y0)  be  the  solution  of  (2)  through  (f0,  y0).  Let  |-| 
denote  a convenient  vector  norm  and  a corresponding  matrix  norm. 

It  is  known  that  x(r,  r0,  x0)  is  a differentiable  function  of  (f0,  x0)  on 
/ x / x D and  that  the  matrix 

t0 , X0)  = -—  (x(f,  t0 , x0))  (3) 

cx0 

is  the  fundamental  matrix  of  the  variational  system 

z'  = fx(t,x(t,t0,x0))z,  (4) 

which  is  the  identity  matrix  for  t = t0 . 

Moreover, 

a 

jr  (x(t,  t0  x0))  = - 0(t,  t0 , x0)f(t0 , x0).  (5) 

ct  o 
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We  make  use  of  the  nonlinear  variation  of  parameters  formula,  which  can 
be  written 

t 

y(t,  to  » >’o)  = x(t'  t0 , >’o)  + | <F(r,  s,  y(s,  t0 , y0))D(s)g(s,  y(s,  t0 , y0))  ds. 

*0 

(6) 

The  following  definitions  will  be  used  in  the  sequel.  The  zero  solution  of  (1) 
is  said  to  be 

(a)  uniformly  stable  in  variation  if  for  each  a > 0 there  exists  M( a)  such 
that  the  fundamental  matrix  <I>(f,  t0,  x0)  of  (4)  satisfies 

|<D(r,  t0,  x0)|  - M(“)’  t>t0,  |x0 1 < a; 

(b)  asymptotically  stable  in  variation  if  the  fundamental  matrix  t0 , 0) 
of  z'  = fx(t,  0)z  satisfies 

t 

| |d>(r,  s,  0)|  ds  < K,  K > 0,  t > t0.  (7) 

to 

The  system  ( 1 ) is  said  to  be 

(c)  convergent  if  lim^^  x(t,  t0,  x0)  = A(r0,  x0)  is  defined  for  each 
(t0,  x0)e  / x Rn; 

(d)  equiconvergent  if  it  is  convergent  and  for  each  e > 0,  a > 0,  f0  > 0, 
there  exists  a function  T = T(t0 , a,  e)  such  that 

|x(f,  r0,x0)- A(r0,*0)l  <£>  t>t0  + T,  |x0|<a; 

(e)  equi-uniformly  convergent  if  the  T in  the  above  definition  is  indepen- 
dent of  r0; 

(f)  equi-uniformly  convergent  in  variation  if  for  each  e > 0,  a > 0 there 
exists  a scalar  function  T = T(oc,  e)  and  a matrix  function  L = L(t0,  x0) 
that  is  continuous  on  / x R"  and  bounded  on  / such  that 

t0,  x0)  - L(t0,  x0)|  < e,  t > t0  + T,  |x0|  < a. 

2 

For  the  first  theorem  we  make  the  following  assumption: 

(H)  There  exists  a continuous  function  a>(t,  r)  from  / x / to  / that  is 
monotone,  nondecreasing  in  r for  each  fixed  t such  that  the  scalar  equation 

r’  = c o(t,  r),  r(t0)  = k,  k>  0,  (8) 
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has  a unique  solution.  Furthermore,  the  solutions  of  (8)  exist  for  t > t0 
and  lim,^x  r(t)  = rx  < cc. 

The  proof  of  Theorem  2.1  is  the  same  as  that  of  [4,  Theorem  1], 

Theorem  2.1.  Assume  that  (H)  holds  and  that  the  zero  solution  of  (1) 
is  uniformly  stable  in  variation.  Also  suppose  that 

|<F(f,  s,  y)D(t)g(t,  y)  \ < cu(s,  y),  t,se  I,  any  y.  (9) 

Then  given  a > 0 and  any  y,  |y|  < a,  there  is  a solution  y(t,  t0,  y)  = y(r)  of 
(2);  for  each  such  solution  there  is  a solution  x(t)  such  that 

lim  (y(t)  — x(t))  = 0.  (10) 

f-*  00 

Theorem  2.2.  Assume  (H)  and  let  the  zero  solution  of  (1)  be  uniformly 
stable  in  variation.  Assume  that 

\D(t)g(t,y)\<o)(t,y),  y > 0. 

Then  for  every  £ > 0 there  exist  T = T(e)  and  d = 5(e)  > 0 such  that 

|y(^  t0,y0)-x{t,  t0,y0)\<e 
for  t >t0>T,\y0\<  5. 

Theorem  2.3.  Assume  that  the  zero  solution  of  (1)  is  asymptotically 
stable  in  variation.  Let 

|£>(t)0(r,y)|  <co(t,  |y|),  |y|<a, 

where  co(t,  r)  is  a scalar,  continuous,  monotone,  nondecreasing  function  in 
r for  each  fixed  t such  that 

co(s,  a)  ds  < a/2 (aL  + R). 

Then  if  |y0|  is  sufficiently  small,  |y(f,  t0,  y0)|  ^ a f°r  f ^ *o  • Here  a is  as 
in  [2,  Theorem  1].) 

The  proofs  of  Theorems  2.4  and  2.5  are  the  same  as  those  of  Theorems 
1 and  2,  respectively,  of  [7]. 

Theorem  2.4.  Suppose  that  the  system  (1)  is  convergent  and  equi- 
uniformly  convergent  in  variation.  Assume  that  for  each  a > 0, 

\D(t)g(t,y)\  |y|),  |y|<«, 
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where  «a(f,  r)  is  a scalar,  continuous,  monotone,  nondecreasing  function 
in  r for  each  fixed  t such  that 

00 

I cua(s,  c)  ds  < oo,  0 < c < a. 

•’o 

Then  for  any  initial  position  y0  there  exists  a T = T(y0)  such  that  if 
t0  > T,  then  the  solution  y(t,  f0,  y0)  is  convergent. 

Let  y0  be  fixed  and  let  T0(y0)  be  the  infimum  of  all  T(y0)  for  which 
Theorem  2.4  holds.  Let 

D = {( t , y)|y  e Rn,  t > T0(y0)}. 

Theorem  2.5.  Assume  that  the  system  (1)  is  equiconvergent  and  equi- 
uniformly  convergent  in  variation.  Let  the  condition  on  D{t)g(t,  y)  be  as  in 
Theorem  2.4.  Then  the  system  (2)  is  equiconvergent  on  D. 


3 


We  now  study  the  quasilinear  systems 

x' = A(t,  D(t)x)x,  (11) 

y'  = A(t,  D(t)y)y  + B{t,  D(t)y),  (12) 


where  D(t),  t > 0,  is  a bounded,  continuous,  nonsingular  matrix  and  where 
A and  B are  defined  and  continuous  from  / x R"  to  Rn.  We  give  sufficient 
conditions  for  the  solutions  of  (12)  to  converge  to  any  prescribed  vector 
y e Rn. 

Let  Cl  denote  the  space  of  n-vectors  of  functions  g(t)  that  are  defined 
on  / and  such  that  lim,,,*,  g{t)  exists.  For  / e C',  define 


where 

Let 


1/ U = sup  |/(r)|, 

re/ 

is  the  Euclidean  norm.  With  this  norm  C‘  is  a Banach  space. 


lim  /(f)  = 


We  have  the  following  theorem. 
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Theorem  3.1.  Assume  that  the  matrix  A satisfies 
\A(t,  D{t)u) | < a>(t,  |D(f)u|), 

where  u(t)  e Cyl  and  where  co(t,  r)  is  a scalar,  continuous,  monotone, 
nondecreasing  function  in  r for  each  fixed  t such  that 

CO 

) a>(f,  c)  dt  < oo,  0 < c < oo. 

•'o 

Assume  also  that 

1 r°° 

lim  inf  sup  \B(t,  D(t)u)  | dt  = 0. 

n-»  oo  n • 0 ju|<n 

Then  there  exists  a solution  of  (12)  in  Cyl. 

Remark.  The  proof  of  this  theorem  is  an  application  of  Schauder’s 
fixed-point  theorem  to  an  appropriate  subset  of  Cyl.  The  line  of  reasoning 
to  be  followed  is  the  same  as  in  the  proof  of  the  main  theorem  of  [6]. 
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We  consider  the  nonautonomous  system  of  differential  equations 

x'  = f(t,x),  (1) 

where  / : [0,  oo ) x Rn  -*  Rn  is  continuous.  The  purpose  of  this  chapter  is 
to  employ  Liapunov  theory  to  determine  behavior  of  solutions  of  (1) 
relative  to  some  closed  set  H ^ R".  In  general,  no  invariance  principle  will 
be  readily  available  and  the  main  goal  here  is  to  present  results  that 
improve  two  of  the  classical  Liapunov  theorems.  In  particular,  we  give  an 
improvement  of  the  LaSalle-Yoshizawa  theorem  for  nonautonomous  sys- 
tems for  solutions  approaching  a set  (cf.  [1,  p.  60])  and  an  improvement 
of  the  Marachkoff  asymptotic  stability  theorem  (cf.  [2,  p.  34]).  It  will  be 
evident  from  Theorems  3 and  4 that  we  rely  heavily  on  a close  relation- 
ship between  the  derivative  of  a Liapunov  function  for  (1)  and  the  norm  of 
the  right-hand  side  of  (1).  In  addition  to  presenting  improved  versions  of 
the  two  classical  theorems  mentioned  above,  we  wish  to  discuss  briefly 
various  other  directions  this  author  as  well  as  several  other  authors  have 
taken  utilizing  V related  to  |/|.  We  use  the  same  notation  as  in  [1],  and 
for  definitions  and  other  terminology,  we  refer  to  [2].  We  assume  the 
reader  has  these  two  references  available. 

The  LaSalle-Yoshizawa  theorem  and  Marachkoff  theorem  have  played 
such  a fundamental  role  in  influencing  the  work  in  this  paper  that  we 
state  them  below  as  Theorems  1 and  2,  respectively. 

Theorem  1.  Suppose  there  exist  a Liapunov  function  V:  [0,  oo)  x Rn  -> 
R+  for  (1)  and  a continuous  function  W:  Rn->  R+  for  (1)  such  that 

(i)  | f(t,  x)|  is  bounded  on  sets  [0,  oo)  x K,  where  K £ Rn  is  compact, 
and 

(ii)  x)  < — yV(x)  for  t > 0 and  x e Rn. 


* This  work  was  supported  in  part  by  a Memphis  State  University  Faculty  Research 
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If  x(f)  is  any  solution  of  (1)  with  right-hand  interval  of  definition  [f0,  a>), 
t0<co<co,  then  x(f) -►£,*,  as  t ->  a>  — , where  £ = {x  e R" : W(x)  = 0} 
and  £„  = £ u {oo}. 

Theorem  2.  Suppose  f(t,  0)  = 0 and  suppose  there  exists  a Liapunov 
function  V for  (1)  such  that 

(i)  | f(t,  x)|  is  bounded  on  [0,  oo)  x G,  where  G is  some  bounded 
open  subset  of  Rn  containing  the  origin, 

(ii)  V is  positive  definite,  and 

(i»)  V\ „ is  negative  definite. 

Then  the  set  {0}  (or  zero  solution)  is  asymptotically  stable. 

Theorems  1 and  2 are  strikingly  similar  in  that  they  both  require 
| f(t,  x)|  to  be  bounded  in  some  sense  and  V'(l)  to  be  negative  definite 
with  respect  to  the  “attracting  set.”  The  remainder  of  this  paper  is  mostly 
dedicated  to  explaining  that  these  two  restrictions  can  be  removed  while 
obtaining  essentially  the  same  conclusions. 

Theorem  3.  Suppose  H ^ Rn  is  closed  and  suppose  for  each  e > 0 and 
each  compact  K ^ R"  there  exist  S = S(e,  K)  > 0 and  n = n(e,  K)  > 0 such 
that 

V'(l)(t,x)<-6\f(t,x)\  + e(t),  (2) 

for  t > it  and  x e K n SC(H,  a),  where  J00  |e(r)|  dt  < oo  and  SC(H,  e)  is  the 
complement  of  the  e-neighborhood  of  H.  If  x(r)  is  any  solution  of  (1), 
then  either 

x(r)  -►  p as  t->  oo  (3) 

for  some  constant  pi  H ox 

x(t)  ->HaD  = H u {oo}  as  t ->  id  — . (4) 

Theorem  4.  In  Theorem  3,  suppose  V(t,  0)  = 0,  H = {0},  and  that  there 
exists  a > 0 with  the  property  that  for  each  e > 0 (e  < a)  there  exists 
S = 5(e)  > 0 and  n = 7i(e)  > 0 such  that  (2)  holds  for  t > n and  e < |x | < a. 
Then  H = {0}  is  eventually  stable  and  any  solution  of  (1)  that  remains  in 
the  “region  of  stability”  tends  to  a constant  as  t -*  oo. 

Remark  1.  Theorem  3 is  a generalization  of  the  main  theorem  of  [3] 
and  is  perhaps  the  way  this  result  should  have  originally  been  stated. 
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The  second  theorem  in  [3]  can  then  be  used  to  show  that  Theorem  1 
here  is  a special  case  of  Theorem  3 even  for  e(t)  = 0.  Furthermore,  Eq. 
(2)  of  [3]  provides  an  example  for  which  the  conditions  of  Theorem  3 hold 
while  the  conditions  of  Theorem  1 do  not.  In  fact,  in  this  example, 

| f(t,  x)|  is  not  necessarily  bounded  and  V is  not  necessarily  negative 
definite  with  respect  to  the  set  being  examined.  Likewise,  unlike  the  auto- 
nomous case,  an  example  in  [4,  p.  279]  can  be  used  to  see  that  solutions 
in  Theorem  3 do  not  approach  the  largest  invariant  subset  of  H. 
Analogous  comments  are  also  appropriate  regarding  Theorems  2 and  4 of 
this  paper  as  related  to  Theorems  2.1  and  2.2  of  [5].  Finally,  if  one  is 
only  concerned  with  bounded  solutions,  then  e(t)  in  (2)  can  be  replaced 
by  e(t,  x),  where  J°°  | e(r,  x(r))|  dt  < oo  for  bounded,  continuous  x(t). 

Remark  2.  In  Theorem  3,  one  would  like  to  be  able  to  conclude  that 
all  bounded  solutions  tend  to  H,  or  in  Theorem  4,  that  all  solutions  in 
the  stability  region  tend  to  zero.  That  is,  one  would  like  to  show  that  (3) 
cannot  hold.  However,  simple  examples  exist  illustrating  that  additional 
minor  restrictions  are  required  in  order  to  obtain  these  stronger  conclusions 
(see,  for  example  [3,  Eq.  (2)]  and  [5,  p.  396]).  In  [6-8]  these  extra  condi- 
tions are  imposed  on  |/|  to  ensure  that  solutions  tend  to  H (or  {0}).  In 
[9-10]  an  uncountable  family  of  Liapunov  functions  is  used  to  eliminate  a 
property  such  as  (3)  in  Theorem  3.  From  [3,  5,  and  8],  it  can  be  seen 
that  a closer  examination  of  V is  often  all  that  is  necessary  to  avoid  (3). 
But  even  if  none  of  these  additional  assumptions  hold,  Theorem  3 provides 
fairly  complete  knowledge  of  solutions  that  do  not  approach  H and  these 
solutions  have  not  traditionally  been  considered. 

Remark  3.  We  now  conclude  this  paper,  as  promised,  by  briefly  mention- 
ing other  directions  that  have  been  taken  relating  V'  to  |/|.  Burton  [6]  was 
perhaps  the  first  to  consider  this  type  of  condition  and  he  proved  sufficient 
conditions  for  a set  H (and  not  HJ)  to  be  a global  attractor.  Corne  and 
Rouche  [9]  also  established  similar  conditions  for  a set  to  be  a global 
attractor  without  assuming  the  differential  equation  to  be  defined  on  this  set. 
As  mentioned  in  Remark  2,  they  also  employed  a (possibly  uncountable) 
family  of  Liapunov  functions  in  their  theory.  Recently,  Salvadori  [10]  used 
ideas  similar  to  those  of  [9]  and  gave  a generalization  of  MarachkoflTs 
theorem  that  is  different  from  our  Theorem  4.  Grimmer  and  Haddock  [8] 
proved  stability  properties  of  certain  sets  using  an  uncountable  family  of 
Liapunov  functions  different  from  [9]  and  [10].  Also,  some  of  LaSalle’s 
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results  in  [1]  for  autonomous  systems  are  extended  in  [8].  Erhart  [7]  has 
taken  a different  direction  by  proving  equiboundedness  and  perturbation 
theorems.  Instability  results  using  V and  |/|  have  been  established  by 
Brown  [11].  Finally,  in  [12]  properties  of  V and  V have  been  combined 
to  extend  and  improve  classical  boundedness  results.  With  the  aid  of  an 
invariance  principle,  improved  boundedness  results  for  autonomous  systems 
are  also  given. 
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1.  Introduction 

In  1955  Atkinson  [1]  published  what  has  become  a classic  work  on  the 
oscillatory  behavior  of  solutions  of  second-order  nonlinear  differential 
equations.  Since  that  time  many  such  results  have  been  obtained  for 
equations  of  the  type 


M0*7  + q(t)J(x)  = r(t),  (*) 

especially  when  r(t)  = 0.  Even  though  there  are  many  results  that  guarantee 
that  the  above  equation  is  oscillatory,  there  are  relatively  few  that  guarantee 
that  it  possesses  a nonoscillatory  solution  (see  [2,  3]  for  references).  Even 
fewer  sufficient  conditions  for  nonoscillation  are  known,  and  in  most  cases 
they  are  for  equations  less  general  than  (*)  (again  see  [2,  3]).  In  fact,  except 
for  some  results  on  linear  equations  [6,  7],  the  authors  know  of  no  such 
results  when  r(t)  ^ 0 except  for  those  in  [2-5].  Complete  details  of  the 
results  in  this  paper  will  appear  in  [2]. 


2.  A Nonoscillation  Theorem 

We  consider  the  equation 

(a(t)x')'  + q(t)f(x)  = r(t),  (1) 

where  a,  q,  r:  [f0,  oo )-*  R and  f:R-*R  are  continuous,  a(t)  > 0,  q(t ) > 0, 
and  x/(x)>  0 if  x#0.  Let  q'(t)+  = max  {q'(t),  0}  and  q'(t)_  = 
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max  { — q'(t),  0}  so  that  we  have  q'(t)  = q'(t)+  — q'(t)-  ■ A similar  decom- 
position will  be  used  for  a'(t).  We  make  the  following  assumptions  on  Eq.  (1): 

f'(x)  > 0 for  all  x,  (2) 

| [<?'(*)+/?(*)]  ds  < oo,  (3) 

* 'o 

a(t)  < a2,  (4) 

| [a'(s)_/a(s)]  ds  < oo,  (5) 

• 'o 

r{t)  > 0,  (6) 


| r(s)  ds 


i < 00. 


Theorem.  Suppose  conditions  (2)-(7)  hold  and  f'(x)  is  nondecreasing 
for  x > 0.  If  for  every  k > 0, 

j q(s)f(ks)  ds  < oo, 

*0 

then  all  solutions  of  (1)  are  nonoscillatory. 

Remark.  By  reversing  the  inequality  in  (6)  and  requiring  that  f'(x)  be 
nonincreasing  for  x < 0, 

a&  <x 

) r(s)ds>—  oo  and  ( q(s)f(-ks)ds>- oo  for  every  k > 0, 

• >0  • f0 

we  can  again  obtain  that  all  solutions  of  (1)  are  nonoscillatory. 

We  will  outline  a proof  of  this  theorem  in  the  next  section,  but  first  we 
wish  to  call  the  reader’s  attention  to  the  conditions  on  r(f).  The  equation 

x"  + x/f3  = [t  sin  (In  t)  - 3t  cos  (In  t)  + sin  (In  f)]/f4,  t > 1, 

satisfies  all  the  hypotheses  of  our  theorem  except  (6).  Here  r(f)  actually 
changes  signs  and  x(t)  = [sin  (In  /)]//  is  an  oscillatory  solution  of  this 
equation.  On  the  other  hand,  the  equation 

x"  + x3/ts  = r(t),  t > 30, 


where 


r(t)  = e1  + 2e'  cos  t + 3e'(l  + sin  t)/t7  + e3,(l  -I-  sin  t)3/ts 
— 3t>2,(l  + sin  t)2/tb -2/t3  - 1 A8 
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satisfies  all  the  hypotheses  of  the  theorem  except  (1).  This  equation 
possesses  the  oscillatory  solution  x(t)  = e'(  1 + sin  t)  — 1/t.  This  last  example 
is  somewhat  surprising  in  view  of  the  fact  that  condition  (7)  is  not 
required  when  f(x)  = x (see  [6,  7]). 


3.  Proof  of  the  Theorem 

The  proof  of  the  above  theorem  makes  use  of  the  following  three  lemmas. 
Proofs  of  the  lemmas  will  appear  in  [2]. 


Lemma  1.  Suppose  r(t)  = 0,  conditions  (2)— (4)  hold,  a(t)>au  and 
k > 0 is  given.  If  \J0  q(s)f(ks)ds  < x,  then  there  exists  a solution  x(f)  of 
(1)  and  T > t0  such  that  x(f)  > alkt/4a2  for  t > T. 


Lemma  2.  Suppose  conditions  (3)  and  (5)  hold,  |r(s)|  ds  < x,  and 
x(t)  is  a solution  of  (1).  Then  there  exists  A > 0 and  T > f0  such  that 
|x(/)|  < At  for  t > T. 

Lemma  3.  Suppose  r(t)  = 0,  conditions  (2)  and  (4)  hold,  f'(x)  is  non- 
decreasing for  x > 0,  and  x(t)  is  a solution  of  (1)  such  that  x(t)  > 0 for 
t>h>t0.  If  u(t)  is  a function  of  class  C such  that  u(h)  = 0 and 
0 < u(t)  < x(t)  on  [h,  c],  then 

f '«(0/2(“(l))  dt  < f 'a(l)/'(u(,))[u'(l)]!  it. 

:b  h 

In  order  to  prove  the  theorem  suppose  that  (1)  has  a solution  u(t) 
that  is  either  oscillatory  (actually  changes  signs)  or  Z-type  (has  arbitrarily 
large  zeros  but  is  ultimately  nonnegative  or  nonpositive).  It  is  relatively 
easy  to  show  that  if  r(t)  > 0 [r(f)  < 0],  then  Eq.  (1)  can  have  no  non- 
positive [nonnegative]  Z- type  solutions.  By  Lemma  2,  there  exist  A > 0 
and  T > t0  such  that  \u(t)\  < At  for  t>T.  Lemma  1 guarantees  the 
existence  of  a solution  x(f)  of  the  unforced  equation  and  a number 
T,  > T such  that  x(r)  > 2At  for  t > T,.  Now  if  u(f)  is  a Z-type  solution, 
then  u(f)  is  ultimately  nonnegative,  so  in  either  case  there  are  consecutive 
zeros  h and  c of  u(t)  such  that  T,  < b < c and  u(t)  > 0 for  h < t < c. 
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Notice  that 

[a(t)u'(t)f(u(t))]'  = f(u(t))(a(t)u'{t))'  + a(t)f'(u(t))[u'(t)]2 

= /(«(0)(-fl(0/(«(0)  + r(0)  + «(0/'M0)[“'(0]2 

> -q(t)fMt))  + a(l)f\u(t))[u'(l)]2. 

Integrating,  we  have 

a(t)u'(t)J  (u(t))  > | {a(s)f'(u(s))[u'(s)]2-  q(s)J  2(u(s))}  ds  > 0, 

• b 

by  Lemma  3.  This  implies  that  u'(t)  >0  for  b < t < c,  which  is  a 
contradiction. 


REFERENCES 


[Ij  F.  V.  Atkinson.  On  second-order  nonlinear  oscillations,  Pacific  J.  Math.  5 (1955), 
643  647. 

|2]  J.  R Graef  and  P.  W.  Spikes,  A nonoscillation  result  for  second  order  ordinary 
differential  equations.  Rend.  Accad.  Sci.  Fis.  Mat.  Napoli  41  (4)  (1974),  3 12. 

[3]  J.  R Graef  and  P.  W.  Spikes,  Nonoscillation  theorems  for  forced  second  order  non- 
linear differential  equations,  Atti  Acad.  Naz.  Lincei  Rend.  Cl.  Sci.  Fis.  Mat.  Natur.  (to  appear). 

|4]  J.  R.  Graef  and  P.  W.  Spikes,  Sufficient  conditions  for  nonoscillation  of  a second  order 
nonlinear  differential  equation,  Proc.  Amer.  Math.  Soc.  50  (1975),  289  292. 

[5]  J.  R.  Graef  and  P.  W.  Spikes,  Sufficient  conditions  for  the  equation  (a(t)x)'  + h(t.  x,  x ) + 
q(t)](x,  x ) = e(f,  x,  x')  to  be  nonoscillatory,  Funkcial.  Ekvac.  18  (1975),  35  40. 

[6]  M.  S.  Keener,  On  the  solutions  of  certain  linear  nonhomogeneous  second-order 
differential  equations,  Appl.  Anal.  1 (1971),  57  6.3. 

( 7 j M.  Svec,  On  various  properties  of  the  solutions  of  third-  and  fourth-order  linear  dif- 
ferential equations,  in  "Differential  Equations  and  Their  Applications,”  Proc.  Con/., 
Prayue,  September  1V62,  pp.  187  198.  Academic  Press.  New  York,  1963. 


I 


Convexity  Properties  and  Bounds  for  a Class  of  Linear  j 

Autonomous  Mechanical  Systems*  ' 

R.  H.  PLAUTT 

Lefschetz  Center  for  Dynamical  Systems 

Division  of  Applied  Mathematics  ] 

Brown  University,  Providence,  Rhode  Island 


Introduction 

The  vibrations  and  stability  of  the  motion  r(t)  governed  by  the  system 
of  n linear  equations 

(U  - t]lEl  - rj2E2)r  + Gr  + r = 0 (1) 

will  be  considered.  Here  U,  Ej,  and  G are  real  constant  n x n matrices 
with  U symmetric  positive-definite  and  G skew-symmetric,  while  and 
r\2  are  independent  real  parameters.  Letting  r(t)  = qeiu3t,  one  obtains 

Cq  = [U  — rjlE1  — rj2E  2 + i<wG  — w2I]q  = 0,  (2) 

and  the  corresponding  characteristic  equation 

A(^i,  ri2  > (°2)  = det  | U — qlE1  — t]2E2  + ia>G  — w2I\  = 0.  (3) 

Properties  of  the  characteristic  surfaces  in  the  wi2  - ^ - q2  space  will  be 
reviewed,  with  special  emphasis  on  convexity  and  bounds  for  various  cases. 


Case  A.  G — 0,  Ej  Symmetric 

The  fundamental  characteristic  surface  is  the  one  closest  to  the  origin 
(see  Fig.  la,  b,  which  depicts  characteristic  curves  in  the  co2  — r\j  and 
h ~ *h  planes,  respectively). 
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(c)  (d) 

Fig.  1.  Typical  characteristic  curves. 


Theorem  1.  The  fundamental  characteristic  surface  is  concave  toward 
the  origin  [1-3]. 

This  result  is  useful  for  determining  bounds  on  the  fundamental  surface. 
In  the  region  of  positive  at2,  t]x,  and  rj2,  for  example,  the  plane  containing 
the  intercepts  of  the  fundamental  surface  with  the  three  axes  furnishes  a 
lower  bound,  while  the  tangent  planes  at  these  three  points  provide  an 
upper  bound.  (It  is  assumed  in  Cases  A,  B,  and  D that  the  fundamental 
characteristic  surface  intersects  the  positive  rj j and  r\2  axes.) 

Theorem  2.  If  a ray  emanating  from  the  origin  intersects  all  the 
characteristic  surfaces,  then  (i)  the  final  surface  is  convex  toward  the  origin, 
and  (ii)  all  tangent  planes  to  the  characteristic  surfaces  intersect  this  ray 
between  the  fundamental  and  final  surfaces  [4,  5]. 

The  distance  from  the  origin  to  the  intersection  of  a ray  with  one  of  these 
tangent  planes  can  be  written  as  a Rayleigh  quotient,  and  Theorems  1 and 
2 then  follow  from  the  extremum  properties  of  this  quotient. 

Case  B.  G = 0,  U — rftEi  — r\2E2  Symmetrizable 

Assume  that  U - - rj2E2  is  similar  to  a symmetric  matrix  via  a 

positive-definite  transformation  matrix,  for  any  values  of  r]t  and  t]2,  so  that 
the  roots  a>2  of  (3)  are  real. 
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Theorem  3.  Theorems  1 and  2 are  valid  for  Case  B [5,  6]. 

If  the  matrices  Ex  and  E2  are  replaced  by  their  symmetric  parts,  the 
resulting  system  is  called  the  corresponding  conservative  system. 

Theorem  4.  The  fundamental  characteristic  surface  of  the  correspond- 
ing conservative  system  provides  a lower  bound  for  that  of  the  given 
system  [5,  6]. 


Case  C.  G = 0,  Ej  Not  Necessarily  Symmetric 

In  this  case  the  onset  of  instability  may  occur  by  divergence  when  a 
root  co2  of  (3)  is  zero  (Fig.  la)  or  by  flutter  when  two  roots  coalesce  and 
subsequently  become  complex  (Fig.  lc). 

Theorem  5.  At  a flutter  point, 

p'q  = 0,  (4) 

where  q and  p are  the  corresponding  right  and  left  eigenvectors  of  C, 
respectively  [7], 

Theorem  6.  At  a flutter  point,  the  sum  of  the  minors  of  the  diagonal 
elements  of  C is  equal  to  zero  [8]. 

Theorem  7.  If  n = 2,  then  the  portions  of  the  characteristic  curves 
(divergence  instability)  bounding  the  region  of  stability  in  the  — t]2 
plane  are  convex  toward  the  region  of  stability  (Fig.  Id)  [7]. 

The  locus  of  points  in  the  i/j  - q2  plane  corresponding  to  flutter  insta- 
bility comprises  the  flutter  boundary. 

Theorem  8.  If  n = 2,  then  the  flutter  boundary  is  convex  toward  the 
region  of  real  oj2,  and  in  particular  toward  the  region  of  stability  (Fig. 
Id)  [7], 

Theorem  8 can  be  proved  using  the  extremum  properties  of  the  generalized 
Rayleigh  quotient 


R(x,  y)  = y'Ux/y'Ex, 


(5) 
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where  x and  y are  orthogonal  n-vectors,  E = llEl  + l2E2,  and  /,  are  the 
direction  cosines  of  a ray  emanating  from  the  origin  in  the  — rj2  plane 
[4],  For  n > 2 the  flutter  boundary  may  be  convex  in  some  sections  and 
concave  in  others  [9]. 


Case  D.  G =£  0,  £}  Symmetric 

If  G = 0,  the  resulting  system  is  called  the  corresponding  nongyroscopic 
system. 

Theorem  9.  In  the  region  of  positive  at2,  rju  and  t]2,  the  fundamental 
characteristic  surface  of  the  corresponding  nongyroscopic  system  provides 
an  upper  bound  for  that  of  the  given  system  [10]. 

In  the  rjx  — r\2  plane,  the  fundamental  characteristic  curve  (divergence 
instability)  is  concave  toward  the  region  of  stability,  as  in  Case  A;  con- 
vexity properties  of  the  flutter  boundary,  however,  can  only  be  proved  for 
special  cases  (e.g.,  see  [11],  where  rotating  shafts  are  considered  and 

G = V*2F). 
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1.  Introduction 

Bray  ton  and  Moser  [1]  and  Bray  ton  [2]  discussed  several  geometric  aspects 
of  electrical  networks.  Smale  [3]  observed  that  the  dynamics  of  a class  of 
electrical  networks  can  be  viewed  as  flows  on  nontrivial  manifolds.  Desoer 
and  Wu  [4]  obtained  several  results  along  this  line. 

Here,  we  will  first  give  a formula  for  describing  the  dynamics  of  a fairly 
general  class  of  nonlinear  networks  including  transistors,  vacuum  tubes,  and 
various  electronic  devices.  Second,  we  will  discuss  a property  that  is  called 
reciprocity  of  networks.  Finally,  we  will  briefly  discuss  forced  degeneracy. 


2.  The  Dynamics 

Consider  a nonlinear  network  containing  p resistors,  y capacitors,  A in- 
ductors, and  v independent  sources.  Let  q,  tp,  v,  and  i be  capacitor  charges, 
inductor  fluxes,  branch  voltages,  and  branch  currents,  respectively.  We 
partition  v and  i as 

v = (vR,vc,  vL,  ve,  Vj)  and  * = (*«»  *c»  */-»  *j)» 

respectively,  where  R,  C,  L,  e,  and  j denote  resistors,  capacitors,  inductors, 
independent  voltage  sources,  and  independent  current  sources,  respectively. 
Let  v'  and  v"  be  the  number  of  independent  voltage  sources  and  the 
number  of  independent  current  sources,  respectively,  and  set  b = p + y + 
A + v. 

There  are  three  constraints  that  must  be  satisfied  by  a network.  Let 
fr  = Ry  x Rx  and  let  W = Rb  x Rb. 


Constraint  1.  Branch  Characteristics.  ( q , <p,  v,  i)  e A,  where  A is  a 
(2b  — p)-dimensional  differentiable  submanifold  of  3C  x c&. 

I 
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Note  that  couplings  among  elements  of  different  kinds  are  allowed.  Pick 
a tree  for  the  graph  defined  by  the  given  network.  Let  B and  Q be  the 
fundamental  loop  matrix  and  fundamental  cut  set  matrix,  respectively. 

Constraint  2.  Kirchhoff  Laws.  Bv  = 0,  Qi  = 0. 

Constraint  3.  Maxwell’s  Equations,  dq/dt  = ic,  d(p/dt  = vL. 

Lemma  1.  The  set  K = {(v,  i)eW\Bv  = 0,  Qi  = 0}  is  a b-dimensional 
linear  subspace  of  W. 

K is  called  the  Kirchhoff  space.  It  can  be  shown  that  K does  not  depend 
on  the  choice  of  a tree. 


Assumption  1.  A and  f x K are  transversal,  i.e.,  at  each  (x,  y)  in 
3C  x either  (x,  y)  $ A n (if  x K)  or  (x,  y)eAn(J  x K),  and 

T(x  y){9C  *%)=  T{x,y)( A)  + T(x_y)(3T  x K). 

Lemma  2.  Under  Assumption  1,  the  set  I = A n {3C  x K)  is  a 
(y  + A + v)-dimensional  submanifold. 

I will  be  the  state  space  where  the  dynamics  takes  place.  Assumption  1 
is  satisfied  for  many  electrical  networks  and  we  assume  that  this  condition 
is  always  satisfied.  Note,  however,  that  this  is  independent  of  the  mathe- 
matical fact  that  Assumption  1 is  a generic  property. 

Consider  1-forms  on  3C  x^: 

y X v'  v" 

C = I k,  dvc ■ - I vLn  diLn  + £ iek  dvet  - £ vjt  dih , 

n= 1 n = 1 * = 1 k = 1 

p / y v \ 

n = Z VR,  d'R+  d[  Z VC.ic.  + Z Vet'ek  • 

Lemma  3.  Let  jj*:  K ->  3C  x % be  inclusion.  Then  *C  = V 

Proof.  It  suffices  to  show  that 

b 

£ vk  dik  = 0 on  K. 

k = 1 


T 


•5 
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To  show  this  let  z be  a (global)  coordinate  for  K.  Then  there  are  real 
numbers  akn  and  bkn  with 

b b 

= Z akn  zn , ik  = ^ bkn  zn,  k = 1, . . . , b. 

n = 1 n=l 

By  Tellegen’s  theorem 

Z I>fcA„(z,.)2  = o, 

k=  1 n=  1 

for  all  z in  Rb.  Hence 

b 

Zaknbkn  = 0,  n=l,...,b, 

k=  1 

so  that 

b b b 

Z Vk  dik  = I E akn  t>kn  zn  dzn  =0  OTl  K. 

k=  1 *=1  n=l 

Using  Lemma  3,  one  can  write  the  dynamics:  Let  i2: £ -*■  K be  inclusion 
and  let  i = /t  ° /2.  Let  (W,  ip)  be  a chart  of  £ and  let  n^:  (x,  y)->qn  be 
the  natural  projection.  Write 

4„(z)  = (««.° « 0 2eiA(^). 

Similar  notations  will  be  used  for  other  variables.  Let  co  = 1*17. 


288 


T.  MATSUMOTO 


Theorem  2.  Suppose  that  Z is  simply  connected  (this  is  true  for  many 
networks).  Then  the  network  is  reciprocal  if  and  only  if  there  is  a smooth 
real-valued  function  P on  Z with  co  = dP. 

• 

Proof.  If  (3.1)  holds,  then 
dco  = d(i*tj)  = i*  drj 

= »*(  I dvRn*diR'+  d2|  2X1'.))  = °. 

so  that  co  is  a closed  1-form  on  Z.  Since  Z is  simply  connected,  co  is  exact 
on  Z.  Conversely,  if  to  = dP,  then  co  is  exact  and  a fortiori  closed.  The 
result  follows  from  a direct  computation. 

Reciprocity  is  important  in  that  the  dynamics  is  essentially  determined 
by  the  function  P.  P is  called  the  mixed  potential  function  or  the  generalized 
potential  function.  Various  definitions  for  reciprocity  have  been  given.  All  of 
them,  however,  are  concerned  with  the  properties  of  A.  The  fact  that 

p 

X dvK  a diK  = 0 on  A (3.2) 

n = 1 

implies  (3.1).  But  the  converse  may  not  be  true.  It  is  easy  to  give  an 
example  of  a network  that  is  reciprocal  in  the  sense  of  (3.1)  but  does  not 
satisfy  (3.2).  Theorem  2 seems  to  justify  the  naturalness  of  definition  (3.1) 
in  the  sense  that  reciprocity  is  a necessary  and  sufficient  condition  for  the 
existence  of  the  generalized  potential  function.  If  one  needs  only  sufficiency, 
(3.2)  will  suffice. 

Corollary.  If  A is  simply  connected  and  if  (3.2)  holds,  then  there  is  a 
function  P on  Z with  co  = dP. 

Let  x = ( q , tp),  y = ( ie , Vj ),  and  u = (ve,  ij).  In  many  electrical  networks 
(x,  u)  serves  as  coordinate  for  Z. 


Theorem  3.  Suppose  that  the  network  is  reciprocal  and  that  Z is 
simply  connected.  If  (x,  u)  serves  as  a coordinate  of  Z,  then  the  dynamics  is 
described  by 


tdx  \M(*,u)  0 \ 

\dt  Mb(x,  u)  C(x,u)I 


d(x,  u) 


P#(x,  u), 


(3.3) 


DYNAMICAL  SYSTEMS  ARISING  FROM  ELECTRICAL  NETWORKS  289 


where 


A(x, 

*0  = 1 

km(X,  *0)i  B(X’  **)  = 

= (M*’ 

u)),  C{x,  u)  = d 

p * = 

II 

O 

1 

1 

with 

anm(x, 

*0  = | 

\dvC'(x,  u)/dxm, 
\-diLn(x,  u)/dxm. 

n = 
n = 

1. ....  y, 
v + L •• 

• , y + K 

II  II 

5 S 

*>nk(X’ 

**)  = ( 

\dvc,(x,  u)/duk, 

\~diL,(x,  u)/duk, 

n = 
n = 

1. ....  7, 
y + 1, .. 

■ • , y + A, 

II  II 

ck(x. 

*0  = 1 

|-*UX’  *0 

| Vh(x,  u), 

II  II 

V'  + 1, . 

* 

V. 

x,  y,  and  u are  sometimes  called  state,  output,  and  input,  respectively. 
Note  that  both  sides  of  (3.3)  are  understood  to  be  row  vectors. 

From  a circuit-theoretic  point  of  view,  one  would  like  to  have  a 
reasonably  simple  formula  to  check  reciprocity.  Let  (W,  i/j)  be  a chart  of 
£ and  write 


vr(z)=  (nVR°  i °<//  l)(z). 


i'r(z)  = (n,  ° 101J/  l)(z),  zeip(W). 

A 


Proposition.  A network  is  reciprocal  if  and  only  if  for  each  chart 
(W,  i //)  and  for  all  z in 


dvR 

dz 


(z)Tff(z)  = ^(z) 


dlR  '-VT  dv- * (2), 


dz 


dz 


where  T denotes  matrix  transposition. 

Brayton’s  result  for  n-ports  [2]  is  a special  case  of  this  proposition. 


4.  Forced  Degeneracy 

Consider  the  special  case 

A = {( q , (p,  v,  i)e&  x <&\  (q,  vc)eAc, 

(<p,  iL)  e AL,  (vr,  iR)  e Ar,  (ve,  ie,  v},  ij ) e As}, 

where  Ac,  AL,  AR,  and  As  are  submanifolds  of  appropriate  dimensions. 
Let  t and  1 be  the  number  of  tree  branches  and  the  number  of  links, 
respectively.  It  is  known  that  rank  B = l,  rank  Q = t,  and  t + / = b,  so  that 

dim  {v  e Rb\Bv  = 0}  = t,  dim  {i  e Kb|Qi  = 0}  = /. 
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Now  if  t < y,  then  some  of  the  components  of  ic  have  no  constraints  so 
that  they  cannot  be  parametrized  by  any  other  variables  in  the  network. 
Similarly,  if  / < A,  then  some  of  the  components  of  vL  cannot  be  para- 
metrized by  any  other  variables  in  the  network.  Maxwell’s  equations  then 
tell  us  that  the  differential  equation  is  not  well  defined.  Such  situations 
are  called  forced  degeneracy  [3],  This  degeneracy  can  be  resolved  in  a 
certain  manner.  Since  space  is  limited,  we  will  not  give  detailed  argu- 
ments. The  basic  idea  is  to  construct  a generalized  Kirchhoff  space  that 
has  a lower  dimension  than  that  of  K. 
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An  Invariance  Principle  for  Vector  Liapunov  Functions 
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In  the  definition  of  a Liapunov  function  V by  LaSalle  in  [5]  the 
differential  equation  was  assumed  to  be  defined  on  an  open  set  G*  of  R” 
and  V was  taken  to  be  locally  Lipschitz  continuous  on  an  arbitrary  set 
G with  G <=  G*.  Motivated  by  applications  to  economics,  we  want  to  drop 
the  assumption  that  CcG*  and  to  replace  local  Lipschitz  continuity  by 
continuity. 

Consider 


x = /(x),  f:G*czRn->R ",  (1) 


where  G*  is  an  open  set  of  R"  and  / is  continuous  on  G*.  In  addition, 
we  assume  that  solutions  are  unique.  (This  condition  is  not  necessary 
but  then  the  discussion  is  quite  complex,  and  the  uniqueness  assumption 
is  almost  always  acceptable  in  applications.)  For  x°  e G*,  x(t,  x°)  denotes 
the  solution  of  (1)  satisfying  x(0,  x°)  = x°.  Define 


F(x°)  = lim  inf 

f-0* 


V(x(t,  x°))  — V(x°) 
t 


(2) 


Definition  1.  Let  G be  an  arbitrary  set  of  R ",  G <=  G*.  (Here  it  can  be 
that  G = G*.)  We  say  that  V is  a Liapunov  function  of  (1)  on  G if  F(x)  is 
continuous  on  G*  and  if  V(x)  < 0 for  all  xe  G. 
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Lemma  1.  Let  V be  a Liapunov  function  of  (1)  on  G and  Jet  x°  e G. 
Suppose  that  x(t,  x°)  is  defined  and  x(t,  x°)  e G for  all  t e [0,  p)  and  some 
P > 0.  Then  K(x(f,  x0))  is  differentiable  almost  everywhere  on  [0,  /?),  and 
on  [0,  p) 

V{x(t,  x0))  - V(x°)  < ( V(x(x,  x0))  dr  < 0. 

• o 

For  x°  e G*  the  solution  x(t,  x°)  has  a maximum  positive  interval  of 
definition  [0,  to)  relative  to  G*.  This  means  that  x(t,  x°)  e G*  for  all 
t e [0,  co ),  and  if  co  is  finite,  x(t,  x°)  can  have  no  positive  limit  points  in 
G*.  [p  is  a positive  limit  point  of  x(t,  x°)  if  there  is  a sequence  t„  such  that 
f„  -*  co~  and  x(tn)  -»  p as  n -*  oo.] 

If  V is  a Liapunov  function  of  (1)  on  G,  define  E = {x;  F(x)  = 0, 

xeSn  G*},  and  let  M be  the  largest  invariant  set  in  E.  M is  the  union 

of  all  solutions  defined  on  ( — oo,  oo)  that  remain  in  E for  all  t. 

Using  Lemma  1,  we  obtain  an  invariance  principle  for  autonomous 
differential  equations  as  follows: 

Theorem  1.  Let  V be  a Liapunov  function  for  (1)  on  G and  x(t)  a 
solution  of  (1)  with  maximal  positive  interval  of  definition  [0,  co).  Suppose 
that  x(f)  is  in  G for  all  t in  [0,  co).  Then 

(i)  x(f,  x°)->  oo  as 

(ii)  x(t)  has  positive  limit  points  on  the  boundary  of  G*,  or 

(iii)  co  = oo  and  x(f,  x°)  -+  = M u {oo}  as  t ->  oo. 

The  proof  of  this  theorem  is  similar  to  that  given  by  LaSalle  in  [5]. 
The  basic  idea  goes  back  to  1960  (see  the  paper  by  LaSalle  in  Volume  1, 
Chapter  5,  of  this  treatise). 

A special  case  motivated  by  a stability  problem  in  economics  was  given 
by  Uzawa  [9]  in  1961  (there  E was  the  set  of  equilibrium  points  in 
G n G*,  E = M).  Economists  are  not  aware  of  this  generalization  of 
Liapunov’s  classical  theory,  and  it  is  only  recently  that  we  have  seen  these 
applications  to  economics.  We  now  turn  to  the  use  of  vector  Liapunov 
functions  to  obtain  information  on  the  positive  limit  sets  of  solutions. 

There  are  many  instances  in  applications  (for  example,  [3])  where  it  is 
advantageous  to  use  more  than  one  Liapunov  function  to  study  the 
stability  and  the  asymptotic  behavior  of  systems.  Perhaps  the  simplest  result 
is  the  following  (also  expressible  by  the  fact  that  sum  of  a finite  number 
of  Liapunov  functions  is  a Liapunov  function),  which  is  a direct  consequence 
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of  Theorem  1 : A solution  x(t)  of  (1)  is  said  to  be  compact  if  x(t)  is  contained 
in  a compact  set  relative  to  G*  [i.e.,  x(t)  is  bounded  for  t > 0 and  has  no 
positive  limit  points  on  the  boundary  of  G*]. 

Corollary  1.  Let  Vi  (i  = 1,  . . m)  be  Liapunov  functions  of  (1)  on  G. 
If  x(f)  is  a compact  solution  of  (1)  that  remains  in  G for  all  t >0,  then 
x(t) ->  M = Qj"=1  M,-,  where  M,  is  the  largest  invariant  subset  of  £,  = 
{x;  V((x)  = 0,xeGn  G*}. 

A more  interesting  method  for  constructing  a Liapunov  function  from  a 
number  of  functions  was  used  by  Arrow  et  al.  [1],  which  has  been  applied 
quite  often  in  the  study  of  stability  in  economics  (see,  for  instance,  [2,  4,  9]). 
Suppose  that  Vj,  ...,  Vm  are  continuous  real-valued  functions  on  G*.  Let 
J = {1,  2, m},  and  define 

W(x)  = Max  Vj(x). 

j*J 

Then  it  is  easy  to  see  that  W(x)  is  continuous  and,  if  the  L,  are  C1,  that 

W(x)  = Max  Vj(x), 

j e N(x) 

where  N(x)  = {i;  ^-(x)  = L(x)}.  Hence,  if  Vj(x)  < 0 for  each  x e G and 
j e N(x),  IT(x)  is  a Liapunov  function  on  G.  This  was  in  essence  the 
observation  made  by  Arrow  et  al.  [1].  To  formalize  this,  define  V(x)  = 
(K,(x), ...,  Lm(x)).  We  shall  then  say  that  V(x)  is  a vector  Liapunov  function 
of  (1)  on  G if  (1)  V:  G*  -*  Rm  is  C\  and  (2)  V/x)  < 0 for  each  j e N(x) 
and  each  x e G.  Let  E - {x;  Vt(x)  = 0 for  some  i e N(x),  xeV  n G*},  and 
define  M to  be  the  largest  invariant  set  in  E.  We  then  have 

Corollary  2.  Let  V be  a vector  Liapunov  function  of(l)  on  G.  Then  every 
solution  of  ( 1 ) that  is  compact  and  remains  in  G for  all  r > 0 approaches 
A/  as  t->  oo. 

We  now  give  a sufficient  condition  that  a C1  function  V mapping  Rn 
into  R"  be  a vector  Liapunov  function.  We  denote  the  Jacobian  matrix 
of  Vby  V (V'(j  = dVJdXj).  Then 


*"(*)  = (^,(x) K(x))=V'(x)f(x). 
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Proposition  1.  Suppose  V : G*  -*  Rn  is  C' . If  for  each  x e G there  exists  a 

vector  c(x),  Cj(x)  #0  for  j = 1 »,  such  that  fj(x)  > fj(x),  j = 1 n, 

implies 

(i°)  k;,(x)c,(x)>o,7#;, 

(2°)  (K'(x)c-(.x))i<0, 

(3°)  0 < f(x)/Ci(x)  > fj(x)/cj(x),  j = 1 n, 

then  Lis  a vector  Liapunov  function  of  (1)  on  G. 

Let  us  give  an  interpretation  of  the  above  result  to  show  that  the 
conditions  are  not  as  odd  as  they  may  at  first  seem.  Suppose  that 

x = f(x)  = F(x,u(x))  (3) 

is  a model  for  the  spread  of  an  infectious  disease  through  population 
groups  Pj,  — Pn,  where  x,(f)  is  the  number  of  infected  individuals  in  P, 

at  time  t.  Let  G*  = Rn  and  G = {x;  0 < x,  < P,,  i = 1 n } (/>,  is  the 

number  of  individuals  in  P,).  By  the  nature  of  the  model,  G will  be 
positively  invariant.  The  vector  i/(x)  = (m, (x um(x))  represents  a control 
law  for  the  control  factors  ux,  . ...  um  available  for  the  cure  and  prevention 
of  the  disease.  Then  kj(x)  = H^(x,  u(x))  are  relative  measures  of  the 
social  cost  of  the  disease  plus  the  control  cost  for  the  population  groups  P, . 
Suppose  it  were  possible  to  find  a control  law  m(x)  for  which  ( l°)-(3°) 
were  satisfied  on  G and,  moreover,  such  that  (L'(x)c(x)),  < 0 for  each 
x e G not  an  equilibrium  state  of  (3).  Then  L(x)  is  a vector  Liapunov 
function  on  G and  M is  the  set  of  all  equilibrium  states  of  (2)  in  G.  The 
control  brings  the  system  to  M (M  is  an  attractor  relative  to  G).  For 
instance,  if  the  cost  of  control  were  unimportant,  one  could  take  V^x)  — x, . 
The  question  then  would  be  whether  for  x e G,  x ^ 0,  there  is  sufficient 
control  to  make/j(x)  < 0 when  x,  > Xj , j = 1, n.  If  such  a control  exists, 
then  the  origin  can  be  made  globally  asymptotically  stable  relative  to  G. 
The  control  u(x)  may  be  a natural  feedback  that  exists  in  a society 
dependent  on  education,  morals,  cost  of  treatment,  legislation,  etc.  An 
analogous  interpretation  for  (3)  as  a price  adjustment  process  in  a free  or 
controlled  economy  is  the  type  of  application  discussed  in  [1,  2.  4], 

As  another  example,  suppose  G = G*  = Rn,f(  0)  = 0,  and  /is  C1  on  Rn. 
Then  ( 1 ) is  of  the  form 

x = A (x  )x.  (4) 

The  matrix  /l(x)  is  not  unique  but  A(x)  = jo  f(sx)  ds  is  always  one  such 
matrix.  Taking  fj(x)  = x,2,  we  then  see  that  F(x)  is  a Liapunov  function  on 
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Rn  if  for  0 < x,2  > Xj2,  j — 1,  n,  the  diagonal  term  of  the  /th  row  of 
/l(x)  is  negative  dominant,  i.e.,  «,,(x)  + Xj*i'laO'(x)l  <0.  It  then  follows 
that  (4)  is  globally  asymptotically  stable.  This  is  the  case,  for  instance,  if 
the  diagonal  of  the  Jacobian  f'(x ) is  negative  dominant  [/|,(x)  + 
L*i\f'ij(x)\  <()  for  all  i]  for  all  x / 0.  This  result  is  related  to  a conjecture 
by  Arrow  and  Hahn  (see  [2,  p.  295],  and  [4,  p.  251]). 

The  particular  notion  of  a vector  Liapunov  function  that  we  have 
formalized  here  seems  to  arise  naturally  in  many  applications,  and  results 
of  this  type  can  be  found  in  [8],  A more  detailed  discussion  of  vector 
Liapunov  functions  and  applications  of  the  type  indicated  here  will  be 
presented  in  future  papers  [6,  7]. 
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University  of  Wisconsin,  Madison.  Wisconsin 


1.  Introduction 

We  study  the  stability  and  asymptotics  of  the  identically  zero  solution  of 
the  scalar  Volterra  equation 

x'(t)=  -f ' g(x{Z))ait-Z)dZ  + f[t,x(t)),  ' = d/dt , (1.1) 

on  the  interval  0 < t < oo.  Equation  (1.1)  arises  in  several  applications  and 
has  been  studied  by  Levin  and  Nohel  [1,  Theorems  2 and  3]  under 
hypotheses  that  are  considerably  more  restrictive  than  required  here,  both 
with  respect  to  the  positivity  of  a(t)  and  the  smoothness  of  g(x)  and 
f(t,  x).  The  present  generalization  is  possible  because  of  results  obtained 
by  us  in  [2]  concerning  the  behavior  of  solutions  of  (1.1)  when  f(t,  x)  is 
independent  of  x and  in  L‘(0,  oo ) with  respect  to  t.  Detailed  proofs  and 
further  discussion  of  the  present  results  may  be  found  in  [3]. 

The  method  used  to  study  (1.1)  combines  energy  functions  (different 
from  those  used  in  [1])  with  the  frequency  domain  method  developed  in  [2]. 
The  method  can  also  be  used  to  study  the  stability  properties  of  the 
Volterra  equation  with  infinite  delay  on  0 < t < oo: 

*'(<)  = - ('  g(MOH'  - 1 ) di  + /(<,  x(t)),  (1.2) 

J - ao 

which  may  be  regarded  as  a special  case  of  the  Volterra-Stieltjes  equation 

*'<0=  0)^(0 + n<;4  (13) 

Jo 

where  F(t\  x)  is  a nonlinear  functional  on  a suitable  Banach  space.  In 
another  direction  the  perturbations  f(t,  x)  in  (1.1),  rather  than  being  small 
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with  respect  to  x in  the  sense  of  Theorem  1 below,  may  be  small 
because  of  the  presence  of  a small  parameter,  say  g,  and  we  may  study  the 
equation 

*'(0=-|  g(x(Z)Wt  ~ £)<*£  + HfU*  x(t))  (1.4) 

• o 

by  our  method  as  well. 


2.  Results  and  Discussion 


Concerning  a(t),  we  assume 

a(t)e~ a' e Ll ( 0,  oo)  for  all  a > 0.  (2.1) 

Letting  n = {s  e C : Re  s > 0}  define 

• 00 

a(s)  = I e~s'a(t)  du  s e n , 

• o 

L/ (it)  = lim  inf  Re  a(.v),  - oo  < t < oo, 

j-^ir,  sen 

U0(h)  = lim  inf  Re  a(a  + it), 

U-.0* 

, T ,1 

Qa[v;  T]  = | v(t)  I v(t)a(t  - t)  dx  dt , T > 0,  re  C[0,  T], 

• o • 0 

Let  g(x)  be  continuous  and  define 

G(x)=\Xg(Z)dZ, 

* 0 

( max  #(<!;)  if  x > 0, 

0o('x)  = 

I min  g(Z)  if  x < 0, 

M(x)  = max(c/0(x),  — ,^0(— x)),  x > 0, 
m(x)  - min(G(x),  G(-x)). 

Theorem  1.  (i)  Let  a(t)  satisfy  (2.1)  and  let  L/ (it)  > 0 for  - x < x < x. 

Let0(x)e  C(-x,  oc),xg(x)  > 0,and/(t,x)e  C(0  < I < x,  - x < x < x), 
with  g(x)  not  identically  zero  in  any  neighborhood  of  the  origin. 
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For  every  f.  > 0 let  there  exist  (5  = t)(c)  > 0 and  fi(t)  = (i(t,  c)  > 0 such 
that  c)(f;)  -»  0 (f;  -*•  0),  Jo  /i(f,  r.)  dt  < £,  and  such  that 

\f(t,x)\  < (i(t),  0 < r < og,  |x|<<5,  (2.2) 

m(S)  > fM(S),  (2.3) 

for  f.  > 0 sufficiently  small. 

Then  for  any  Xj  > 0 there  exists  x0  = x0(x,)  > 0 such  that  every  solution 
x(t)  of  (1.1)  with  |x(0)|<x0  exists  on  0 < t < oo  and  |x(t)|<x, 
(0  < t < oo ). 

(ii)  If,  in  addition, 

U0(ix)  >q/(i  + t2)  for  some  g > 0 a.e.,  — oo  < i < oo,  (2.4) 

a(t)eBV[  l,oo),  (2.5) 

then  lim,^x  g(x(t))  = 0. 

By  a recent  result  of  Staffens  [4],  it  can  be  shown  that  condition  (2.4) 
in  (ii)  can  be  replaced  by  the  more  general  condition  U(n)>0 

( — oo  < t < oo ),  without  changing  the  conclusion  of  Theorem  1 (ii). 

Examples  of  g , / satisfying  the  conditions  of  Theorem  1 are  given  in 
[ij  and  [3];  in  [ij  more  smoothness  is  required  than  is  needed  here. 
It  is  proved  in  [2]  that  the  condition  U(iz)>0  ( — oo  < t < oo)  in 

Theorem  l(i)  is  equivalent  to  positivity  in  the  sense  that  Qa[v;  T]>0 
for  every  T > 0 and  for  every  ve  C[0,  T].  It  is  further  shown  in  [2]  that  a 
function  a(t)  e Llloc  (0,  oo)  that  is  positive,  nonincreasing,  and  convex  on 
(0,  oo ) satisfies  this  condition,  and  therefore  the  kernels  a(t)  considered 
in  [1]  are  a very  special  case  of  this  class;  for  other  kernels  a(t)  satisfying 
the  hypothesis  of  Theorem  1 (i)  see  [2,  3],  It  is  also  proved  in  [2]  that  a 

function  a(t)eLl‘oc( 0,  oo)  that  is  nonincreasing,  positive,  convex,  not 

identically  constant,  and  such  that  the  measure  da'(t)  is  not  purely  singular 
satisfies  condition  (2.4);  in  particular,  this  includes  kernels  a(t)e  l}( 0,  1), 
( — 1 )ka(k)(t)  > 0 (k  = 0,  1,  2),  a(t)  a(0),  and  hence  also  kernels  a(t)  studied 
in  [1]  as  a very  special  case.  The  equivalence  of  condition  (2.4)  with 
strong  positivity  in  the  sense  of  Halanay  is  proved  in  [2].  Condition  (2.5) 
is  needed  to  establish  the  uniform  continuity  of  the  solution  x(f)  on 
[0,  x),  which  is  in  turn  needed  to  prove  Theorem  l(ii). 

Theorem  l(i)  is  proved  using  the  energy  functions 

E(t)  = G(x(r))  + Qa[g(x(t))-  t ] > 0, 

V{t)  = {a - * M(d)  + £(f)}  exp|  -a  | t)  </t), 
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where  a > 0 is  a suitably  chosen  constant  (see  [3]);  it  may  be  noted  that 
these  energy  functions  are  different  from  those  employed  in  [1],  It  is 
shown  in  [3]  using  (1.1)  that  V'{t)  < 0 and  Theorem  l(i)  follows  from  the 
inequality 

0 < V{t)  < K(0)  = oc~  lM{S)  + G(x(0)). 

with  an  appropriate  choice  of  x0  > 0 and  of  the  constant  a > 0,  from  which 
one  shows  that 

0 < G(x(f))  + 0a[^(x(t));  t ] < m(S ),  0 < t < oo. 

Theorem  l(ii)  is  proved  from  the  inequality  0 < Qa[g(x(t))\  f]  < m(S) 
(0  < t < oo ) using  the  method  (too  lengthy  to  be  given  here)  developed 
in  [2], 

To  apply  the  method  of  Theorem  1 to  the  Volterra-Stieltjes  functional 
equation  (1.3),  let  A e BV[ 0,  oo)  and  let  F be  a continuous  functional  on 
[0,  oo)  x C(  — oo,  0).  We  now  let 

r°° 

U(ix)  = U0(ix)  = | cos  tx  dA(t), 

• o 

and  we  prove 

Theorem  2.  (i)  Let  A(t),  F(f,  x)  be  as  above,  with  Jo  t\dA(t)\  < oo 
and  U(i r)  >0(  — oo  < x < oo).  Let  </(x),  S(t),  fi{t,  e)  satisfy  the  assumptions 
of  Theorem  1 (i),  with  (2.2)  replaced  by 

\F(f,il/)\  < P(t),  0 < t < oo,  (2.6) 

whenever  ||i//||00  = sup_00<ls0  |<A(0I  ^ &■ 

Then  for  any  x,  > 0 there  exists  x0  = x0(x, ) > 0 such  that  if  q>  e C(  - oo,  0] 
satisfies  ||</>||00  <x0,  then  any  local  solution  of  (1.3)  with  initial  function 
(p  on  — oo  < t < 0 exists  on  0 < t < oo  and  satisfies  |x(f)|  < xt  (0  < t < oo). 
(ii)  If  also  (2.4)  or  U(ix)>0  ( — oo  < t < oo)  is  satisfied,  then 
9(x{t))  = 0. 

To  apply  Theorem  2 to  (1.2)  define 

F(f,  x ) = ( g(<p(Z))a(t  - £)  </{  + /(f,  x(t)), 

- 00 

where  x(t)  is  that  solution  of  (1.2)  with  initial  function  </>  on  ( — oo,  0]; 
define  A(t)  = J{,  a(£)  d£.  If  ta{t)e  Ll( 0,  oo),  cp  e C(-oo,0],  H^U*  < x0,  and  if 
f(t,  x),  ^(x),  satisfy  the  hypotheses  of  Theorem  1,  then  the  hypotheses  of 
Theorem  2 are  satisfied. 
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Another  equation  that  may  be  studied  by  applying  Theorem  2 is 

x'(r)  = -0g(x(t))  - f ' g(x(t  - {))«({)  d{  + f(t , x(f)), 

J o 

where  0>O  is  a constant;  to  reduce  this  to  Eq.  (1.3)  define  A(t)  = 
0I(t)  + Jo  a(a)  da,  where  / is  the  unit  impulse  function,  and  take  for  F(r;  x) 
the  function  f(t,  x)  satisfying  the  hypotheses  of  Theorem  1. 

The  proof  of  Theorem  2 (too  lengthy  to  be  given  here;  see  [3])  uses 
the  energy  functions 

E(t)  = G(x(t))  + QA[g(xy,  t], 

where 

QA[v,t]=  I v(t)  I v(t  - £)  dA(£)  dx 
•’  o -o 

[it  is  shown  that  QA[ v;  T]  > 0 for  every  T > 0 and  for  every  ve  C[0,  T] 
if  and  only  if  U(ix)  >0,  — oo  < r < oo],  and 

V(t ) = {a"  + £(t)}  exp/  -a  I 

\ •'  o 

where  a > 0 is  a constant  depending  on  e > 0,  N = sup_ ^<,^0 |^(</>(f))|, 
and  where  M = M(d). 

Concerning  (1.4)  one  can  prove  the  following  result  by  the  method  of 
Theorem  1 (see  [3]). 

Theorem  3.  (i)  Let  a(t)  and  g(x)  satisfy  the  hypotheses  of  Theorem  l(i). 

Let  f(t,  x)e  C (0  < t < oo,  |x|  < oo)  and  let  there  exist  y(t)e  L}( 0,  oo) 
(independent  of  g)  such  that  |/(f,  x)|  < y(t)  (0  < t < oo,  |x|  < oo). 

Then  for  any  x,  > 0,  there  exist  x0  = x0(x,)  > 0 and  g0  = g0(xi)  > 0 
such  that  every  solution  x(t)  = x(t,  g)  of  (1.4)  with  |x(0)|<xo  and 
|^|  < go  exists  on  0 < t < oo  and  satisfies  |x(f)|  < x,. 

(ii)  If  in  addition  either  (2.4)  or  L(i't)  >0  (—  oo  < t < oo)  and  (2.5) 
are  satisfied  then  lim,_x  #(*(0)  = 0. 


/?(t)  + N I \dA(Q\ 


(t.  X) 


dxj. 
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The  asymptotic  behavior  of  solutions  of  the  linear  Volterra  integro- 
differential equation 

x'(t)  = Ax(t)  +|  B(t  — s)x(s)  ds , x(0)  = x0 , ( 1 ) 

• o 

in  case  B(t)  is  integrable  on  [0,  x)  was  studied  by  Miller  [3]  and 
Grossman  and  Miller  [2].  In  [2],  their  results  were  extended  to  the  case 
where  the  derivative  B'(t ) is  integrable  on  [0,  oo),  but  B(t)  may  not  be. 
The  methods  in  [2]  and  [3]  involve  the  use  of  a well-known  theorem 
of  Paley  and  Wiener  and  the  resulting  conditions  are  consequently  in 
terms  of  the  Laplace  transforms  of  B(t)  and  B'(t). 

More  recently,  systems  more  general  than  (1)  have  been  studied  using 
so-called  Liapunov  Razumikhin  conditions  [1].  In  particular,  sufficient 
conditions  for  certain  asymptotic  behavior  of  solutions  of  such  systems  have 
been  given  where  B(t  - s)  is  replaced  by  B(t , s),  to  which  methods  in  [2] 
and  [3]  based  on  the  Paley-Wiener  theorem  do  not  apply.  While  the 
conditions  given  in  [2]  and  [3]  are  necessary  as  well  as  sufficient  for 
certain  asymptotic  behavior,  the  conditions  in  [1]  are  apparently  not. 
However,  since  the  latter  do  not  involve  Laplace  transforms,  but  more 
direct  conditions  on  A and  5(f),  they  should  be  of  some  practical  interest. 

We  assume  that  in  (1)  x(t)  is  a real  m-vector,  A and  B(t)  are  real  m x m 
matrices,  and  denote  by  / the  identity  matrix.  We  denote  by  A1  the 
transpose  of  A. 

As  a consequence  of  results  in  [2]  and  [3]  the  following  can  be  obtained 
[here  and  henceforth  B*( /.)  = J0r  e~MB(t ) dt ]. 

Theorem  1.  Let  B(t)e  L}(R  + ),  i.e.,  the  matrix  elements  of  B(t)  are 
functions  integrable  on  [0,  x).  Let 

det(/„/  — A — B*(/.))  ^ 0 for  Re  /.  > 0.  (1.1) 

Then  the  solution  x = 0 is  asymptotically  stable,  i.e.,  stable  in  the  usual 
Liapunov  sense,  and  attracting. 
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Actually  the  hypotheses  of  this  theorem  imply  a stronger  stability,  viz., 
uniform  asymptotic  stability  (cf.  [3]),  which  in  turn,  under  the  condition 
B(t)  g L}(R  + ),  also  implies  (1.1). 

From  the  results  in  [1],  we  have  the  following 

Theorem  2.  Let  B(t ) e L'(R  + ), 

det(A/ — A)  ^ 0 for  Re  / > 0,  (1.2) 

and 


20  | \CB(t)\  dt  < ix,  (1.3) 

• o 

where  ATC  + CA  = -/,  a2  and  02  are,  respectively,  the  least  and  greatest 
eigenvalues  of  the  positive  definite  symmetric  matrix  C.  Then  x = 0 is 
asymptotically  stable. 


We  observe  that  (1.2)  is  just  the  condition  that  A be  stable. 

In  case  B(t)  = B,(r)  + B2(t)  where  fi,(r)e  L'(R  + ),  B2(t)  e L'(R  + ),  a 
standard  trick  of  introducing  y(r)  = x(.s)  ds  and  integration  by  parts  yields 

the  2m-dimensionaI  system 


z'(f)  = Az(t)  +|  B(t  - s)z(s)  ds, 
• 0 


(2) 


where 


z = 


A = 


A B2(  0) 
/ 0 , 


B(t)  = 


Bi(t)  B2(t )) 

0 0 J 


Since  the  asymptotic  stability  of  z = 0 clearly  implies  that  of  x = 0,  we 
have  as  a consequence  of  Theorem  1 : 


Theorem  3.  Let  B(t)  = B^t)  + B2(t),  where  B,(f)  and  B2(t)  are  as 
above.  Let 

det(A2/  - x(A  + B, *(A))  - B2(0)  - B'/(A))  #0  for  Re  k > 0.  (2. 1 ) 
Then  x = 0 is  asymptotically  stable. 

On  the  other  hand,  using  Theorem  2,  we  obtain: 

Theorem  4.  Let  B(t)  be  as  in  Theorem  3.  and  let 

det(A2/  — /.A  — B2(0))  / 0 for  Re  X > 0,  (2.2) 
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and 


2/3  [ \CB(t)\dt<a, 


(2.3) 


where  AJC  + CA  = - /,  the  2m  x 2m  identity  matrix,  a2  and  /32  are, 
respectively,  the  least  and  greatest  eigenvalues  of  C,  and  A and  B(t)  are 
as  in  (2).  Then  x = 0 is  asymptotically  stable. 

We  again  note  that  (2.2)  is  just  the  condition  that  A be  stable. 

As  a corollary  to  Theorem  4 we  have: 

Corollary.  Let  |Bj(/)|  <Me~a\  | B2'(t)\  <Me  al  for  t>  0 and  con- 
stants M and  o.  Then  for  a sufficiently  large,  x = 0 is  asymptotically  stable. 

In  case  A = —pi  and  fi2(0)  = -yl,  p > 0,  y > 0,  some  fairly  routine 
calculations  yield 

I al  bl\ 

hi  cl I 


C = 


where 


a — 


1 + / 

2 py 


b = 


l i + y p 

2y  2 p 2y 


from  which  we  have  easily  that  the  eigenvalues  of  C are  {(a  + c)  ± 
[(u  + c)2  + 4 (b2  - ac)]w2}/2.  Thus  condition  (2.3)  can  be  easily  checked  in 
this  case. 

Finally  we  state  an  extension  of  Theorem  4 to  the  nonconvolution  case 
where  B(t  - s)  in  (1)  is  replaced  by  B(r,  s). 

Theorem  5.  Let  B(t,  ,s)  = B,(t , s)  + B2(t , s).  Suppose  B2(t,  t)-*  B0  as 
t ->  oo,  and 

(i)  det(A2/  - AA  - B0)  ± 0 for  Re  A > 0. 

If  AtC  + CA  = -I,  where  A = (/  ^>)  and  a2  and  (I2  are,  respectively,  the 

least  and  greatest  eigenvalues  of  C,  suppose 

oc 

(ii)  2/3  I \CB(t,  s)|  ds  < a for  ( > 0, 

• o 


B(L-0=(  Q 0 ). 


where 
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/ - T 


(iii)  lim  sup  | 

r ■ j I • o 


ds,  l > T\  =0. 


and 


I 

lim  sup  | |fl2j(r,  s)|  ds,  t > T = 0. 
r-x  l-o  I 

Here  B2s  = <'B2/rs. 

(iv)  for  fixed  t > 0.  both  \B(t  + h,  s)  - B(t,  s)|  ds  and  jo  B(t  + h, 
s + /i)  | ds  tend  to  0 as  h -» 0. 

Then  x = 0 is  an  asymptotically  stable  solution  of 

, t 

x'(t)  = Ax(t)+  | B(t,  s)x(s)  ds,  .x(0)  = .vo,  (3) 

• 0 

The  proof  of  Theorem  5 is  based  on  suitably  modified  results  in  [1], 
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This  paper  concerns  questions  of  existence  and  continuation  of  solutions 
of  an  n-dimensional  nonlinear  integral  equation  of  Volterra  type, 

x(f)  = f{t)  + I y(t,  s,  x(s))  ds , t e [0,  oo).  (E) 

* o 

In  particular,  there  are  derived  sufficient  conditions  for  a solution  x(f)  of 
Eq.  (E)  on  its  maximal  interval  of  existence  [0,  T)  to  possess  the  property 
that  x(t)  tends  to  the  boundary  of  an  open  region  as  t ->  T . 

For  a general  m x n matrix  M = [M^]  the  symbol  M • > • 0 signifies  that 

the  elements  of  M are  real,  and  >0  for  a = 1 m,  ji  — 1,  n. 

For  xe  R"  the  symbol  |x|  is  employed  for  the  vector  (|xa|),  a = 1 n. 

For  T e (0,  oc)  the  set  {(f,  s) : 0 < t < T,  0 < s < T]  is  denoted  by  Q, 

A matrix  function  M(f,  s)  is  said  to  be  an  element  of  i!2(Q,)  if  M(f,  s) 
is  measurable  and  quadratically  integrable  in  the  Lebesgue  sense  on  the 
square  Qr. 

The  following  hypotheses  concerning  the  vector  functions  / and  y occurring 
in  Eq.  (E)  are  used  in  the  following  discussion. 

(HI)  /is  continuous  on  R + . 

(H2)  y is  defined  for  all  (f,  s,  x)  e R + x R + x R",  y(t,  s,  x)  = 0 whenever 
s > t and  x e R”;  moreover,  y is  measurable  in  s on  [0,  ?]  for  each 
(f,  x)eR+  x R",  and  y is  continuous  in  x for  each  fixed  pair 

(f,  ,s)  e R + x R + . 
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(H3)  There  exists  an  /;  x n matrix  function  M and  an  n-dimensional 
vector  function  p satisfying  the  following  conditions: 

(i)  M(t , v)  ■ > • 0,  p(t,  s)  >•  0 for  ( t , s)eR‘  x R+  and  M(t,  s)  = 0, 
p(t,  s)  = 0 whenever  s > t. 

(ii)  M e ii(i) 2(Q7 ),  p e i!2(QT)  for  each  T e (0,  oo). 

(iii)  For  (r,  s,  x)g  R+  x R + x R"  we  have  that 

\g{t,  s,  x)|  •<■  M(f,  s ) | x | + p(t,  .s). 

(H4)  For  T e (0,  oo)  and  B a compact  set  in  R",  the  function 
v(t,  U , x)  = y(u  S , x(s))  ds  is  continuous  in  (r,  u)  on  Qr  uniformly  for 
xe«([0,  T];fl). 


(H5)  The  functions  M and  p of  (H3)  satisfy  the  following  conditions: 

(i)  There  exists  a k(T,  M)  < oc  such  that 

f \\M(t,s)\\2ds<k(T,M)  for  te  [0,7]; 

* o 

(ii)  There  exists  a k(T ; p)  < oo  such  that 

| ||p(f,  s)||  ds  < k{T;  p)  for  t e [0,  T]. 

• o 

(H6)  There  is  a T'  > 0 and  rj  > 0 for  which  there  exists  a vector 
function  p0:  QT~*  R"  such  that: 

(i)  p0  e ii2(Qr),  p0(t,  s)  > • 0 on  Qr  and  p0(t , s)  = 0 whenever  s > t; 

(ii)  | g(t,  .s',  x ) | •<■  p0(t,  .s)  on  the  set 

{(r,  s,  x) : (t,  s)  e Qr , ||x  - /(s)||  < rj}; 

(iii)  There  exists  a value  k(T\  p0)  < oo  such  that 

I ||p0(f,  s)\\  ds  < k(T\  p0)  for  t e [0,  T']. 

• o 

Given  T > 0,  consider  Eq.  (E),  where  the  functions  / and  g satisfy 
hypotheses  (H1)-(H5).  The  existence  of  a solution  of  (E)  that  is  defined  on 
the  interval  [0,  T]  is  established  by  first  employing  a device  introduced  by 
Tonelli  [4]  to  provide  approximate  solutions,  then  obtaining  an  actual 
solution  by  a limiting  process.  Now  there  may  be  other  solutions  of  (E) 
that  exist  on  some  subinterval,  say  [0,  7j]  or  [0,  7j),  of  the  interval  [0,  T]; 
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Theorem  A establishes  the  extensibility  of  the  interval  of  definition  of  any 
such  solution  to  be  the  whole  interval  [0,  7]. 

Theorem  A.  Suppose  that  hypotheses  (H1)-(H5)  are  satisfied  and  that 
7 e (0,  oo)  is  given.  If  0 is  a solution  of  (E)  on  [0,  7,)  or  [0,  7,],  where 
0 < T,  < 7 then  there  exists  on  [0,  7]  a solution  y of  (E)  such  that 
y(t)  = 0(f)  on  the  respective  subintervals  [0,  T,),  [0,  7,]. 

Theorem  A is  established  by  using  an  argument  similar  to  that  for  the 
differential  equations  case  (see  Reid  [3,  Chapter  1]). 

Replacing  (H3)  and  (H5)  by  (H6),  we  have  the  following  local  existence 
theorem. 

Theorem  B.  If  (H 1 ),  (H2),  (H4),  and  (H6)  are  satisfied,  then  there  exists 
a number  [i  > 0 and  a function  y such  that  y is  a solution  of  (E)  on 
[0,  p]  satisfying  ||y(f)  - /(r)||  < t]. 

By  definition,  an  open  region  of  the  (r,  s,  x)-space  is  an  open  connected 
subset.  Given  an  open  region  and  a solution  0 of  (E)  on  an  interval  /, 
with  {(f,  s,  0(s)) : 0 < s < t,  tel } contained  in  the  interval  / is  said 
to  be  a maximal  interval  of  existence  of  0 if  there  does  not  exist  a 
solution  y(r),  t e /0,  of  (E)  with  {(f,  s,  y(.v)) : 0 < s < t,  t e I0]  in  Jf,  where 
/ c /0,  y(t)  = 0(r)  for  f e /,  and  there  is  a t0  e I0  such  that  t < t0  for  every 
tel.  If  a half-open  interval  [0,  7)  is  an  interval  of  existence  for  a vector 
function  y(t)  with  {(f,  s,  y(s)) : 0 < s < t,  t e [0,  7)}  in  J?,  then  y(t)  is  said 
to  tend  to  the  boundary  of  as  t -»  7“  if  either  7=+oo  or  7<+oo, 
and  for  S an  arbitrary  compact  subset  of  there  is  a corresponding 
70  < 7 such  that  if  t e (70,  7)  then  (r,  f,  y(t))  $ S. 

We  now  state  two  hypotheses  concerning  an  open  region  .^,  which  we 
shall  employ  in  the  next  theorem. 

(H7)  There  exists  a function  p:  R x R -*  R"  such  that 

(i)  p(t,  s ) > 0 and  p(t,  s)  = 0 whenever  s > t ; 

(ii)  If  7 e (0,  oo ) then  p e ^2(Qr)  and  there  exists  a value  k(T,  p)  < oo 
such  that  for  every  t e [0,  7]  we  have 

f \\p(t<  s)l  ds  < k(T  p); 

• o 

(iii)  | g(t,  s,  x ) | < ■ p(t,  s)  for  (f,  s,  x)e 
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(H8)  For  the  open  region  7 e (0,  oo),  and  B a compact  set  in  R", 
the  function 

u 

v(t,  u,x)  = | g(t,  s,  x(s))  ds 
• 0 

is  continuous  in  ( t , u),  uniformly  for  xgV,([0,  7];  B)  satisfying 
( i , u,  x(m))  g for  0 < u < t < T. 

Theorem  C.  Suppose  that  Jf  is  an  open  region  of  ( t , v.  x)-space, 
(HI),  (H2),  (HI),  and  (H8)  are  satisfied,  and  y0(t),  t e [0,  70).  is  a solution 
of  (E)  with  {(r,  s,  y0 (■''))  • 0 < s < t < T0}  in  Then  there  exists  a solution 
>’(/),  t e [0,  7),  of  (E)  that  is  an  extension  of  y0(t)  and  such  that  [0,  7)  is  a 
maximal  interval  of  existence  for  y(r);  moreover,  y(t)  tends  to  the  boundary 
of  as  t -»  7 “. 

For  a discussion  of  these  topics  under  different  hypotheses  the  reader 
is  referred  to  Miller  [2,  Chapter  2].  Also,  for  a more  detailed  discussion 
of  these  results  and  related  topics  see  Herdman  [1], 
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